STRUCTURAL  ANALYSIS 

IN  THEORY  AND  PRACTICE 


ALAN  WILLI AMS, PhD  vi  (.tng. 


Butterworth-Heinemann  is  an  imprint  of  Elsevier 

30  Corporate  Drive,  Suite  400,  Burlington,  MA  01803,  USA 

Linacre  House,  Jordan  Hill,  Oxford  OX2  8DP,  UK 

Copyright  ©  2009,  International  Codes  Council.  All  rights  reserved. 

ALL  RIGHTS  RESERVED.  This  Structural  Analysis:  In  Theory  and  Practice  is  a 
copyrighted  work  owned  by  the  International  Code  Council,  Inc.  Without  advance 
permission  from  the  copyright  owner,  no  part  of  this  book  may  be  reproduced, 
distributed,  or  transmitted  in  any  form  or  by  any  means,  including  without  limitation, 
electronic,  optical  or  mechanical  means  (by  way  of  example  and  not  limitation, 
photocopying,  or  recording  by  or  in  an  information  storage  retrieval  system).  For 
information  on  permission  to  copy  material  exceeding  fair  use,  please  contact 
Publications,  4051  West  Flossmoor  Road,  Country  Club  hills,  IL  60478-5795. 
Phone  1-888-ICC-SAFE  (422-7233) 

Trademarks:  "International  Code  Council,"  and  the  "International  Code  Council" 
logo  are  trademarks  of  the  International  Code  Council,  Inc. 

Library  of  Congress  Cataloging-in-Publication  Data 

Application  submitted 

British  Library  Cataloguing-in-Publication  Data 

A  catalogue  record  for  this  book  is  available  from  the  British  Library. 

ISBN:  978-1-85617-550-0 


For  information  on  all  Butterworth-Heinemann  publications 
visit  our  Web  site  at  www.elsevierdirect.com 


Printed  in  the  United  States  of  America 

08  09  10  11  12     10  9  8  7  6  5  4  3  2  1 


Working  together  to  grow 
libraries  in  developing  countries 


/.elsevier.com   |   www.bookaid.org  | 


/.sabn 


ELSEVIER 


Sabre  Foundation 


Foreword 


It  is  with  great  pleasure  that  I  write  this  foreword  to  Structural  Analysis:  In 
Theory  and  Practice,  by  Alan  Williams.  Like  many  other  engineers,  I  have  uti- 
lized Dr.  Williams'  numerous  publications  through  the  years  and  have  found 
them  to  be  extremely  useful.  This  publication  is  no  exception,  given  the 
extensive  experience  and  expertise  of  Dr.  Williams  in  this  area,  the  credibil- 
ity of  Elsevier  with  expertise  in  technical  publications  internationally,  and  the 
International  Code  Council  (ICC)  with  expertise  in  structural  engineering  and 
building  code  publications. 

Engineers  at  all  levels  of  their  careers  will  find  the  determinate  and  indeter- 
minate analysis  methods  in  the  book  presented  in  a  clear,  concise,  and  practical 
manner.  I  am  a  strong  advocate  of  all  of  these  attributes,  and  I  am  certain  that 
the  book  will  be  successful  because  of  them.  Coverage  of  many  other  impor- 
tant areas  of  structural  analysis,  such  as  Plastic  Design,  Matrix  and  Computer 
Methods,  Elastic-Plastic  Analysis,  and  the  numerous  worked-out  sample  prob- 
lems and  the  answers  to  the  supplementary  problems  greatly  enhance  and  rein- 
force the  overall  learning  experience. 

One  may  ask  why,  in  this  age  of  high-powered  computer  programs,  a  com- 
prehensive book  on  structural  analysis  is  needed.  The  software  does  all  of  the 
work  for  us,  so  isn't  it  sufficient  to  read  the  user's  guide  to  the  software  or  to 
have  a  cursory  understanding  of  structural  analysis? 

While  there  is  no  question  that  computer  programs  are  invaluable  tools  that 
help  us  solve  complicated  problems  more  efficiently,  it  is  also  true  that  the  soft- 
ware is  only  as  good  as  the  user's  level  of  experience  and  his/her  knowledge  of 
the  software.  A  small  error  in  the  input  or  a  misunderstanding  of  the  limita- 
tions of  the  software  can  result  in  completely  meaningless  output,  which  can 
lead  to  an  unsafe  design  with  potentially  unacceptable  consequences. 

That  is  why  this  book  is  so  valuable.  It  teaches  the  fundamentals  of  struc- 
tural analysis,  which  I  believe  are  becoming  lost  in  structural  engineering. 
Having  a  solid  foundation  in  the  fundamentals  of  analysis  enables  engineers 
to  understand  the  behavior  of  structures  and  to  recognize  when  output  from  a 
computer  program  does  not  make  sense. 

Simply  put,  students  will  become  better  students  and  engineers  will  become 
better  engineers  as  a  result  of  this  book.  It  will  not  only  give  you  a  better 
understanding  of  structural  analysis;  it  will  make  you  more  proficient  and 
efficient  in  your  day-to-day  work. 

David  A.  Fanella,  Ph.D.,  S.E.,  PE. 

Chicago,  IL 

March  2008 
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Principles  of  statics 


Notation 

F  force 

fi  angle  in  a  triangle  opposite  side  F; 

H  horizontal  force 

/  length  of  member 

M  bending  moment 

P  axial  force  in  a  member 

R  support  reaction 

V  vertical  force 

WLL  concentrated  live  load 

wDL  distributed  dead  load 

9  angle  of  inclination 


1.1     Introduction 

Statics  consists  of  the  study  of  structures  that  are  at  rest  under  equilibrium 
conditions.  To  ensure  equilibrium,  the  forces  acting  on  a  structure  must  bal- 
ance, and  there  must  be  no  net  torque  acting  on  the  structure.  The  principles 
of  statics  provide  the  means  to  analyze  and  determine  the  internal  and  external 
forces  acting  on  a  structure. 

For  planar  structures,  three  equations  of  equilibrium  are  available  for  the 
determination  of  external  and  internal  forces.  A  statically  determinate  struc- 
ture is  one  in  which  all  the  unknown  member  forces  and  external  reactions 
may  be  determined  by  applying  the  equations  of  equilibrium. 

An  indeterminate  or  redundant  structure  is  one  that  possesses  more 
unknown  member  forces  or  reactions  than  the  available  equations  of  equilib- 
rium. These  additional  forces  or  reactions  are  termed  redundants.  To  determine 
the  redundants,  additional  equations  must  be  obtained  from  conditions  of  geo- 
metrical compatibility.  The  redundants  may  be  removed  from  the  structure, 
and  a  stable,  determinate  structure  remains,  which  is  known  as  the  cut-back 
structure.  External  redundants  are  redundants  that  exist  among  the  external 
reactions.  Internal  redundants  are  redundants  that  exist  among  the  member 
forces. 
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1.2     Representation  of  forces 

A  force  is  an  action  that  tends  to  maintain  or  change  the  position  of  a  struc- 
ture. The  forces  acting  on  a  structure  are  the  applied  loads,  consisting  of  both 
dead  and  imposed  loads,  and  support  reactions.  As  shown  in  Figure  1.1,  the 
simply  supported  beam  is  loaded  with  an  imposed  load  WLL  located  at  point 
3  and  with  its  own  weight  wDL,  which  is  uniformly  distributed  over  the  length 
of  the  beam.  The  support  reactions  consist  of  the  two  vertical  forces  located  at 
the  ends  of  the  beam.  The  lines  of  action  of  all  forces  on  the  beam  are  parallel. 


w, 


\    I     I     I     I     I     I     I     I     I     I     I     I     I     I     t 


Figure  1.1 

In  general,  a  force  may  be  represented  by  a  vector  quantity  having  a  magni- 
tude, location,  sense,  and  direction  corresponding  to  the  force.  A  vector  repre- 
sents a  force  to  scale,  such  as  a  line  segment  with  the  same  line  of  action  as  the 
force  and  with  an  arrowhead  to  indicate  direction. 

The  point  of  application  of  a  force  along  its  line  of  action  does  not  affect  the 
equilibrium  of  a  structure.  However,  as  shown  in  the  three-hinged  portal  frame 
in  Figure  1.2,  changing  the  point  of  application  may  alter  the  internal  forces  in 
the  individual  members  of  the  structure. 


100  kips 


777770" 


75  kips 


25  kips  I       25  kips 

777770""^  777770""^ 


t  50  kips 


50  kips 


T  50  kips 


vtttO 
a, 

50  kips 


100  kips 


75  kips 


(i) 


(i.) 


Figure  1.2 

Collinear  forces  are  forces  acting  along  the  same  line  of  action.  The  two  hor- 
izontal forces  acting  on  the  portal  frame  shown  in  Figure  1.3  (i)  are  collinear 
and  may  be  added  to  give  the  single  resultant  force  shown  in  (ii). 
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(ii) 


Figure  1.3 


Forces  acting  in  one  plane  are  coplanar  forces.  Space  structures  are  three- 
dimensional  structures  and,  as  shown  in  Figure  1.4,  may  be  acted  on  by  non- 
coplanar  forces. 


7777 


7777 


7777 
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Figure  1.4 


In  a  concurrent  force  system,  the  line  of  action  of  all  forces  has  a  common 
point  of  intersection.  As  shown  in  Figure  1.5  for  equilibrium  of  the  two-hinged 
arch,  the  two  reactions  and  the  applied  load  are  concurrent. 


Figure  1.5 
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It  is  often  convenient  to  resolve  a  force  into  two  concurrent  components.  The 
original  force  then  represents  the  resultant  of  the  two  components.  The  direc- 
tions adopted  for  the  resolved  forces  are  typically  the  x-  and  y-components  in  a 
rectangular  coordinate  system.  As  shown  in  Figure  1.6,  the  applied  force  F  on 
the  arch  is  resolved  into  the  two  rectangular  components: 

H  =  FcosO 
V  =  Fsin6 


Figure  1.6 


The  moment  acting  at  a  given  point  in  a  structure  is  given  by  the  product 
of  the  applied  force  and  the  perpendicular  distance  of  the  line  of  action  of  the 
force  from  the  given  point.  As  shown  in  Figure  1.7,  the  force  F  at  the  free  end 
of  the  cantilever  produces  a  bending  moment,  which  increases  linearly  along 
the  length  of  the  cantilever,  reaching  a  maximum  value  at  the  fixed  end  of: 

M  =  Fl 

The  force  system  shown  at  (i)  may  also  be  replaced  by  either  of  the  force 
systems  shown  at  (ii)  and  (iii).  The  support  reactions  are  omitted  from  the  fig- 
ures for  clarity. 
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Figure  1.7 
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1.3     Conditions  of  equilibrium 

In  order  to  apply  the  principles  of  statics  to  a  structural  system,  the  structure 
must  be  at  rest.  This  is  achieved  when  the  sum  of  the  applied  loads  and  sup- 
port reactions  is  zero  and  there  is  no  resultant  couple  at  any  point  in  the  struc- 
ture. For  this  situation,  all  component  parts  of  the  structural  system  are  also  in 
equilibrium. 

A  structure  is  in  equilibrium  with  a  system  of  applied  loads  when  the  result- 
ant force  in  any  direction  and  the  resultant  moment  about  any  point  are  zero. 
For  a  system  of  coplanar  forces  this  may  be  expressed  by  the  three  equations 
of  static  equilibrium: 

EH  =  0 
EV  =  0 
EM  =  0 

where  H  and  V  are  the  resolved  components  in  the  horizontal  and  vertical 
directions  of  a  force  and  M  is  the  moment  of  a  force  about  any  point. 


1.4    Sign  convention 

For  a  planar,  two-dimensional  structure  subjected  to  forces  acting  in  the  xy 
plane,  the  sign  convention  adopted  is  shown  in  Figure  1.8.  Using  the  right- 
hand  system  as  indicated,  horizontal  forces  acting  to  the  right  are  positive  and 
vertical  forces  acting  upward  are  positive.  The  z-axis  points  out  of  the  plane  of 
the  paper,  and  the  positive  direction  of  a  couple  is  that  of  a  right-hand  screw 
progressing  in  the  direction  of  the  z-axis.  Hence,  counterclockwise  moments 
are  positive. 


Figure  1.8 
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Example  1.1 

Determine  the  support  reactions  of  the  pin-jointed  truss  shown  in  Figure  1.9. 
End  1  of  the  truss  has  a  hinged  support,  and  end  2  has  a  roller  support. 


V3  =  20  kips       V4  =  20  kips 


H{  =  10  kips 


(i)  Applied  loads 


15  kips  V2 

(ii)  Support  reactions 


25  kips 


Figure  1.9 


Solution 


To  ensure  equilibrium,  support  1  provides  a  horizontal  and  a  vertical  reaction, 
and  support  2  provides  a  vertical  reaction.  Adopting  the  convention  that  hori- 
zontal forces  acting  to  the  right  are  positive,  vertical  forces  acting  upward  are 
positive,  and  counterclockwise  moments  are  positive,  applying  the  equilibrium 
equations  gives,  resolving  horizontally: 


H,  +  H3  =  0 


-H3 

-10  kips  ...  acting  to  the  left 


Taking  moments  about  support  1  and  assuming  that  V2  is  upward: 


16  V,  -S 


H3-4V3 


12VA=0 


V2  =  (8  X  10  +  4  X  20  +  12  x  20)/16 

=  25  kips  ...  acting  upward  as  assumed 

Resolving  vertically: 

V,  +  V2  +  V3  +  V4  =  0 

V,  =  -25  +  20  +  20 

=  15  kips  ...  acting  upward 


The  support  reactions  are  shown  at  (ii) 
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1.5    Triangle  of  forces 

When  a  structure  is  in  equilibrium  under  the  action  of  three  concurrent  forces, 
the  forces  form  a  triangle  of  forces.  As  indicated  in  Figure  1.10  (i),  the  three 
forces  Fj,  F2,  and  F3  are  concurrent.  As  shown  in  Figure  1.10  (ii),  if  the  initial 
point  of  force  vector  F2  is  placed  at  the  terminal  point  of  force  vector  Fls  then 
the  force  vector  F3  drawn  from  the  terminal  point  of  force  vector  F2  to  the  ini- 
tial point  of  force  vector  Fj  is  the  equilibrant  of  F\  and  F2.  Similarly,  as  shown 
in  Figure  1.10  (iii),  if  the  force  vector  F3  is  drawn  from  the  initial  point  of  force 
vector  Fj  to  the  terminal  point  of  force  vector  F2,  this  is  the  resultant  of  Fj  and 
F2.  The  magnitude  of  the  resultant  is  given  algebraically  by: 


(*> 


(F1p+(F2)2-2F1F2cos/3 


and: 


or: 


F,  =  Fjsin/jcsc/! 


Fj/sin/j  =  F2/smf2 

=  f3/sin/3 


Example  1.2 

Determine  the  angle  of  inclination  and  magnitude  of  the  support  reaction  at 
end  1  of  the  pin-jointed  truss  shown  in  Figure  1.11.  End  1  of  the  truss  has  a 
hinged  support,  and  end  2  has  a  roller  support. 
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F3  =  20  kips 


8  ft 


V2  =  10  kips 


F3  =  20  kips 


(i) 


(ii) 


Figure  1.11 

Solution 

Taking  moments  about  support  1  gives: 

V2  =  8  X  20/16 

=  10  kips  ...  acting  vertically  upward 

The  triangle  of  forces  is  shown  at  (ii),  and  the  magnitude  of  the  reaction  at 
support  1  is  given  by: 

R2  =  (V2)2+(F3)2-2V2F3cosfr 

=  102  +  202  -  2  x  10  X  20cos90° 
R  =  (100  +  400)05 
=  22.36  kips 

The  angle  of  inclination  of  R  is: 

0  =  atan  (10/20) 
=  26.57° 

Alternatively,  since  the  three  forces  are  concurrent,  their  point  of  concur- 
rency is  at  point  6  in  Figure  1.11  (i),  and: 

9  =  atan  (8/16) 

=  26.57° 

and 


R  =  20sin907sin63.43° 
=  22.36  kips 
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The   reaction   R   may   also   be   resolved  into   its   horizontal   and  vertical 
components: 

Hx  =  Rcos0 

=  20  kips 
Vi  =  Rsint? 

=  10  kips 


1.6     Free  body  diagram 

For  a  system  in  equilibrium,  all  component  parts  of  the  system  must  also  be 
in  equilibrium.  This  provides  a  convenient  means  for  determining  the  internal 
forces  in  a  structure  using  the  concept  of  a  free  body  diagram.  Figure  1.12  (i) 
shows  the  applied  loads  and  support  reactions  acting  on  the  pin -jointed  truss 
that  was  analyzed  in  Example  1.1.  The  structure  is  cut  at  section  A- A,  and 
the  two  parts  of  the  truss  are  separated  as  shown  at  (ii)  and  (iii)  to  form  two 
free  body  diagrams.  The  left-hand  portion  of  the  truss  is  in  equilibrium  under 
the  actions  of  the  support  reactions  of  the  complete  structure  at  1,  the  applied 


V,  =  20  kips        Yd  =  20  kips 


H3  =  10  kips  J 


V3  =  20  kips 
H3  =  10  kips     u  15  kips 


Ht  =  10  kips 


//,  =  10  kips 


25  kips 


5.59  kips 


12.5  kips 


V{  =  15  kips 


(i)  Applied  loads  and 
support  reactions 


5.59  kips 


(ii)  Left  hand  free 
body  diagram 


V2  =  25  kips 


(iii)  Right  hand  free 
body  diagram 


Figure  1.12 
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loads  at  joint  3,  and  the  internal  forces  acting  on  it  from  the  right-hand  por- 
tion of  the  structure.  Similarly,  the  right-hand  portion  of  the  truss  is  in  equilib- 
rium under  the  actions  of  the  support  reactions  of  the  complete  structure  at  2, 
the  applied  load  at  joint  4,  and  the  internal  forces  acting  on  it  from  the  left- 
hand  portion  of  the  structure.  The  internal  forces  in  the  members  consist  of  a 
compressive  force  in  member  34  and  a  tensile  force  in  members  45  and  25.  By 
using  the  three  equations  of  equilibrium  on  either  of  the  free  body  diagrams, 
the  internal  forces  in  the  members  at  the  cut  line  may  be  obtained.  The  values 
of  the  member  forces  are  indicated  at  (ii)  and  (iii). 

Example  1.3 

The  pin-jointed  truss  shown  in  Figure  1.13  has  a  hinged  support  at  support 
1  and  a  roller  support  at  support  2.  Determine  the  forces  in  members  15,  35, 
and  34  caused  by  the  horizontal  applied  load  of  20  kips  at  joint  3. 


8  ft 


#3  =  20  kips 


Cut  line 


H{=  20  kips   \  vI=  10  kips 


(i)  Loads  and  support  reactions 


V2=  10  kips 


(ii)  Free  body  diagram 


Figure  1.13 


Solution 

The  values  of  the  support  reactions  were  obtained  in  Example  1.2  and  are 
shown  at  (i).  The  truss  is  cut  at  section  A-A,  and  the  free  body  diagram  of  the 
right-hand  portion  of  the  truss  is  shown  at  (ii). 

Resolving  forces  vertically  gives  the  force  in  member  35  as: 


'35 


V2/sin<? 
10/sin63.43° 
11.18  kips  ... 


compression 


Taking  moments  about  node  3  gives  the  force  in  member  15  as: 


l15 


12V2/8 

12  x  10/8 

15  kips  ...  tension 
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Taking  moments  about  node  5  gives  the  force  in  member  34  as: 


P34  =  8V2/8 


8  X  10/8 

10  kips  ...  compression 


1.7     Principle  of  superposition 

The  principle  of  superposition  may  be  defined  as  follows:  the  total  displacements 
and  internal  stresses  in  a  linear  structure  corresponding  to  a  system  of  applied 
forces  is  the  sum  of  the  displacements  and  stresses  corresponding  to  each  force 
applied  separately.  The  principle  applies  to  all  linear-elastic  structures  in  which 
displacements  are  proportional  to  applied  loads  and  which  are  constructed  from 
materials  with  a  linear  stress-strain  relationship.  This  enables  loading  on  a  struc- 
ture to  be  broken  down  into  simpler  components  to  facilitate  analysis. 

As  shown  in  Figure  1.14,  a  pin-jointed  truss  is  subjected  to  two  vertical 
loads  at  (i)  and  a  horizontal  load  at  (ii).  The  support  reactions  for  each  loading 


20  kips     V4  =  20  kips 


H3  =  10  kips 


ff,  =  10  kips 


V,  =  20  kips  V2  =  20  kips  v\  ~  5  ^Ps  V2  =  5  kips 

(i)  (ii) 


V3=20kips     V4=20kips 
H3=  10  kips      Y 


Hi  =  10  kips 


Figure  1.14 


14 


Structural  Analysis:  In  Theory  and  Practice 


case  are  shown.  As  shown  at  (iii),  the  principle  of  superposition  and  the  two 
loading  cases  may  be  applied  simultaneously  to  the  truss,  producing  the  com- 
bined support  reactions  indicated. 


Supplementary  problems 

Sl.l  Determine  the  reactions  at  the  supports  of  the  frame  shown  in  Figure  Sl.l. 


3ft 


7ft 


10  kips 


20  kips 


M: 


/777T 


ff, 


BA 


10  ft 


Figure  Sl.l 


SI. 2  Determine  the  reactions  at  supports  1  and  2  of  the  bridge  girder  shown 
in  Figure  SI. 2.  In  addition,  determine  the  bending  moment  in  the  girder  at 
support  2. 


48  ft  48  ft 


Vj 


24  kips 


24  kips 


H       V 


2  " 


3" 


100  ft 


20  ft 


100  ft 


20  ft 


100  ft 


Figure  SI. 2 
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SI. 3  Determine  the  reactions  at  the  supports  of  the  frame  shown  in  Figure 
SI. 3.  In  addition,  determine  the  bending  moment  in  member  32. 


10  kips  u 


20  ft 


10  ft 


10  ft 


10  ft 


10  ft 


Figure  SI. 3 


SI. 4  Determine  the  reactions  at  the  supports  of  the  derrick  crane  shown  in 
Figure  SI. 4.  In  addition,  determine  the  forces  produced  in  the  members  of  the 
crane. 


50  kips 


30  ft 


Figure  SI. 4 
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SI. 5  Determine  the  reactions  at  the  supports  of  the  pin-jointed  frame  shown  in 
Figure  SI. 5.  In  addition,  determine  the  force  produced  in  member  13. 


20  ft 


10  kips         2 
•O 


20  ft 


Figure  SI. 5 


SI. 6  Determine  the  reactions  at  the  supports  of  the  bent  shown  in  Figure  SI. 6. 
In  addition,  determine  the  bending  moment  produced  in  the  bent  at  node  3. 


10  ft 


20  ft 


20  kips 


^ 

U 


5  ft 

5ft 


Figure  SI. 6 
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SI. 7  Determine  the  reactions  at  the  supports  of  the  pin-jointed  truss  shown  in 
Figure  SI. 7. 


4  ft 


10  kips 


»1  1 


4  ft 


Figure  SI. 7 


4  ft 


20  kips 


SI. 8  Determine  the  reactions  at  the  supports  of  the  bent  shown  in  Figure  SI. 
The  applied  loading  consists  of  the  uniformly  distributed  load  indicated. 


10  ft 


20  ft 


1  kip/ft 

HHHHII! 


H-, 


10  ft 


Figure  SI. 8 
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SI. 9  Determine  the  reactions  at  the  support  of  the  cantilever  shown  in  Figure 
SI. 9.  The  applied  loading  consists  of  the  distributed  triangular  force  shown. 


1  kip/ft  ■ 


M, 


77777? 
1  «, 

Figure  SI. 9 


21ft 


SI. 10  Determine  the  reactions  at  the  support  of  the  jib  crane  shown  in  Figure 
SI. 10.  In  addition,  determine  the  force  produced  in  members  24  and  34. 


6  ft 


M, 


7TaT7 


.#, 


4  kips 


4  ft 


7  ft 


Figure  SI.  10 
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Statically  determinate  pin-jointed 
frames 


Notation 

a  panel  width 

F  force 

H  horizontal  force 

b  truss  height 

/  length  of  member 

M  bending  moment 

P  axial  force  in  a  member  due  to  applied  loads 

P'  axial  force  in  a  member  of  the  modified  truss  due  to  applied  loads 

R  support  reaction 

u  axial  force  in  a  member  due  a  unit  virtual  load  applied  to  the  modified  truss 

V  vertical  force 

WLL  concentrated  live  load 

9  angle  of  inclination 


2.1     Introduction 

A  simple  truss  consists  of  a  triangulated  planar  framework  of  straight  mem- 
bers. Typical  examples  of  simple  trusses  are  shown  in  Figure  2.1  and  are  cus- 
tomarily used  in  bridge  and  roof  construction.  The  basic  unit  of  a  truss  is  a 
triangle  formed  from  three  members.  A  simple  truss  is  formed  by  adding  mem- 
bers, two  at  a  time,  to  form  additional  triangular  units.  The  top  and  bottom 
members  of  a  truss  are  referred  to  as  chords,  and  the  sloping  and  vertical  mem- 
bers are  referred  to  as  web  members. 

Simple  trusses  may  also  be  combined,  as  shown  in  Figure  2.2,  to  form  a 
compound  truss.  To  provide  stability,  the  two  simple  trusses  are  connected  at 
the  apex  node  and  also  by  means  of  an  additional  member  at  the  base. 

Simple  trusses  are  analyzed  using  the  equations  of  static  equilibrium  with 
the  following  assumptions: 

all  members  are  connected  at  their  nodes  with  frictionless  hinges 

the  centroidal  axes  of  all  members  at  a  node  intersect  at  one  point  so  as  to  avoid 

eccentricities 
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Pratt 


Howe 


Figure  2.2 


all  loads,  including  member  weight,  are  applied  at  the  nodes 

members  are  subjected  to  axial  forces  only 

secondary  stresses  caused  by  axial  deformations  are  ignored 


2.2     Statical  determinacy 


A  statically  determinate  truss  is  one  in  which  all  member  forces  and  external 
reactions  may  be  determined  by  applying  the  equations  of  equilibrium.  In  a 
simple  truss,  external  reactions  are  provided  by  either  hinge  supports  or  roller 
supports,  as  shown  in  Figure  2.3  (i)  and  (ii).  The  roller  support  provides  only 
one  degree  of  restraint,  in  the  vertical  direction,  and  both  horizontal  and 
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rotational  displacements  can  occur.  The  hinge  support  provides  two  degrees  of 
restraint,  in  the  vertical  and  horizontal  directions,  and  only  rotational  displace- 
ment can  occur.  The  magnitudes  of  the  external  restraints  may  be  obtained 
from  the  three  equations  of  equilibrium.  Thus,  a  truss  is  externally  indetermi- 
nate when  it  possesses  more  than  three  external  restraints  and  is  unstable  when 
it  possesses  less  than  three. 

In  a  simple  truss  with  /  nodes,  including  the  supports,  2/  equations  of  equi- 
librium may  be  obtained,  since  at  each  node: 


and 


EH  =  0 

EV  =  0 


Each  member  of  the  truss  is  subjected  to  an  unknown  axial  force;  if  the  truss 
has  n  members  and  r  external  restraints,  the  number  of  unknowns  is  (n  +  r). 
Thus,  a  simple  truss  is  determinate  when  the  number  of  unknowns  equals  the 
number  of  equilibrium  equations  or: 

n  +  r  =  2j 

A  truss  is  statically  indeterminate,  as  shown  in  Figure  2.4,  when: 

n  +  r  >  2j 


The  truss  at  (i)  is  internally  redundant,  and  the  truss  at  (ii)  is  externally 
redundant. 

A  truss  is  unstable,  as  shown  in  Figure  2.5,  when: 


n  +  r  <  2/ 
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Tk     T 


(i) 


(il) 


Figure  2.5 

The  truss  at  (i)  is  internally  deficient,  and  the  truss  at  (ii)  is  externally 
deficient. 

However,  a  situation  can  occur  in  which  a  truss  is  deficient  even  when  the 
expression  n  +  r  =  2/  is  satisfied.  As  shown  in  Figure  2.6,  the  left-hand  side  of 
the  truss  has  a  redundant  member,  while  the  right-hand  side  is  unstable. 


Figure  2.6 


2.3     Sign  convention 


As  indicated  in  Figure  2.7,  a  tensile  force  in  a  member  is  considered  positive, 
and  a  compressive  force  is  considered  negative.  Forces  are  depicted  as  acting 
from  the  member  on  the  node;  the  direction  of  the  member  force  represents 
the  force  the  member  exerts  on  the  node. 


y       +p 


Tension 


/ 


Compression 


Figure  2.7 


2.4     Methods  of  analysis 


Several  methods  of  analysis  are  available,  each  with  a  specific  usefulness  and 
applicability. 
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(a)  Method  of  resolution  at  the  nodes 

At  each  node  in  a  simple  truss,  the  forces  acting  are  the  applied  loads  or  support 
reactions  and  the  forces  in  the  members  connected  to  the  node.  These  forces  con- 
stitute a  concurrent,  coplanar  system  of  forces  in  equilibrium,  and,  by  applying 
the  equilibrium  equations  EH  =  0  and  EV  =  0,  the  unknown  forces  in  a  maxi- 
mum of  two  members  may  be  determined.  The  method  consists  of  first  deter- 
mining the  support  reactions  acting  on  the  truss.  Then,  each  node,  at  which  not 
more  than  two  unknown  member  forces  are  present,  is  systematically  selected  in 
turn  and  the  equilibrium  equations  applied  to  solve  for  the  unknown  forces. 

It  is  not  essential  to  resolve  horizontally  and  vertically  at  all  nodes;  any  con- 
venient rectangular  coordinate  system  may  be  adopted.  Hence,  it  follows  that 
for  an  unloaded  node,  when  two  of  the  three  members  at  the  node  are  col- 
linear,  the  force  in  the  third  member  is  zero. 

For  the  truss  shown  in  Figure  2.8,  the  support  reactions  Vi  and  V9,  caused 
by  the  applied  load  WLL,  are  first  determined.  Selecting  node  1  as  the  starting 
point  and  applying  the  equilibrium  equations,  by  inspection  it  is  apparent  that: 


and 


Pn=0 


l12 


Vj  ...  compression 


Figure  2.8 


Node  2  now  has  only  two  members  with  unknown  forces,  which  are  given  by: 

P23  =  P12/sin#  ...  tension 
and  P24  =  P23cos0  ...  compression 

Nodes  3  and  4  are  now  selected  in  sequence,  and  the  remaining  member 
forces  are  determined.  Since  members  46  and  68  are  collinear,  it  is  clear  that: 


^56=0 


This  technique  may  be  applied  to  any  truss  configuration  and  is  suitable 
when  the  forces  in  all  the  members  of  the  truss  are  required. 
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Example  2.1 

Determine  the  forces  produced  by  the  applied  loads  in  the  members  of  the  saw- 
tooth truss  shown  in  Figure  2.9. 


V1  =  10  kips 


8  ft 


8  ft 


8  ft 


Figure  2.9 


Solution 


The  support  reactions  are  calculated,  and  the  directions  of  the  member  forces 
are  assumed  as  indicated. 
Resolving  forces  at  node  7: 

P67  =  V7/sin30° 

=  20  kips  ...  compression 


?57 

=  V7/tan30° 

=  17.32  kips. 

.  tension 

Resolving  forces  at  node  6: 

P46 
P56 

=  P67 

=  20  kips  ...  compression 
=  0 

Resolving  forces  at  node  5: 


P45  =  W5/sin60° 


11.55  kips ...  tension 
p57  -  W5/tan60° 
11.55  kips ...  tension 
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Resolving  forces  at  node  4: 


P34  =  P45/sin30° 

=  5.77  kips  ...  compression 
P24  =  P46  ~  P45  sin  60° 

=  10  kips  ...  compression 

Resolving  forces  at  node  2: 

P23  =P24/cos  49.11° 

=  15.28  kips ...  tension 

Resolving  forces  at  node  1: 

P12  =  V^sii^O0 

=  11.55  kips ...  compression 
P13  =  Vj/taneO0 

=  5.77  kips ...  tension 

(b)  Method  of  sections 

This  method  uses  the  concept  of  a  free  body  diagram  to  determine  the  member 
forces  in  the  members  of  a  specific  panel  of  a  truss.  The  method  consists  of 
first  determining  the  support  reactions  acting  on  the  truss.  Then,  a  free  body 
diagram  is  selected  so  as  to  cut  through  the  panel;  the  forces  acting  on  the 
free  body  consist  of  the  applied  loads,  support  reactions,  and  forces  in  the  cut 
members.  These  forces  constitute  a  coplanar  system  of  forces  in  equilibrium; 
by  applying  the  equilibrium  equations  EM  =  0,  EH  =  0  and  EV  =  0,  the 
unknown  forces  in  a  maximum  of  three  members  may  be  determined. 

For  the  truss  shown  in  Figure  2.10,  the  support  reactions  V\  and  V9,  caused 
by  the  applied  load  WLL,  are  first  determined.  To  determine  the  forces  in 


(i)  Applied  loads 


9    " 


,'   P 


V9\ 


(ii)  Free  body  diagram 


Figure  2.10 
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members  68,  57,  and  58  of  the  truss,  the  structure  is  cut  at  section  A-A,  and 
the  right-hand  portion  separated  as  shown  at  (ii). 

Resolving  forces  vertically  gives  the  force  in  member  58  as: 


Ps8  =  V9/s'm9  ...  tension 


Taking  moments  about  node  8  gives  the  force  in  member  57  as: 

PS7  =  a V9/b  ...  tension 
Taking  moments  about  node  5  gives  the  force  in  member  68  as: 

P6S  =  la V9/h  ...  compression 

This  technique  may  be  applied  to  any  truss  configuration  and  is  suitable  when 
the  forces  in  selected  members  of  the  truss  are  required.  For  the  case  of  a  truss 
with  non-parallel  chords,  by  taking  moments  about  the  point  of  intersection  of 
two  of  the  cut  members  the  force  in  the  third  cut  member  may  be  obtained. 

Example  2.2 

Determine  the  forces  produced  by  the  applied  loads  in  members  46,  56  and  57 
of  the  sawtooth  truss  shown  in  Figure  2.11. 


V1  =  10  kips 


(i)  Applied  loads 


(ii)  Free  body  diagram 


Figure  2.11 


Solution 

The  support  reactions  are  calculated  and  the  truss  cut  at  section  A-A  as  shown. 
The  directions  of  the  member  forces  on  the  right-hand  free  body  diagram  are 
assumed  as  indicated  in  (ii). 
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Taking  moments  about  node  7  gives  the  force  in  member  56  as: 

P56  =  0/6.93 
=  0 

Taking  moments  about  node  5  gives  the  force  in  member  46  as: 

P46  =  8V7/4 
=  8x10/4 
=  20  kips  ...  compression 

Taking  moments  about  node  6  gives  the  force  in  member  57  as: 

P57  =  6V7/3.46 
=  6x10/3.46 
=  17.32  kips ...  tension 

(c)  Method  of  force  coefficients 

This  is  an  adaptation  of  the  method  of  sections,  which  simplifies  the  solution 
of  trusses  with  parallel  chords  and  with  web  members  inclined  at  a  constant 
angle.  The  forces  in  chord  members  are  determined  from  the  magnitude  of 
the  moment  of  external  forces  about  the  nodes  of  a  truss.  The  forces  in 
web  members  are  obtained  from  knowledge  of  the  shear  force  acting  on  a 
truss.  The  method  constitutes  a  routine  procedure  for  applying  the  method  of 
sections. 

The  shear  force  diagram  for  the  truss  shown  in  Figure  2.12  is  obtained  by 
plotting  at  any  section  the  cumulative  vertical  force  produced  by  the  applied 
loads  on  one  side  of  the  section.  The  force  in  a  vertical  web  member  is  given 
directly,  by  the  method  of  sections,  as  the  magnitude  of  the  shear  force  at  the 
location  of  the  member.  Thus,  the  force  in  member  12  is  equal  to  the  shear 
force  at  node  1  and: 

Pn  =  V1 

=  3W ...  compression 

The  force  in  member  34  is  equal  to  the  shear  force  at  node  3  and: 

P34  =V1-2W 

=  W ...  compression 

The  force  in  member  56,  by  inspection  of  node  6,  is: 

^56=0 
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V,  =  3W 


Va  =  3W 


h 


Applied  loads 


J 

3W 

i 

r 

1 

!  w 

-w 

! 

- 

Shear  force 
diagram 

1 

-3W 


Bending  moment 
diagram 


Figure  2.12 

The  force  in  a  diagonal  web  member  is  given  directly,  by  the  method  of  sec- 
tions, as  the  magnitude  of  the  shear  force  in  the  corresponding  panel  multi- 
plied by  the  coefficient  llh.  Thus,  the  force  in  member  23  is  equal  to  the  shear 
force  in  the  first  panel  multiplied  by  llh  and: 

P23  =  Vx  X  llh 

=  3W  Xl/h...  tension 


The  force  in  member  45  is  equal  to  the  shear  force  in  the  second  panel  mul- 
tiplied by  llh  and: 


P45  =  (Vi  -2W)xl/h 
=  W  X  //^...tension 
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The  bending  moment  diagram  for  the  truss  shown  in  Figure  2.12  is  obtained 
by  plotting  at  each  node  the  cumulative  moment  produced  by  the  applied  loads 
on  one  side  of  the  node.  The  force  in  the  bottom  chord  of  a  particular  panel 
is  given  directly,  by  the  method  of  sections,  as  the  magnitude  of  the  moment 
at  the  point  of  intersection  of  the  top  chord  and  the  diagonal  member  in  the 
panel  multiplied  by  the  coefficient  1/h.  Thus,  the  force  in  member  13  is  equal 
to  the  bending  moment  at  node  2  multiplied  by  1/h  and: 

P13  =  M2  Xl/b 
=  0 

The  force  in  member  35  is  equal  to  the  bending  moment  at  node  4  multi- 
plied by  1/h  and: 


P35  =  M4  x  lib 
=  Vx  X  a  X  lib 
=  3Wa/b  . . .  tension 


The  force  in  the  top  chord  of  a  particular  panel  is  given  directly,  by  the 
method  of  sections,  as  the  magnitude  of  the  moment  at  the  point  of  intersec- 
tion of  the  bottom  chord  and  the  diagonal  member  in  the  panel  multiplied 
by  the  coefficient  1/h.  Thus,  the  force  in  member  24  is  equal  to  the  bending 
moment  at  node  3  multiplied  by  1/h  and: 

P24  =  M3  X  1/h 
=  VlXaXllh 
=  3Wa/h ...  compression 

The  force  in  member  46  is  equal  to  the  bending  moment  at  node  5  multi- 
plied by  1/h  and: 

P46  =  M5  x  1/h 

=  {V1  x2a-2Wxa)xl/h 
=  4Wa/h ...  compression 

This  technique  may  be  applied  to  any  truss  with  parallel  chords  and 
with  web  members  at  a  constant  angle  of  inclination.  It  may  be  used 
when  the  forces  in  all  members  or  in  selected  members  of  the  truss  are 
required. 
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Example  2.3 

Determine  the  forces  produced  by  the  applied  loads  in  the  members  of  the 
truss  shown  in  Figure  2.13. 


V,  =  15  kips 


10  ft 


15  kips 


W3  =  10  kips      W5  =  10  kips      W7  =  10  kips 


10  ft  10  ft 


10  ft 


10  ft 


Figure  2.13 


Solution 


The  support  reactions  are  calculated  as  shown.  By  inspection,  the  force  in  the 
vertical  web  members  is  obtained  directly.  Thus,  the  force  in  member  23  is 
given  as: 


'23 


w3 

10  kips  ...  tension 


P45=0 

The  force  in  the  diagonal  web  member  12  is  given  by  the  magnitude  of  the 
shear  force  in  the  first  panel  multiplied  by  the  coefficient  lib.  Thus,  the  force  in 
member  12  is: 

P12  =  V1  X  lib 

=  15X14.14/10 

=  21.21  kips  ...  compression 

The  force  in  the  diagonal  web  member  25  is  given  by  the  magnitude  of  the 
shear  force  in  the  second  panel  multiplied  by  the  coefficient  lib.  Thus,  the  force 
in  member  25  is: 


P25  =(Vt  -W3)xl/b 
=  5  x  14.14/10 
=  7.07  kips  . . .  tension 


Statically  determinate  pin-jointed  frames  31 

The  force  in  the  bottom  chord  member  13  is  given  by  the  magnitude  of  the 
moment  at  node  2  multiplied  by  the  coefficient  1/h.  Thus,  the  force  in  member 
13  is: 

P13  =  M2  X  1/h 
=  V1XaXl/h 
=  150x1/10 
=  15  kips  ...  tension 

Similarly,  the  force  in  the  bottom  chord  member  35  is  given  by  the  magni- 
tude of  the  moment  at  node  2  multiplied  by  the  coefficient  1/h.  Thus,  the  force 
in  member  35  is: 

p3j  =  M2  x  1/h 
=  Vj  X  a  X  1/h 
=  150x1/10 
=  15  kips  ...  tension 

The  force  in  the  top  chord  member  24  is  given  as  the  magnitude  of  the 
moment  at  node  5  multiplied  by  the  coefficient  1/h.  Thus,  the  force  in  member 
24  is: 

P24  =  M5  X  1/h 

=  (Vj  x2a-  W3  xa)Xl/h 
=  (300- 100)  x  1/10 
=  20  kips  ...  compression 


(d)  Method  of  substitution  of  members 

A  complex  truss,  as  shown  in  Figure  2.14  (i),  has  three  or  more  connecting 
members  at  a  node,  all  with  unknown  member  forces.  This  precludes  the 
use  of  the  method  of  sections  or  the  method  of  resolution  at  the  nodes  as  a 
means  of  determining  the  forces  in  the  truss.  The  technique  consists  of  remov- 
ing one  of  the  existing  members  at  a  node  so  that  only  two  members  with 
unknown  forces  remain  and  substituting  another  member  so  as  to  maintain 
the  truss  in  stable  equilibrium. 

The  forces  in  members  45  and  59  are  obtained  by  resolution  of  forces 
at  node  5.  However,  at  nodes  4  and  9,  three  unknown  member  forces 
remain,  and  these  cannot  be  determined  by  resolution  or  by  the  method  of 
sections.  As  shown  at  (ii),  member  39  is  removed,  leaving  only  two  unknown 
forces  at  node  9,  which  may  be  determined.  To  maintain  stable  equilibrium, 
a  substitute  member  38  is  added  to  create  a  modified  truss,  and  the  origi- 
nal applied  loads  are  applied  to  the  modified  truss.  The  forces  P'  in  all  the 
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(i)  Complex  truss  with  applied  load 

I 


11' 


(ii)  Modified  truss  with  applied  load 


P  ',s  lu 


(iii)  Modified  truss  with  unit  virtual  load 
Figure  2.14 

remaining  members  of  the  modified  truss  may  now  be  determined.  The  force 
in  member  38  is  P'i&. 

The  applied  loads  are  now  removed,  and  unit  virtual  loads  are  applied  to  the 
modified  truss  along  the  line  of  action  of  the  original  member  39,  as  shown  at  (iii). 
The  forces  u  in  the  modified  truss  are  determined;  the  force  in  member  38  is  -u^. 
Multiplying  the  forces  in  system  (iii)  by  P'^/u3&  and  adding  them  to  the  forces  in 
system  (ii)  gives  the  force  in  member  38  as: 

^38   =  P3S  +  (_M38)^38^38 

=  0 
In  effect,  the  substitute  member  38  has  been  eliminated  from  the  truss. 
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Hence,  by  applying  the  principle  of  superposition,  the  final  forces  in  the 
original  truss  are  obtained  from  the  expression: 

P  =  F  +  uP'M/u3i 

where  tensile  forces  are  positive  and  compressive  forces  are  negative.  The  final 
force  in  member  39  is: 


P39  -  1  X  Fjg/ujg 
=  P'38/u3s 


Example  2.4 

Determine  the  forces  produced  by  the  applied  loads  in  members  49,  39,  and  89 
of  the  complex  truss  shown  in  Figure  2.15. 


20  kips 


4  ft 


6  ft 


Solution 


Figure  2.15 


The  modified  truss  shown  in  Figure  2.16  is  created  by  removing  member 
39,  adding  the  substitute  member  38,  and  applying  the  20  kips  load.  The 
member  forces  in  the  modified  truss  may  now  be  determined;  the  values 
obtained  are: 


-P49  =  7.51  kips  ...  tension 


P[ 


,89 


■13.98  kips ...  compression 


P'3S  =  21.54  kips ...  tension 

The  20  kips  load  is  removed  from  the  modified  truss,  and  unit  virtual  loads 
are  applied  at  nodes  3  and  9  in  the  direction  of  the  line  of  action  of  the  force  in 
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Figure  2.16 

member  39.  The  member  forces  for  this  loading  condition  may  now  be  deter- 
mined; the  values  obtained  are: 


'44 


*89 


-0.81  kips  ...  compression 
-0.50  kips ...  compression 


m38  =  —1.93  kips ...  compression 


Figure  2.17 


The  multiplying  ratio  is  given  by: 


P'38/u3S  =  21.54/1.93 
=  11.16 


The  final  member  forces  in  the  original  truss  are: 


P49  =7.51  +  11.16(-0.81) 

=  —1.53  kips ...  compression 


Statically  determinate  pin-jointed  frames 


35 


-13.98 +  11.16(-0.50) 
■19.56  kips ...  compression 


^39    ~~  ^38^38 


11.16  kips  ...  tension 


Supplementary  problems 

S2.1  Determine  in  Figure  S2.1  the  reactions  at  the  supports  of  the  roof  truss 
shown  and  the  forces  in  members  34,  38,  and  78  caused  by  the  applied  loads. 


"i         i 


6ft 


6ft 


6ft 


6ft 


►H- 


6ft 


Figure  S2.1 

S2.2  For  the  pin-jointed  truss  shown  in  Figure  S2.2  determine  the  forces  in 
members  45,  411,  and  1011  caused  by  the  applied  loads. 


10  ft 


10  ft  10  ft  10  ft  10  ft  10  ft  10  ft 

h H-* *+• *+• *+• H-* H 

Figure  S2.2 
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S2.3  For  the  roof  truss  shown  in  Figure  S2.3  determine  the  forces  in  members 
23,  27  and  67  caused  by  the  applied  loads. 


Figure  S2.3 


S2.4  For  the  pin-jointed  truss  shown  in  Figure  S2.4  determine  the  forces  in  all 
members  caused  by  the  applied  loads. 


5  ft 


Figure  S2.4 


Statically  determinate  pin-jointed  frames 


37 


S2.5  For  the  roof  truss  shown  in  Figure  S2.5  determine  the  forces  in  all  mem- 
bers due  to  the  applied  loads. 


4  kips 


3  ft 


3  ft 


Figure  S2.5 

S2.6  For  the  truss  shown  in  Figure  S2.6  determine  the  forces  in  members  12, 
114,  110,  23,  310,  315,  1014,  and  1415  caused  by  the  applied  loads. 


5  ft 


5  ft 


10  kips       10  kips      10  kips      10  kips       10  kips       10  kips       10  kips 


5  ft  5  ft  5  ft  5  ft  5  ft  5  ft  5  ft  5ft 


Figure  S2.6 
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S2.7  For  the  roof  truss  shown  in  Figure  S2.7  determine  the  forces  in  members 
23,  27,  37,  78,  and  67  caused  by  the  applied  loads. 


3ft 


6ft 


Figure  S2.7 

S2.8  For  the  roof  truss  shown  in  Figure  S2.8  determine  the  forces  in  all  mem- 
bers due  to  the  applied  loads. 


2  kips 


6  ft 


6  ft 


Figure  S2.8 
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S2.9  For  the  roof  truss  shown  in  Figure  S2.9  determine  the  forces  in  members 
23,  26,  27,  67,  and  37  caused  by  the  applied  loads. 


10  kips 


4ft 


8ft 


5  777777 


Figure  S2.9 

S2.10  For  the  roof  truss  shown  in  Figure  S2.10  determine  the  force  in  members 
49,  59,  89,  and  78  due  to  the  applied  loads. 


10  kips 


6ft 


6ft 


Figure  S2.10 
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Notation 

c  rise  of  an  arch 

F  force 

H  horizontal  force,  support  reaction 

h  height  of  a  rigid  frame 

/  length  of  span 

M  bending  moment 

P  axial  force  in  a  member 

Q  shear  force  in  a  member 

R  support  reaction 

V  vertical  force,  support  reaction 

W  concentrated  load 

w  distributed  load 

6  displacement 

9  rotation 


3.1     Load  Intensity,  shear  force,  and  bending  moment 
diagrams 

A  uniformly  distributed  load  of  magnitude  —  w  is  applied  to  a  simply  sup- 
ported beam  as  shown  in  Figure  3.1  (i).  The  sign  convention  adopted  is  that 
forces  acting  upward  are  defined  as  positive.  The  support  reaction  at  end  1  of 
the  beam  is  obtained  by  considering  moment  equilibrium  about  end  2.  Hence: 

-w)l2/2 
and: 


M2  = 

--  0 
=  /Vi  + 

Vi  = 

=   will 

arly: 

V2- 

=  wll2 

The  load  intensity  diagram  is  shown  at  (ii)  and  consists  of  a  horizontal  line  of 
magnitude  —w. 

The  shear  force  acting  on  any  section  A-A  at  a  distance  x  from  end  1  is 
defined  as  the  cumulative  sum  of  the  vertical  forces  acting  on  one  side  of  the 


42 


Structural  Analysis:  In  Theory  and  Practice 


a)  i  mil 


H11111111J2 


Applied  loading 


di) 


(iii)    V, 


!!  w, 


(IV) 


~~^          i 

i            ^^ 

/m, 

M                  ^\ 

'"max                      \ 

/ 

r                           \ 

~w        Load  intensity  diagram 


Shear  force  diagram 


Bending  moment  diagram 


Figure  3.1 


section.  The  vertical  forces  consist  of  the  applied  loads  and  support  reactions. 
Considering  the  segment  of  the  beam  on  the  left  of  section  A- A;  the  shear  force 
is  given  by: 


Qx 


v1  + 


w)x 
wx 


where  (—wx)  represents  the  area  of  the  load  intensity  diagram  on  the  left  of 
section  A-A  from  x  =  0  to  x  =  x.  In  general,  the  change  in  shear  force  between 
two  sections  of  a  beam  equals  the  area  of  the  load  intensity  diagram  between 
the  same  two  sections. 

The  variation  of  shear  force  along  the  length  of  the  beam  may  be  illus- 
trated by  plotting  a  shear  force  diagram  as  shown  at  (iii).  The  sign  convention 
adopted  is  that  resultant  shear  force  upward  on  the  left  of  a  section  is  positive. 
The  maximum  shear  force  occurs  at  the  location  of  zero  load  intensity,  which 
is  at  the  ends  of  the  beam. 

The  bending  moment  acting  on  any  section  A-A  at  a  distance  x  from  end  1 
is  defined  as  the  cumulative  sum  of  the  moments  acting  on  one  side  of  the  sec- 
tion. Considering  the  segment  of  the  beam  on  the  left  of  section  A-A,  the  bend- 
ing moment  is  given  by: 


M, 


Vi*  +  (-w)x2/2 
V^  +  iQx-V^x/l 
(Vx+Qx)*/2 
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where  ( V\  +  Qx)x/2  represents  the  area  of  the  shear  force  diagram  on  the  left 
of  section  A-A  from  x  =  0  to  x  =  x.  In  general,  the  change  in  bending  moment 
between  two  sections  of  a  beam  equals  the  area  of  the  shear  force  diagram 
between  the  same  two  sections. 

The  variation  of  bending  moment  along  the  length  of  the  beam  may  be  illus- 
trated by  plotting  a  bending  moment  diagram  as  shown  at  (iv).  The  sign  con- 
vention adopted  is  that  a  bending  moment  producing  tension  in  the  bottom 
fibers  of  the  beam  is  positive.  The  maximum  bending  moment  occurs  at  the 
location  of  zero  shear  force  in  the  beam. 

Example  3.1 

For  the  simply  supported  beam  shown  in  Figure  3.2  (i)  draw  the  load  intensity, 
shear  force,  and  bending  moment  diagrams. 


12  kips/ft 


(i) 


^TTTTr     v 


T^o 


20  kips 


12  ft 


, .   6ft   ...    6ft    ., 


-12  kips/ft 


(ii) 


53  kips 
(iii) 


(iv) 


Applied  loading 


39  kips 


Load  intensity  diagram 


Shear  force  diagram 


Bending  moment  diagram 


364  kip-ft 


348  kip-ft 
Figure  3.2 


Solution 

The  intensity  of  loading  diagram  is  shown  at  (ii)  and  consists  of  triangularly 
shaped  sections  varying  from  zero  to  —12  kips/ft  over  the  left  half  of  the  beam 
and  a  concentrated  force  of  —20  kips  acting  at  x  =  18  ft. 

The  support  reaction  at  the  left  end  of  the  beam  is  derived  by  taking 
moments  about  the  right  end  of  the  beam  to  give: 


M24=0 


24V0  +  (12/3  +  12)(-12  X  12/2)  +  (-20  X  6) 
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and: 

V0  =  53  kips 

V24  =  72  +  20-V0 
=  39  kips 

The  ordinate  of  the  shear  force  diagram  at  x  =  0  equals  the  support  reaction  at 
the  left  end  of  the  beam.  The  change  in  shear  force  between  x  =  0  and  x  =  12  ft 
equals  the  area  of  the  load  intensity  diagram  over  the  initial  12  ft  of  the  beam. 
Hence,  the  ordinate  of  the  shear  force  diagram  at  x  =  12  ft  is  given  by: 

Q12  =V0- 12X12/2 
=  53-72 
=  -19  kips 

The  shear  force  diagram  crosses  the  base  line  at  a  distance  x  from  the  end  of 
the  beam  given  by: 


=  v 

=  53-x2/2 


V0  -  wxx/2 


and: 

x2  =106 
x  =  10.30ft 

Between  x  =  12  ft  and  x  =  18  ft  the  ordinate  of  the  shear  force  diagram 
remains  constant  at  a  value  of  —19  kips  since  the  load  intensity  is  zero  over 
this  segment  of  the  beam.  At  x  =  18  ft,  the  location  of  the  concentrated  load  of 
20  kips,  the  ordinate  of  the  shear  force  diagram  reduces  to  the  value: 

Qu  =-19-20 
=  -39kips 

Between  x  =  18  ft  and  x  =  24  ft  the  ordinate  of  the  shear  force  diagram 
remains  constant  at  a  value  of  —39  kips.  At  x  =  24ft  the  ordinate  of  the  shear 
force  diagram  changes  to  the  value: 

Q24  =  -39  +  39 
=  Okips 

The  bending  moment  ordinates  at  each  end  of  the  beam  are  zero.  Between 
x  =  0  and  x  =  12  ft  the  ordinate  of  the  bending  moment  diagram  is  given  by: 

Mx  =  V0x  -  (wxx/2)(x/3) 
=  53x  —  x3/6 
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The  maximum  bending  moment  over  this  length  occurs  when: 

dMJdx  =  0 

=  53  -  x2/2 

and: 

x  =  10.30ft 

This  is  the  same  location  at  which  the  shear  force  diagram  crosses  the  base 
line,  and  the  maximum  bending  moment  is: 

Mmax  =  53  x  10.30  -  (10.30)3/6 
=  546-182 
=  364  kip-ft 

At  x  =  12  ft  the  bending  moment  is: 

M12  =53xl2-123/6 
=  636-288 
=  348  kip-ft 

At  x  =  18  ft  the  bending  moment  is: 

Mn  =  Mn  +  (-19)  X  6 
=  348-114 
=  234  kip-ft 

and  the  bending  moment  decreases  linearly  between  x  =  12  ft  and  x  =  18  ft. 
At  x  =  24  ft  the  bending  moment  is: 

M24  =  Mlg  +  (-39)  X  6 
=  234-234 
=  0  kip-ft 

and  the  bending  moment  decreases  linearly  between  x  =  18  ft  and  x  =  24  it. 


3.2     Relationships  among  loading,  shear  force,  and 
bending  moment 

A  small  element  of  the  beam  shown  in  Figure  3.1  is  taken  at  a  distance  x  from 
end  1.  The  forces  acting  on  the  element  are  shown  in  Figure  3.3.  Resolving 
forces  vertically  gives  the  expression: 

Q  =  (Q  +  bQ)  +  wbx 
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M  +  SM 


and: 


6Q/6x 


Figure  3.3 


The  limiting  condition  is: 
dQ/dx  =  —w 

which  indicates  that  the  slope  of  the  shear  force  diagram,  at  any  section,  equals 
the  intensity  of  loading  at  that  section.  This  also  indicates  that  the  shear  force 
reaches  a  maximum  or  a  minimum  value  where  the  load  intensity  diagram 
crosses  the  base  line.  Alternatively,  since: 

dQ  =  —w  dx 
I  dQ  =  I  —w  dx 

Qi  ~Qi  =  f'2"tv  dx 

where  Qi  =  shear  force  in  the  beam  at  x  =  X\,  Q2  =  shear  force  in  the  beam 
at  x  =  X2,  and  the  change  in  shear  force  between  the  two  sections  equals  the 
area  of  the  load  intensity  diagram  between  the  two  sections. 

Taking  moments  about  the  lower  right  corner  of  the  element  gives  the 
expression: 

M  =  (M  +  6M)  -  Q  bx  +  w  (hx)2ll 
Neglecting  the  small  value  (6x)2  gives: 

8M/8x  =  Q 
The  limiting  condition  is: 

dM/dx  =  Q 
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which  indicates  that  the  slope  of  the  bending  moment  diagram  at  any  sec- 
tion equals  the  force  at  that  section.  In  addition,  it  indicates  that  the  bending 
moment  reaches  a  maximum  or  a  minimum  value  where  the  shear  force  dia- 
gram crosses  the  base  line.  Alternatively,  since: 

dM  =  Qdx 
JdM=jQdx 

M2-M1=  fX2Qdx 

where  Ml  =  bending  moment  in  the  beam  at  x  =  X\,  M2  =  bending  moment 
in  the  beam  at  x  =  x2,  and  the  change  in  bending  moment  between  the  two 
sections  equals  the  area  of  the  shear  force  diagram  between  the  two  sections. 

Example  3.2 

For  the  simply  supported  beam  shown  in  Figure  3.2  use  the  load-shear-moment 
relationships  to  draw  the  shear  force  and  bending  moment  diagrams. 

Solution 

The  support  reactions  were  determined  in  Example  3.1: 

V0  =  53  kips 
V24  =  39  kips 

The  change  in  shear  force  between  x  =  0  and  x  =  12  ft  is: 

=  f12  -12x/12  dx 

Jo 

=  /      —x  dx 
Jo 


[~x2l2]f 
■  —72  kips 


and: 


Qn  =53-72 
=  -19  kips 

At  intermediate  sections  between  x  =  0  and  x  =  12  ft,  the  ordinates  of  the 
shear  force  diagram  are  given  by: 

Qx  =  vo  ~  wxl1 
=  53-x2/2 

which  is  the  equation  of  a  parabola. 
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The  shear  force  diagram  crosses  the  base  line  at  a  distance  x  from  the  end  of 
the  beam,  given  by: 


Qx=o 

53-%2/2 


V0  —  tvxll 


and: 

x1  =106 
x  =  10.30  ft 

Between  x  =  12  ft  and  x  =  18  ft  the  load  intensity  is  zero,  and  the  shear  force 
diagram  is  a  horizontal  line.  At  x  =  18  ft,  a  concentrated  load  of  20  kips  is 
applied  to  the  beam;  this  constitutes  an  infinite  load  intensity  and  produces  a 
vertical  step  of  —20  kips  in  the  ordinate  of  the  shear  force  diagram.  The  ordi- 
nate of  the  shear  force  diagram  is  given  by: 

Q18  =  V12  -  20 
=  -19-20 
=  -39  kips 

The  ordinate  of  the  shear  force  diagram  remains  constant  at  a  value  of  —39 
kips  to  the  end  of  the  beam. 

The  change  in  bending  moment  between  x  =  0  and  x  =  12ft  is: 


M12  -  M0 


L  Qdx 

nil 

=  I     (V0  —  wx/2)  dx 

=  J12  (53  -  x2/2)  dx 

=  [53%  -  x3/6f02 
=  636-288 
=  348kip-ft 

At  intermediate  sections  between  x  =  0  and  x  =  12  ft,  the  ordinates  of  the 
bending  moment  diagram  are  given  by: 

Mx  =  V0x  -  (wx/2)(x/3) 
=  53%  —  x3/6 

which  is  the  equation  of  a  cubic  parabola. 

The  maximum  bending  moment  occurs  when: 

dMJdx  =  0 

=  53  -  x2/2 
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and: 

x  =  10.30  ft 

The  change  in  bending  moment  between  x  =  12  ft  and  x  =  18  ft  is: 

.18 


Mn  -  M12  =  J    Q  dx 


i 


12 

19  dx 

[-19*]H 
-19X6 
-114kip-ft 


Hence: 


M18  =348-114 


=  234kip-ft 

The  bending  moment  decreases  linearly  between  x  =  12  ft  and  x  =  18  ft. 
At  x  =  18  ft  a  concentrated  load  of  20  kips  is  applied,  and  the  change  in 
bending  moment  between  x  =  18  ft  and  x  =  24  ft  is: 


M24-Mls  =Jig  Qdx 

-39  dx 


L 


24 

( 
8  " 
24 


8 

24 


[-39x]24 
-39X6 
-234  kip-ft 


Hence: 

0  kip-ft 


M24  =  234  -  234 


3.3     Statical  determinacy 

A  statically  determinate  beam  or  rigid  frame  is  one  in  which  all  member  forces 
and  external  reactions  may  be  determined  by  applying  the  equations  of  equili- 
brium. In  a  beam  or  rigid  frame  external  reactions  are  provided  by  either  hinge 
or  roller  supports  or  by  a  fixed  end,  as  shown  in  Figure  3.4.  The  roller  support 

H    A^M 


-^ 


y 


V  ^v 

Roller  support  Hinge  support  Fixed  end 

Figure  3.4 
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provides  only  one  degree  of  restraint,  in  the  vertical  direction,  and  both  hori- 
zontal and  rotational  displacements  can  occur.  The  hinge  support  provides 
two  degrees  of  restraint,  in  the  vertical  and  horizontal  directions,  and  only 
rotational  displacement  can  occur.  The  fixed  end  provides  three  degrees  of 
restraint,  vertical,  horizontal,  and  rotational.  Identifying  whether  a  structure  is 
determinate  depends  on  the  configuration  of  the  structure. 

(a)  Beam  or  rigid  frame  with  no  internal  hinges 

In  a  rigid  frame  with  /  nodes,  including  the  supports,  3/  equations  of  equili- 
brium may  be  obtained  since,  at  each  node: 

£V  =  0 
and: 

EM  =  0 

Each  member  of  the  rigid  frame  is  subjected  to  an  unknown  axial  and  shear 
force  and  bending  moment.  If  the  rigid  frame  has  n  members  and  r  external 
restraints,  the  number  of  unknowns  is  (3«  +  r).  Thus,  a  beam  or  frame  is 
determinate  when  the  number  of  unknowns  equals  the  number  of  equilibrium 
equations  or: 

3n  +  r  =  3/ 

A  beam  is  statically  indeterminate,  as  shown  in  Figure  3.5,  when: 

3n  +  r  >  3; 


Figure  3.5 


In  this  case: 

3/=  3X2 


and: 


3ra+r=3xl+4 
=  7 
>3; 
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A  rigid  frame  is  unstable,  as  shown  in  Figure  3.6,  when: 
3n  +  r  <  3; 


Figure  3.6 


In  this  case: 


3/  =  3  X  3 
=  9 


and: 


3n  +  r  =  3x2  +  2 
=  8 
<3; 


(6)  Beam  or  rigid  frame  with  internal  hinges  or  rollers 

The  introduction  of  an  internal  hinge  in  a  beam  or  rigid  frame  provides  an 
additional  equation  of  equilibrium  at  the  hinge  of  M  =  0.  In  effect,  a  moment 
release  has  been  introduced  in  the  member. 

The  introduction  of  a  horizontal,  internal  roller  provides  two  additional 
equations  of  equilibrium  at  the  roller  of  M  =  0  and  H  =  0.  In  effect,  a  moment 
release  and  a  release  of  horizontal  restraint  have  been  introduced  in  the  mem- 
ber. Thus,  a  beam  or  frame  with  internal  hinges  or  rollers  is  determinate  when: 

3n  +  r  =  3/  +  b  +  2s 

where  n  is  the  number  of  members,  /  is  the  number  of  nodes  in  the  rigid  frame 
before  the  introduction  of  hinges,  r  is  the  number  of  external  restraints,  b  is 
the  number  of  internal  hinges,  and  s  is  the  number  of  rollers  introduced. 
The  compound  beam  shown  in  Figure  3.7  is  determinate  since: 

3«  +  r  =  3x3  +  5 
=  14 
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Figure  3.7 


and: 


3j  +  h  +  2s  =  3x4  +  2  +  0 
=  14 
=  3n  +  r 


(c)  Rigid  frame  with  internal  hinges  at  a  node 

The  introduction  of  a  hinge  into  i  of  the  n  members  meeting  at  a  node  in  a 
rigid  frame  produces  /'  releases.  The  introduction  of  a  hinge  into  all  n  members 
produces  (n  —  1)  releases. 

Thus,  a  rigid  frame  with  hinges  at  the  nodes  is  determinate  when: 

3«  +  r  =  3/  +  c 

where  n  is  the  number  of  members,  /  is  the  number  of  nodes  in  the  rigid  frame,  r 
is  the  number  of  external  restraints,  and  c  is  the  number  of  releases  introduced. 
As  shown  in  Figure  3.8,  for  four  members  meeting  at  a  rigid  node  there  are  three 
unknown  moments.  The  introduction  of  a  hinge  into  one  of  the  members  produces 
one  release,  the  introduction  of  a  hinge  into  two  members  produces  two  releases, 
and  the  introduction  of  a  hinge  into  all  four  members  produces  three  releases. 


M-, 


M, 


M , 


M 


M2 


M,  +  M 7  +  M, 


A/, 


M2  +  M-, 


Figure  3.8 


oo- 


A/-, 


The  rigid  frame  shown  in  Figure  3.9  is  determinate  since: 


3n  +  r  =  3x3  +  4 
=  13 


and: 


3/  +  c=3x4  +  l 
=  13 
=  3n  +  r 
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77&7T 


4 

r79h- 


Figure  3.9 


3.4     Beams 

Beams  are  normally  subject  to  transverse  loads  only,  and  roller  and  hinge 
supports  are  typically  represented  by  vertical  arrows.  Typical  examples  of 
beams  are  shown  in  Figure  3.10.  Beams  may  be  analyzed  using  the  equations 
of  static  equilibrium  and  the  method  of  sections,  as  illustrated  in  Section  3.1. 
Alternatively,  the  principle  of  virtual  work  may  be  utilized  to  provide  a  simple 
and  convenient  solution. 


Simply  supported 


Beam  with  overhangs 


1              J 

i — ° — ° — i 

I 

Cantilever 


Compound  beam 


Figure  3.10 


The  principle  of  virtual  work  may  be  defined  as  follows:  If  a  structure  in 
equilibrium  under  a  system  of  applied  forces  is  subjected  to  a  system  of  dis- 
placements compatible  with  the  external  restraints  and  the  geometry  of  the 
structure,  the  total  work  done  by  the  applied  forces  during  these  external  dis- 
placements equals  the  work  done  by  the  internal  forces,  corresponding  to  the 
applied  forces,  during  the  internal  deformations  corresponding  to  the  external 
displacements. 

The  expression  "virtual  work"  signifies  that  the  work  done  is  the  product 
of  a  real  loading  system  and  imaginary  displacements  or  an  imaginary  loading 
system  and  real  displacements. 

For  the  simply  supported  beam  shown  in  Figure  3.11  (i),  the  support  reac- 
tion V2,  caused  by  the  applied  load  W,  may  be  determined  by  the  principle  of 
virtual  work.  As  shown  at  (ii),  a  unit  virtual  displacement  of  6  =  1  is  imposed 
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(i)       1 


(ii) 


(in) 


(iv) 


W 

Jf,        I       M3 


r 

Vj;  t 

a                 ,       b 

/     ' 

W 

i 

,-—~~' — % 

^ — • — i 

;  a/1 

M3X/Cj 

2 
V2 


w 


e  =  i 


=  1 


Figure  3.11 

on  end  2  in  the  direction  of  Vi  and  the  internal  work  done  equated  to  the 
external  work  done.  Then: 


V2xl  =  WXa/l 


and: 


V,  =  Wall 


Similarly,  as  shown  at  (iii),  the  bending  moment  produced  at  point  3  by  the 
applied  load  may  be  determined  by  cutting  the  beam  at  3  and  imposing  a  unit 
virtual  angular  discontinuity  of  9  =  1.  Equating  internal  work  done  to  external 
work  done  gives: 


M3  X  1  =  V2  X  b 


and: 


M3  =  Wab/l 


Alternatively,  after  cutting  the  beam  at  3  and  imposing  a  unit  virtual  angu- 
lar discontinuity,  the  ends  may  be  clamped  together  to  produce  the  deformed 
shape  shown  in  (iv).  Equating  internal  work  done  to  external  work  done  gives: 


M3{c/a  +  c/b)  =  WXc 


and: 


M3  =  Wab/l 
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Example  3.3 

Use  the  virtual  work  method  to  determine  the  support  reactions  and  significant 
bending  moments  for  the  compound  beam  shown  in  Figure  3.12  due  to  the 
applied  loads  indicated.  Hence,  draw  the  shear  force  and  the  bending  moment 
diagrams  for  the  beam. 


50  ft         50  ft      20  ft      50  ft        50  ft      20  ft      50  ft        50  ft 

H H-« -\-   -\- •+« -\-    -\- •+• H 

W5  =  40  kips  W6  =  40  kips  W7  =  40  kips 


(vi) 


e/50         c/50 


20  kips 

kips 

24  kips 

24  kips 

20  kips 

16 

Shear  force 
diagram 


16  kips 


(vii) 


800  kip-ft 


lOOOkip-ft 


800  kip-ft 


Bending  moment 
diagram 


400  kip-ft  400  kip-ft 

Figure  3.12 


Solution 

As  shown  at  (ii),  a  unit  virtual  displacement  of  6  =  1  is  imposed  on  end  1  in 
the  direction  of  Vi  and  the  internal  work  done  equated  to  the  external  work 
done.  Then: 


V,  xl  =  W5  X0.5-W6  xo.l 
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and: 

V,  =  40  X  0.4 
=  16  kips 

As  shown  at  (iii),  a  unit  virtual  displacement  of  6  =  1  is  imposed  at  support  2 
in  the  direction  of  V2  and  the  internal  work  done  equated  to  the  external  work 
done.  Then: 

V2  X  1  =  W5  X  0.5  +  W6  X  0.6 

and: 

V2  =40X1.1 
=  44  kips 

As  shown  at  (iv),  the  beam  is  cut  at  2  and  a  unit  virtual  angular  discontinuity 
of  9  =  1  is  imposed.  The  internal  work  done  is  equated  to  the  external  work 
done  to  give: 

M2X1  =  W5  X50-Vj  X100 
and: 

M2=  40X50  -16X100 

=  400  kip-ft  ...  tension  in  the  top  fibers 

As  shown  at  (v),  the  beam  is  cut  at  5,  and  a  unit  virtual  angular  discontinuity 
of  9  =  1  is  imposed.  The  internal  work  done  is  equated  to  the  external  work 
done  to  give: 

M5(c/50  +  c/50)  =  Ws  X  c  -  W6  X  0.2c 

and: 

M5  =  25  X  40  X  0.8 


Similarly: 


:800  kip-ft ...  tension  in  the  bottom  fibers 


M6  =  25  X  40 

=  1000  kip-ft  ...  tension  in  the  bottom  fibers 


The  shear  force  and  bending  moment  diagrams  are  shown  at  (vi)  and  (vii).  The 
bending  moment  is  drawn  on  the  compression  side  of  the  beam. 

3.5     Rigid  frames 

The  support  reactions  of  rigid  frame  structures  may  be  determined  using  the 
equations  of  static  equilibrium,  and  the  internal  forces  in  the  members  from  a 
free  body  diagram  of  the  individual  members.  The  internal  forces  on  a  member 
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are  most  conveniently  indicated  as  acting  from  the  node  on  the  member:  i.e., 
as  support  reactions  at  the  node. 

The  vertical  reaction  at  support  4  of  the  frame  shown  in  Figure  3.13  is 
obtained  by  considering  moment  equilibrium  about  support  1.  Hence: 


Mt  =  0 


■■  IV4  -  Wh 


and: 

V4  =  Wh/l  ...  upward 
Resolving  forces  vertically  gives: 


V, 


-vA 


1    ~        M 

=  —Wh/l  ...  downward 
Resolving  forces  horizontally  gives: 
H-y  =  -W  ...  to  the  left 

and  the  support  reactions  are  shown  at  (ii).  The  deformed  shape  of  the  frame 
is  shown  at  (iii). 


W 


(i)  Applied  loads 


H1  =  W 


t* 


(ii)  Support  reactions 
Figure  3.13 


Wh/l 


(iii)  Deformed  shape 


The  internal  forces  in  member  12  are  determined  from  a  free  body  diagram 
of  the  member,  as  shown  in  Figure  3.14.  Resolving  forces  vertically  gives  the 
internal  force  acting  at  node  2  as: 


V 


-v, 


2  ~       vl 

=  Wh/l  ...  upward 

Considering  moment  equilibrium  about  node  2  gives  the  internal  moment  at 
node  2  as: 


M 


21 


-hHt 

Wh  ...  counter-clockwise 
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II' 


1  V2  =  Wh/l 


M,,  =  Wh 


W 


t  V, 


(i)  Member  12 


Wh/l 


W 


(ii)  Shear  force 
diagram 

Figure  3.14 


(iii)  Bending  moment 
diagram 


Hence,  member  12  is  subject  to  a  tensile  force  of  Pu  =  Wh/l,  the  shear  force 
diagram  is  shown  at  (ii)  and  the  bending  moment  diagram  at  (iii)  with  the 
moment  drawn  on  the  compression  side  of  the  member. 

The  internal  forces  in  member  34  are  determined  from  a  free  body  diagram 
of  the  member,  as  shown  in  Figure  3.15.  Resolving  forces  vertically  gives  the 
internal  force  acting  at  node  3  as: 

V3  =  -V4 

=  —Wh/l  ...  downward 


Wh/l 


Member  34 
Figure  3.15 


Considering  moment  equilibrium  about  node  3  gives  the  internal  moment  at 
node  3  as: 


M34  =0 
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Resolving  forces  horizontally  gives  the  internal  force  acting  at  node  3  as: 
H3=0 

Hence,  member  34  is  subject  to  a  compressive  force  of  P34  =  Wh/l,  and  both 
the  shear  force  and  the  bending  moment  are  zero. 

The  internal  forces  in  member  23  are  determined  from  a  free  body  diagram 
of  the  member,  as  shown  in  Figure  3.16.  Resolving  forces  vertically  gives  the 
internal  force  acting  at  node  2  as: 


V2  =  -V3 


-Wh/l  ...  downward 


Wh/l 


A/-, 


Wh 


(i)  Member  23 


V3  =  Wh/l 


(ii)  Shear  force  diagram 


Wh/l 


(iii)  Bending  moment  diagram 
Figure  3.16 

Considering  moment  equilibrium  about  node  2  gives  the  internal  moment  at 
node  2  as: 


M 


23 


-IV, 


=  —Wh  ...  clockwise 
Resolving  forces  horizontally  gives  the  internal  force  acting  at  node  2  as: 
H2=0 

Hence,  member  23  has  no  axial  force.  The  shear  force  diagram  is  shown  at  (ii) 
and  the  bending  moment  diagram  at  (iii),  with  the  moment  drawn  on  the  com- 
pression side  of  the  member. 


Example  3.4 

Determine  the  support  reactions  and  member  forces  in  the  rigid  frame  shown 
in  Figure  3.17  due  to  the  applied  loads  indicated.  Hence,  draw  the  shear  force 
and  the  bending  moment  diagrams  for  the  members. 
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w  =  5  kips/ft 


5  kips/ft 


W  =  20  kips  , , 


20  kips 


Hi  =  20  kips 

Vi  =  5  kips  T 

(i)  Applied  loads  (ii)  Support  reactions 

Figure  3.17 


V4  =  45  kips 


Solution 

The  vertical  reaction  at  support  4  of  the  frame  is  obtained  by  considering 
moment  equilibrium  about  support  1.  Hence: 

M1=0 

=  IV4  -Wh-  wl2/2 

=  10V4-  20x10-5x100/2 

and: 

V4  =  45  kips  ...  upward 

Resolving  forces  vertically  gives: 

Vi  =  -V4  +  wl 

=  -45  +  5x10 
=  5kips  ...  upward 

Resolving  forces  horizontally  gives: 

Ht=-W 

=  20 kips  ...  to  the  left 

and  the  support  reactions  are  shown  at  (ii). 

The  internal  forces  in  member  12  are  determined  from  a  free  body  diagram 
of  the  member,  as  shown  in  Figure  3.18.  Resolving  forces  vertically  gives  the 
internal  force  acting  at  node  2  as: 


V2  =  -V, 

=  —5 kips  ...  downward 
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20  kips 


1 


V2  =  5  kips 


M2l  =  200  kip-ft 


ffl  =  20  kips 


20  kips 


200  kip-ft 


I    V{  =  5  kips 
(i)  Member  12 


(ii)  Shear  force 
diagram 

Figure  3.18 


(iii)  Bending  moment 
diagram 


Considering  moment  equilibrium  about  node  2  gives  the  internal  moment  at 
node  2  as: 

M21  =  -hHx 

=  -LOX-20 

=  200 kip-ft ...  counter-clockwise 

Hence,  member  12  is  subject  to  a  compressive  force  of  P12  =  5  kips.  The 
shear  force  diagram  is  shown  at  (ii)  and  the  bending  moment  diagram  at  (iii), 
with  the  moment  drawn  on  the  compression  side  of  the  member. 

The  internal  forces  in  member  34  are  determined  from  a  free  body  diagram 
of  the  member,  as  shown  in  Figure  3.19.  Resolving  forces  vertically  gives  the 
internal  force  acting  at  node  3  as: 


V3  =  -V4 


-45kips  ...  downward 


:  45  kips 


'4  =  45  kips 
Member  34 

Figure  3.19 
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Considering  moment  equilibrium  about  node  3  gives  the  internal  moment  at 
node  3  as: 

M34=0 

Resolving  forces  horizontally  gives  the  internal  force  acting  at  node  3  as: 

H3=0 

Hence,  member  34  is  subject  to  a  compressive  force  of  P34  =  45  kips,  and 
both  the  shear  force  and  the  bending  moment  are  zero. 

The  internal  forces  in  member  23  are  determined  from  a  free  body  diagram 
of  the  member,  as  shown  in  Figure  3.20.  Resolving  forces  vertically  gives  the 
internal  force  acting  at  node  2  as: 

V2  =  -V3  +  wl 
=  -45  +  5  x  10 
=  5 kips  ...  upward 


5  kips/ft 


5  kips 


M23  =  2(  H  h*7f 

V3  =  45  kips  '  n 


45  kips 


(i)  Member  23 


(ii)  Shear  force 
diagram 


Mmax  =  202.5  kip-ft 


(iii)  Bending  moment  diagram 
Figure  3.20 


Considering  moment  equilibrium  about  node  2  gives  the  internal  moment  at 
node  2  as: 


M23  =  -tV3  +  wl2ll 

=  -10x45  +  5x100/2 
=  —200  kip-ft ...  clockwise 
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Resolving  forces  horizontally  gives  the  internal  force  acting  at  node  2  as: 


H2  =  0 


Hence,  member  23  has  no  axial  force.  The  shear  force  diagram  is  shown  at 
(ii)  and  the  bending  moment  diagram  at  (iii),  with  the  moment  drawn  on  the 
compression  side  of  the  member. 


3.6    Three-hinged  arch 

The  three-hinged  arch  has  hinged  supports  at  each  abutment  that  provide  four 
external  restraints.  The  introduction  of  another  hinge  in  the  arch  member  pro- 
vides a  moment  release.  The  extra  hinge  provides  an  additional  equation  of 
equilibrium  that,  together  with  the  three  basic  equations  of  equilibrium,  makes 
the  solution  of  the  arch  possible.  Typical  examples  of  three-hinged  arches  are 
shown  in  Figure  3.21. 


Symmetrical 


Spandrel  braced 


Compound 


Figure  3.21 


For  a  three-hinged  arch  subjected  to  vertical  loads  only,  the  horizontal  sup- 
port reactions  at  the  arch  springings  are  equal  and  opposite  and  act  inward. 
The  vertical  support  reactions  at  the  arch  springings  are  equal  to  those  of  a 
simply  supported  beam  of  identical  length  with  identical  loads. 

For  the  symmetrical  three-hinged  arch  shown  in  Figure  3.22  with  a  vertical 
applied  load  W,  the  unknown  horizontal  thrust  at  the  springings  is  H,  and  the 
unknown  vertical  reactions  are  Vi  and  Vj.  The  vertical  reaction  at  support  2  is 
obtained  by  considering  moment  equilibrium  about  support  1.  Hence: 


Mt  =  0 


■■  IV,  -  Wa 
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and: 

V2  =  Wall 

Resolving  forces  vertically  gives: 

Vt  =  W  -  V2 
=  W(l-a/l) 

These  values  for  Vi  and  V2  are  identical  to  the  reactions  of  a  simply  sup- 
ported beam  of  the  same  span  as  the  arch  with  the  same  applied  load  W. 


Figure  3.22 


The  horizontal  thrust  at  the  springings  is  determined  from  a  free  body  dia- 
gram of  the  right  half  of  the  arch,  as  shown  at  (ii).  Considering  moment  equi- 
librium about  the  crown  hinge  at  3: 


M,  =  0 


/V2/2  -  He 


and: 


H  =  lV2/2c 


This  value  for  H  is  identical  to  the  bending  moment  at  the  center  of  a  simply 
supported  beam  of  the  same  length  with  the  same  applied  load  W  multiplied 
by  lie. 
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The  bending  moment  in  the  arch  at  any  point  a  distance  x  from  the  left  sup- 
port is  given  by  the  expressions: 

Mx  =  VjX  -  Hy  ...  for  x  ^  a 

=  V2(l-x)-Hy  ...  ior  a  <  x  <  I 

where  y  is  the  height  of  the  arch  a  distance  x  from  the  left  support. 
At  x  =  111,  y  =  c,  and  the  bending  moment  at  the  crown  hinge  is: 

M//2  =  0 

The  expressions  for  bending  moment  may  be  considered  as  the  superposition 
of  the  bending  moment  of  a  simply  supported  beam  of  the  same  span  with  the 
same  applied  load  W  plus  the  bending  moment  due  to  the  horizontal  thrust  H. 
The  bending  moment  due  to  the  applied  load  on  a  simply  supported  beam  is 
shown  at  (iii)  and  the  bending  moment  due  to  the  horizontal  thrust  is  shown  at 
(iv);  this  is  identical  to  the  shape  of  the  arch.  Since  the  bending  moment  is  zero 
at  the  crown  hinge,  the  combined  bending  moment  for  the  arch  is  obtained 
by  adjusting  the  scale  of  the  free  bending  moment  to  give  an  ordinate  of  mag- 
nitude c  at  x  =  111  and  superimposing  this  on  a  drawing  of  the  arch.  This  is 
shown  at  (v),  drawn  on  the  compression  side  of  the  arch.  In  the  case  of  a  three- 
hinged  parabolic  arch  with  a  uniformly  distributed  applied  load,  no  bending 
moment  is  produced  in  the  arch  rib. 


Example  3.5 

Determine  the  support  reactions  in  the  parabolic  unsymmetrical  three-hinged 
arch  shown  in  Figure  3.23  due  to  the  applied  load  indicated.  Hence,  draw  the 
bending  moment  diagram  for  the  arch. 


Solution 

The  equation  of  the  arch  rib  is: 

y  =  x(l  —  x)ll 

The  reactions  at  support  2  are  obtained  by  considering  moment  equilibrium 
about  support  1.  Hence: 


Ma=0 


and: 


-■  15V2  +  3.75H2  - 5  X  40  sin  45°  -  3.75  X  40 cos  45° 


15V2  +  3. 75H2 -247.49 
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(i) 


40  kips 


82.50  kip-ft 


Figure  3.23 

Resolving  forces  vertically  gives: 

0  =  Vt  +  V2  -  40  sin  45° 
=  V1+V2-  28.28 

Resolving  forces  horizontally  gives: 

0  =  Ht  -  H2  +  40  cos  45° 
=  H1-H2+  28.28 

Considering  moment  equilibrium  about  the  crown  hinge  at  3  for  the  free 
)ody  diagram  of  section  23  of  the  arch  shown  at  (ii)  gives: 


M3=0 


5V2-1.25H2 


Solving  these  equations  simultaneously  gives: 

Hr  =  4.72 
H2  =33.00 

Vi  =  20.03 

V2  =8.25 

The  maximum  moment  occurs  at  the  location  of  the  applied  load  and  is: 


Mmax  =  10V2 


10x8.25 
82.50  kip-ft 
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The  bending  moment  is  shown  at  (iii),  drawn  on  the  compression  side  of  the 
arch. 


Supplementary  problems 

S3.1  Determine  whether  the  beams  shown  in  Figure  S3.1  are  determinate,  inde- 
terminate, or  unstable. 


-o- 


(ii> 


^       ^  M         M 


3  4 


(iii) 

1                                                    2 
o o o 


(iv) 


Jfc  ^ 


Figure  S3.1 


S3. 2  Determine  whether  the  rigid  frames  shown  in  Figure  S3. 2  are  determinate, 
indeterminate,  or  unstable. 


(i) 
2  3 


(ii) 


(iii) 


1 
7777 


(iv) 


1 
7P7 


Figure  S3.2 
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S3. 3  Determine  whether  the  arch  structures  shown  in  Figure  S3. 3  are  determi- 
nate, indeterminate  or  unstable. 


(i) 


(id 


(hi) 


(IV) 


Figure  S3. 3 

S3. 4  For  the  beam  shown  in  Figure  S3. 4,  determine  the  support  reactions  and 
draw  the  shear  force  and  bending  moment  diagrams. 


100  kips 


45 


K 


10  kips/ft 

iiiiiiiiiiiiiiiiiiiU  4 


4  ft  ,  4  ft 

►+* 


8  ft 


Figure  S3. 4 

S3. 5  For  the  beam  shown  in  Figure  S3. 5,  determine  the  support  reactions  and 
draw  the  shear  force  and  bending  moment  diagrams. 


10  kips/ft 


7/77 


5  ft 


5  ft 


5  ft 


Figure  S3. 5 


S3. 6  For  the  beam  shown  in  Figure  S3. 6,  determine  the  support  reactions  and 
draw  the  shear  force  and  bending  moment  diagrams. 


Elements  in  flexure 
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10  kips/ft 


6  ft 


6  ft 


Figure  S3. 6 

S3. 7  For  the  frame  shown  in  Figure  S3. 7,  determine  the  support  reactions  and 
draw  the  shear  force  and  bending  moment  diagrams. 


8  ft 


10  kips/ft 


8  ft 


Figure  S3. 7 

S3. 8  For  the  frame  shown  in  Figure  S3. 8,  determine  the  support  reactions  and 
draw  the  shear  force  and  bending  moment  diagrams. 


5  ft 


5ft 


20  kips      2  | 


40  kips 


TTftTr 


5  ft 


5  ft 


Figure  S3. 8 


S3. 9  For  the  frame  shown  in  Figure  S3. 9,  determine  the  support  reactions  and 
draw  the  shear  force  and  bending  moment  diagrams. 
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4ft  4ft  4ft  4ft 

h« H- ►+- H-« H 


10  kips  4  10  kips 


77p77- 


7 
777977- 


4  ft 


8  ft 


Figure  S3. 9 


S3. 10  For  the  three-hinged  arch  shown  in  Figure  S3. 10,  determine  the  support 
reactions  and  the  bending  moment  in  the  arch  rib  at  the  location  x  =  8  ft. 


10  kips/ft 


8  ft 


16  ft 


16  ft 


Figure  S3. 10 
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Elastic  deformations 


Notation 

A  cross-sectional  area  of  a  member 

c  rise  of  an  arch 

C  constant  of  integration 

E  modulus  of  elasticity 

F  force 

G  modulus  of  torsional  rigidity 

h  height  of  a  rigid  frame 

H  horizontal  force 

I  moment  of  inertia 

/  length  of  member 

m  bending  moment  in  a  member  due  to  a  unit  virtual  load 

M  bending  moment  in  a  member  due  to  the  applied  loads 

M'  bending  moment  in  a  conjugate  member  due  to  the  elastic  load 

P  axial  force  in  a  member  due  to  the  applied  load 

q  shear  force  in  a  member  due  to  a  unit  virtual  load 

Q  shear  force  in  a  member  due  to  the  applied  load 

Q'  shear  force  in  a  conjugate  member  due  to  the  elastic  load 

R  redundant  force  in  a  member,  radius  of  curvature 

u  axial  force  in  a  member  due  to  a  unit  virtual  load 

V  vertical  force 

w  intensity  of  applied  distributed  load  on  a  member 

w'  intensity  of  elastic  load  on  a  conjugate  member,  expressed  as  M/EI 

W  concentrated  load,  applied  load  on  a  member,  expressed  as  Jwdx 

W  elastic  load  on  a  conjugate  member,  expressed  as  fMdx/EI 

x  horizontal  deflection 

y  vertical  deflection 

6  deflection  due  to  the  applied  load 

6%  element  of  length  of  a  member 

W  relative  rotation  between  two  sections  in  a  member  due  to  the  applied 

loads 

9  rotation  due  to  the  applied  loads 

fj,  form  factor  in  shear 
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4.1     Deflection  of  beams 

(a)  Macaulay's  method 

Macaulay's  method  provides  a  simple  and  convenient  method  for  determining 
the  deflection  of  beams.  It  may  be  used  to  obtain  an  expression  for  the  entire 
elastic  curve  over  the  whole  length  of  a  beam. 

A  small  element  8s  of  a  beam  is  shown  in  Figure  4.1  and  is  assumed  to  be 
bent  in  the  shape  of  an  arc  of  a  circle  of  radius  R.  The  slope  of  the  elastic  curve 


Elastic  curve 


Vi 


Initial  position  of  beam  axis 
1 


Figure  4.1 

at  one  end  of  the  element  is  9.  The  change  in  slope  of  the  elastic  curve  over  the 
length  of  the  element  is  b6,  and  the  curvature,  or  rate  of  change  of  slope,  over 
the  element  is: 

80/Ss  =  1/R 

~  W/§x  ...  positive  as  shown 

The  slope  of  the  beam  is  positive  as  shown  and  for  small  displacements  is 
given  by: 


e 

~  tan  9 
~  8y/8x 

In  the  limit: 

de/dx 

9 

=  1/R 

=  dy/dx 

and: 


d9/dx  =  d/dx(dy/dx) 
=  d2y/dx2 
=  1/R 
=  M/EI 
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and: 

EI  d2y/dx2  =  M 

Hence,  by  setting  up  an  expression  for  M  in  terms  of  the  applied  loads  on  a 
beam  and  x  and  integrating  this  expression  twice,  an  equation  is  obtained  for 
the  deflection  of  the  beam. 

Thus,  the  curvature  of  the  elastic  curve  is  given  by  the  expression: 

d2y/dx2  =  VR 

=  M(x)/EI 

The  slope  of  the  elastic  curve  is  given  by  the  expression: 

dy/dx  =  9 

=  jM{x)/EI  +  C1 

The  deflection  of  the  elastic  curve  is  given  by  the  expression: 

y  =  6 
=  J  J  M(x)/EI  +  Cxx  +  C2 


where: 

Cj  =  constant  of  integration 
C2  =  constant  of  integration 
M(x)  =  bending  moment  at  any  point  in  the  beam  in  terms  of  x 
R  =  radius  of  curvature 

The  expression  for  the  bending  moment  at  any  point  in  the  cantilever  shown 
in  Figure  4.2  is: 

EId2yldx2  =  M 

=  —W(l  —  x)  ...  tension  in  the  top  fiber  of  the  cantilever 
=  -Wl  +  Wx 

Integrating  this  expression  with  respect  to  x  gives: 

EI  dy/dx  =  -Wlx  +  Wx2/2  +  Ct 
where: 

Cj  =  constant  of  integration 
=  0 
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Figure  4.2 


since: 


dy/dx  =  0  at  x  =  0 

Hence,  the  slope  of  the  elastic  curve  is  given  by  the  expression: 

EI  dy/dx  =  -Wlx  +  Wx2/2 
Integrating  this  expression  with  respect  to  x  gives 
Ely  =  -Wlx2/2  +  Wx^/6  +  C2 


where: 


C2  =  constant  of  integration 
=  0 


since: 


y  =  0  at  x  =  0 

Hence,  the  deflection  of  the  elastic  curve  is  given  by  the  expression: 

Ely  =  -Wlx2/2  +  WxV6 

At  x  =  I  the  deflection  of  the  cantilever  is: 

y  =  -WP/2EI  +  WP/6EI 
=  —WP/3EI  ...  downward 

The  expression  for  the  bending  moment  at  any  point  in  the  cantilever  shown 
in  Figure  4.3  is: 


EI  d2yldx2  =  M 


-W(a  -x)-  W[x  -  a] 
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Figure  4.3 

The  term  [x  —  a]  is  valid  only  when  positive:  i.e.,  when  x  >  a. 
Hence: 

EI  d2y/dx2  =  -Wa  +  Wx-  W[x  -  a] 

Integrating  this  expression  with  respect  to  x  for  the  terms  outside  the  brack- 
ets and  with  respect  to  (x  —  a)  for  the  term  in  brackets  gives: 

EI  dy/dx  =-Wax  +  Wx2/2  -  W[x  -  a}1 12  +  C, 

where: 

Q  =  constant  of  integration 
=  0 

since: 

dy/dx  =  0  at  x  =  0 
Hence,  the  slope  of  the  elastic  curve  is  given  by  the  expression: 

EI  dy/dx  =  -Wax  +  Wx2/2  -  W[x  -  a]2/2 
Integrating  this  expression  gives: 

Ely  =  -Wax2 12  +  Wx3/6  -  W[x  -  af/6  +  C2 

where: 

C2  =  constant  of  integration 
=  0 


since: 


y  =  0  at  x  =  0 
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Hence,  the  deflection  of  the  elastic  curve  is  given  by  the  expression: 
Ely  =  -Wax1 12  +  Wx3/6  -  W[x  -  a]3/ 6 

At  x  =  a  the  deflection  of  the  cantilever  is: 

y  =  ~Wa3/2EI  +  Wa3/6EI 
=  —Wa3/3EI...  downward 

At  x  =  I  the  deflection  of  the  cantilever  is: 

y  =  ~Wal2/2EI  +  WP/6EI  -  W(l  ~  a)3/6EI 
=  -  Wal2l2EI  +  WP/6EI  -  W(l3  -  3al2  +  3a2l  -  a3)l6EI 
=  -  Wa2{3l  -  a)/ 6 EI ...  downward 


Example  4.1 

For  the  simply  supported  beam  shown  in  Figure  4.4,  determine  the  maxi- 
mum deflection  due  to  the  applied  load.  The  flexural  rigidity  of  the  beam  is 
EI  =  7  X  106  kip  in2. 

Solution 

The  expression  for  the  bending  moment  at  any  point  in  the  beam  shown  in 
Figure  4.4  is: 

EI  d2y/dx2  =  Vtx  -  W[x  -  a] 
=  20%  -  60[x  -  12] 


y  jl 


V,  =  20  kips 


W  =  60  kips 


V2  =  40  kips 


a  =  12  ft 

»l« 

b  =  6  ft 

/=  18ft 

*H 

Figure  4.4 
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Integrating  this  expression  with  respect  to  x  for  the  terms  outside  the  brack- 
ets and  with  respect  to  (x  —  a)  for  the  term  in  brackets  gives  an  expression  for 
the  slope  of  the  elastic  curve  of: 

EI  dy/dx  =  10x2  -  30[*  -  12]2  +  C, 

where: 

Q  =  constant  of  integration 

Integrating  this  expression  gives  an  expression  for  the  deflection  of  the  elas- 
tic curve  of: 

Ely  =  10%3/3  -  10[x  -  12]3  +  Qx  +  C2 

where: 

C2  =  constant  of  integration 

At 

x  =  0,  y  =  0 

and: 

C2  =0 

At 

x  =  18  ft,  y  =  0 

and: 

0  =  10  x  183/3  -  10(18  -  12)3  +  Q  X  18 

then 

Q  =  -  960  kip  ft2 

Hence,  the  deflection  of  the  elastic  curve  is  given  by  the  expression: 
Ely  =  10x3/3  -  10[x  -  12]3  -  960% 
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The  maximum  deflection  occurs  where  the  slope  of  the  elastic  curve  is 
zero  and: 

EI  dy/dx  =  0 

=  10x2  -  960 

and: 

x  =  9.80  ft 

The  maximum  deflection  is  given  by: 

EIymax  =  10  X  9.83/3  -  960  X  9.8 
=  -6273 
ymax  =  -6273  X  144/(7  X  106) 
=  -0.129  ft 
=  —1.55  in  ...  downward 


(b)  Virtual  work  method 

The  virtual  work,  or  unit-load,  method  may  be  used  to  obtain  the  displace- 
ment of  a  single  point  in  a  beam.  The  principle  may  be  defined  as  follows:  if  a 
structure  in  equilibrium  under  a  system  of  applied  forces  is  subjected  to  a  sys- 
tem of  displacements  compatible  with  the  external  restraints  and  the  geometry 
of  the  structure,  the  total  work  done  by  the  applied  forces  during  these  exter- 
nal displacements  equals  the  work  done  by  the  internal  forces,  corresponding 
to  the  applied  forces,  during  the  internal  deformations,  corresponding  to  the 
external  displacements.  The  expression  "virtual  work"  signifies  that  the  work 
done  is  the  product  of  a  real  loading  system  and  imaginary  displacements  or 
an  imaginary  loading  system  and  real  displacements. 

To  the  cantilever  shown  in  Figure  4.5  (i),  the  external  loads  W  are  gradually 
applied.  This  results  in  the  deflection  of  any  point  3  a  distance  6,  while  each 
load  moves  a  distance  y  in  its  line  of  action.  The  loading  produces  a  bending 
moment  M  and  a  relative  rotation  8$  to  the  ends  of  the  element  shown  at  (ii). 
From  the  principle  of  conservation  of  energy  and  ignoring  the  effects  of  axial 
and  shear  forces,  the  external  work  done  during  the  application  of  the  loads 
must  equal  the  internal  energy  stored  in  the  beam. 

Then: 

Y^Wy/2  =  YJMW/2...  (1) 

To  the  unloaded  structure  a  unit  virtual  load  is  applied  at  3  in  the  direction 
of  6  as  shown  at  (iii).  This  results  in  a  bending  moment  m  in  the  element. 
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(11) 


21 


(hi) 


P 


(iv) 


Figure  4.5 


Now,  while  the  virtual  load  is  still  in  position,  the  real  loads  W  are  gradually 
applied  to  the  structure.  Again  equating  external  work  and  internal  energy: 


T.Wy/2  +  lxS  =  £M60/2  +  Em60... 
Subtracting  expression  (1)  from  expression  (2): 
1X6  =  T,mb9 

=  J2mbx/EI 


(2) 
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In  the  limit: 


1X6  =  jMmdx/EI 


If  it  becomes  necessary  to  include  the  deflection  due  to  shear,  the  expression 
becomes: 


1X6  =  JMmdx/EI  +  fVvdx//j,AG 


where  M  and  V  are  the  bending  moment  and  shear  force  at  any  section 
due  to  the  applied  loads,  and  I,  G,  and  A  are  the  second  moment  of  area, 
the  rigidity  modulus,  and  the  area  of  the  section;  \i  is  the  form  factor;  and  m 
and  v  are  the  bending  moment  and  shear  force  at  any  section  due  to  the  unit 
virtual  load. 

In  a  similar  manner,  the  rotation  6  of  any  point  3  of  the  structure  may  be 
obtained  by  applying  a  unit  virtual  bending  moment  at  3  in  the  direction  of  9, 
as  shown  at  (iv). 

Then: 


1X0  =  JMmdx/EI  +  fVvdx//j,AG 


where  m  and  v  are  the  bending  moment  and  shear  force  at  any  section  due  to 
the  unit  virtual  moment. 

For  a  beam,  moments  produced  by  the  virtual  load  or  moment  are  con- 
sidered positive,  and  moments  produced  by  the  applied  loads,  which  are  of 
opposite  sense,  are  considered  negative.  A  positive  value  for  the  displacement 
indicates  that  the  displacement  is  in  the  same  direction  as  the  virtual  force  or 
moment. 

The  deflection  and  slope  at  the  free  end  of  the  cantilever  shown  in  Figure  4.6 
may  be  obtained  by  the  virtual  work  method.  Taking  the  origin  of  coordinates 
at  point  3,  the  expression  for  the  bending  moment  due  to  the  applied  load  is 
obtained  from  Figure  4.6  (ii)  as: 

M  =  Wx 


A  unit  vertical  load  is  applied  at  the  end  of  the  cantilever  and  the  function  m 
derived  from  (iii)  as: 


m  =  I  —  a  +  x 
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Figure  4.6 


The  vertical  deflection  at  2  is  given  by: 

1X6  =   ["Mm  dx/EI 

Jo 

=  W  f  x(l  -  a  +  x)  dx/EI 

=  W[x2l/2  -  x2a/2  +  x3/3]a0/EI 

=  W(a2l/2  -  a3/2  +  a3/3)/EI 

=  Wa2{3l  -  a)/ 6 EI ...  downward 

To  determine  the  slope  at  the  end  of  the  cantilever,  a  unit  clockwise  rotation 
is  applied  at  the  end  of  the  cantilever  and  the  function  m  derived  from  (iv)  as: 

m  =  \ 
The  slope  at  2  is  given  by: 


1X8 


f  Mm  dx/EI 

Jo 

Wfaxdx/EI 

Jo 

Wa2/2EI ...  clockwise 


Example  4.2 

For  the  simply  supported  beam  shown  in  Figure  4.7,  determine  the  deflec- 
tion at  the  location  of  the  applied  load.  The  flexural  rigidity  of  the  beam  is 
EI  =  7  X  106  kip  in2. 
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/ 

=  18  ft 

a  =  12  ft 

kl* 

fc  =  6ft 

*H 

Vl  =  20  kips 


W  =  60  kips 


H2 


V2  =  40  kips 


(i) 


240  kip-ft 


1  kip 

X 

' 

X 

*"                                       1 

1 

l 

1/3 

2/3 


4  kip-ft 


(ii) 


Figure  4.7 


Solution 

Taking  the  origin  of  coordinates  at  end  1  and  end  2  in  turn,  the  expressions  for 
the  bending  moment  due  to  the  applied  load  are  obtained  from  Figure  4.7(i)  as: 

M    =    VyX 

=  20x 

and: 

M  =  V2x 
=  40* 

A  unit  vertical  load  is  applied  at  3  and  the  corresponding  functions  for  m 
derived  from  (ii)  as: 


m  =  x/3 
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and: 

m  =  2x11) 
The  vertical  deflection  at  3  is  given  by: 

1X5=   f"  Mmdx/EI  +  f  Mmdx/EI 
Jo  Jo 

=  20  f"x2  dx/3EI  +  80  ['' x1  dx/3EI 

Jo  Jo 

=  20[x3/9EI]l2  +  80[x3/9EIf0 

=  3840/EI  +  1920/EI 

=  5760  x  144/(7  x  106) 

=  0.118  ft 

=  1.422  in  ...  downward 

As  an  alternative  to  evaluating  the  integrals  in  the  virtual  work  method, 
advantage  may  be  taken  of  the  volume  integration  method.  For  a  straight  pris- 
matic member: 


J  Mmdx/EI  =  jMmdx  X  1/EI. 


The  function  m  is  always  either  constant  along  the  length  of  the  member  or 
varies  linearly.  The  function  M  may  vary  linearly  for  real  concentrated  loads 
or  parabolically  for  real  distributed  loads.  Thus,  JMmdx  may  be  regarded 
as  the  volume  of  a  solid  with  a  cross-section  defined  by  the  function  M  and 
a  height  defined  by  the  function  m.  The  volume  of  this  solid  is  given  by  the 
area  of  cross-section  multiplied  by  the  height  of  the  solid  at  the  centroid  of  the 
cross-section. 

Commonly  occurring  values  of  JMmdx  are  provided  in  Part  2,  Chapter  2, 
Table  2.3  for  various  types  of  functions  M  and  m. 

Example  4.3 

Determine  the  slope  at  the  free  end  of  the  cantilever  shown  in  Figure  4.8  using 
the  volume  integration  method. 

Solution 

The  functions  M  and  m  derived  from  Figure  4.8  (i)  and  (ii)  and  the  solid 
defined  by  these  functions  are  shown  at  (iii).  The  slope  at  the  end  of  the  canti- 
lever is  given  by  the  volume  of  this  solid  X  1/EI,  which  is: 

6  =  Wax  a/2  X  lx  1/EI 
=  Wa2/2EI 


84 


Structural  Analysis:  In  Theory  and  Practice 


W 


(i) 


-") 


(ii) 


(iii) 


Figure  4.8 


Alternatively,  the  value  of  J  Mm  dx/EI  may  be  obtained  directly  from  Part  2, 
Table  2.3,  and  is  given  by: 

9  =  a  X  1  X  Wa/2EI 
=  Wa2/2EI 


4.2     Deflection  of  rigid  frames 

(a)  Virtual  work  method 

The  virtual  work  method  may  be  applied  to  rigid  frames  to  obtain  the  dis- 
placement at  a  specific  point  on  the  frame.  Integration  is  carried  out  over 
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all  members  of  the  frame  and  the  values  summed  to  provide  the  required 
displacement. 

To  determine  the  horizontal  deflection  of  node  2  for  the  frame  shown  in 
Figure  4.9  (i),  use  is  made  of  the  bending  moment  diagrams  produced  by  the 
applied  load  and  by  a  unit  virtual  horizontal  load  at  node  2.  These  are  shown 
at  (ii)  and  (iv).  Member  34  has  zero  bending  moment  under  both  loading  cases. 


w 


77~/y777 


(D 


77f?Z77 


(in) 


Wh/1 


With  the  origin  of  coordinates  as  indicated,  expressions  for  the  bending 
moment  produced  by  the  applied  load  are  obtained  from  Figure  4.9  (ii)  as: 


M  =  Wx  ...  member  12 


and: 

M  =  Whx/l  ...  member  23 

A  unit  horizontal  load  is  applied  at  node  2,  as  shown  at  (iii),  and  the  corre- 
sponding functions  for  m  derived  from  (iv)  as: 


in 


member  12 


8  b 
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and: 


m  =  hxll  ...  member  23 

The  horizontal  deflection  at  node  2  is  obtained  by  summing  the  values  for 
members  12  and  23  to  give: 

1  X  6  =  f  Mm  dx/EI  +  f  Mm  dx/EI 

Jo  Jo 

=  W   fhx2  dx/EI  +  W  f'h2x2  dx/l2EI 
Jo  Jo 

=  W[x3/3E7]§  +  W[h2x3/3l2EI]l0 
=  W(h3/3EI  +  h2l/3EI) 

Example  4.4 

Determine  the  horizontal  deflection  of  node  2  for  the  frame  shown  in  Figure 
4.10.  The  flexural  rigidity  of  the  members  is  EI  =  30  X  106  kip  in2. 


w  =  5  kips/ft 


W=  20 kips  ,i 


77T?777 


1=  10  ft 


4 


200  kip-ft 


(D 


v  tt,  =  20kips 


(ii) 


1' 


V4  =  45  kips 


1  kip 


777?777 


(in) 


M. 


7777777 


10  kip-ft 


lkip 


(IV) 


lkip 


Figure  4.10 
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Solution 

The  bending  moments  produced  in  the  members  of  the  frame  by  the  applied 
loads  shown  in  Figure  4.10  (i)  are  obtained  from  (ii).  With  the  origin  of  coor- 
dinates as  indicated,  the  expressions  for  the  moments  are: 

M  =  H±x  ...  member  12 
=  20% 

and: 

M  =  V4x  —  wx2ll  ...  member  23 
=  45%  -  5x2l2 

A  unit  horizontal  load  is  applied  at  node  2,  as  shown  at  (iii),  and  the  corre- 
sponding functions  for  m  derived  from  (iv)  as: 

m  =  x  ...  member  12 

and: 

m  =  hxll  ...  member  23 
=  x 

No  moments  are  produced  in  member  34,  and  the  horizontal  deflection  at 
node  2  is  obtained  by  summing  the  values  for  members  12  and  23  to  give: 

1  X  5  =   f  Mmdx/EI  +  f  Mmdx/EI 
Jo  Jo 

rlO  r>10 

=  20  J     x2  dx/EI  +  5 J     (9x2  -  x3/2)dx/EI 

=  20[x3/3EI]l°  +  5[3x3/EI  -  x4/8EI]l° 
=  15,417  X  144/(30  xlO6) 
=  0.074  ft 
=  0.89  in 

(b)  Conjugate  beam  method 

The  conjugate  beam  method  may  be  used  to  obtain  an  expression  for  the  entire 
elastic  curve  over  the  whole  of  a  rigid  frame  or  beam. 

The  beam  shown  in  Figure  4.11  (i)  is  subjected  to  a  distributed  applied  load 
of  intensity  w,  positive  when  acting  upward  as  indicated.  The  shear  force  at 
any  section  is  given  by  the  area  under  the  load  intensity  curve  as: 


Q  =   j  w  dx 
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Real  beam 


Loading    1 ' ' 


Shear  force 
diagram 
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do 
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^   M/EI 

i 

i 

(V) 


(vi) 


Bending  moment 
diagram 


Elastic  curve 


+0 


(iii) 


(iv) 


+6 


Figure  4.11 


with  shear  force  upward  on  the  left  of  a  section  regarded  as  positive.  The  shear 
force  diagram  is  shown  at  (ii)  and  is  negative  at  end  1  and  positive  at  end  2. 

The  bending  moment  at  any  section  is  given  by  the  area  under  the  shear 
force  curve  as: 


M  =  jQdx 
=  JJwdx 


with  bending  moment  producing  tension  in  the  bottom  fiber  regarded  as 
positive.  The  bending  moment  diagram  is  shown  at  (iii)  and  is  negative  as 
indicated. 

In  addition,  the  curvature  of  the  elastic  curve  at  any  section  is  given  by: 


d2y/d%2  =  d6/dx 
=  1/R 
=  M/EI 
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and  the  slope  and  deflection  at  any  section  are  given  by: 

dy/dx  =  9 

=  jMdx/EI 

y  =  6 

=  Jedx 

=  fJMdx/EI 

with  x  positive  to  the  right  and  y  positive  upward.  The  elastic  curve  is  shown 
at  (iv)  with  deflections  positive  (i.e.,  upward)  as  indicated  and  with  a  positive 
slope  (i.e.,  counterclockwise  rotation)  at  end  1  and  a  negative  slope  (i.e.,  clock- 
wise rotation)  at  end  2. 

An  analogous  beam  known  as  the  conjugate  beam  and  of  the  same  length  as 
the  real  beam,  as  shown  in  Figure  4.11  (v),  is  subjected  to  an  applied  loading 
of  intensity: 

w'  =  M/EI 

where  M  is  the  bending  moment  in  the  actual  beam  at  any  section  and  /  M  dxl 
EI  is  known  as  the  elastic  load,  W.  The  elastic  load  acts  in  a  positive  direction 
(upward)  when  the  bending  moment  in  the  real  beam  is  positive.  The  loading 
diagram  is  shown  at  (v)  and  is  negative  as  indicated. 

Then,  the  shear  at  any  section  in  the  conjugate  beam  is  given  by: 


Q'  =  Jw'dx 
=  JMdx/EI 


where  9  is  the  slope  at  the  corresponding  section  in  the  real  beam.  The  shear 
force  diagram  is  shown  at  (vi)  and  is  positive  at  end  1  and  negative  at  end  2. 
Hence,  as  shown  at  (iv),  the  slope  of  the  elastic  curve  is  positive  at  end  1  and 
negative  at  end  2. 

The  bending  moment  at  any  section  in  the  conjugate  beam  is  given  by: 


M  =  jQ'dx 
=  fJMdx/EI 


where  6  is  the  deflection  at  the  corresponding  section  in  the  real  beam.  The 
bending  moment  diagram  is  shown  at  (vii)  and  is  positive  as  indicated.  Hence, 
as  shown  at  (iv),  the  deflection  of  the  elastic  curve  is  positive. 
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Thus,  the  slope  and  deflection  at  any  section  in  the  real  beam  are  given  by 
the  shear  and  bending  moment  at  the  corresponding  section  in  the  conjugate 
beam,  and  the  elastic  curve  of  the  real  beam  is  given  by  the  bending  moment 
diagram  of  the  conjugate  beam.  The  end  slope  and  end  deflection  of  the  real 
beam  are  given  by  the  end  reaction  and  end  moment  of  the  conjugate  beam. 
The  maximum  deflection  in  the  real  beam  occurs  at  the  position  of  zero  shear 
in  the  conjugate  beam. 

In  the  case  of  frames,  the  elastic  load  applied  to  the  conjugate  frame  is  posi- 
tive (i.e.,  acts  vertically  upward)  when  the  outside  fiber  of  the  real  frame  is  in 
compression.  Then,  the  displacement  of  the  real  frame  at  any  section  is  perpen- 
dicular to  the  lever  arm  used  to  determine  the  moment  in  the  conjugate  frame 
and  is  outward  when  a  positive  bending  moment  occurs  at  the  corresponding 
section  of  the  conjugate  frame. 

The  restraints  of  the  conjugate  structure  must  be  consistent  with  the  dis- 
placements of  the  real  structure.  Details  of  the  necessary  restraints  in  the  con- 
jugate structure  are  provided  in  Part  2,  Chapter  4,  Table  4.1. 

At  a  simple  end  support  in  a  real  structure,  there  is  a  rotation  but  no  deflec- 
tion. Thus,  the  corresponding  restraints  in  the  conjugate  structure  must  be  a 
shear  force  and  a  zero  moment,  which  are  produced  by  a  simple  end  support 
in  the  conjugate  structure. 

At  a  fixed  end  in  a  real  structure,  there  is  neither  a  rotation  nor  a  deflection. 
Thus,  there  must  be  no  restraint  at  the  corresponding  point  in  the  conjugate 
structure,  which  must  be  a  free  end. 

At  a  free  end  in  a  real  structure,  there  is  both  a  rotation  and  a  deflection. 
Thus,  the  corresponding  restraints  in  the  conjugate  structure  are  a  shear  force 
and  a  bending  moment,  which  are  produced  at  a  fixed  end. 

At  an  interior  support  in  a  real  structure,  there  is  no  deflection  and  a  smooth 
change  in  slope.  Thus,  there  can  be  no  moment  and  no  reaction  at  the  cor- 
responding point  in  the  conjugate  structure,  which  must  be  an  unsupported 
hinge. 

At  an  interior  hinge  in  a  real  structure,  there  is  a  deflection  and  an 
abrupt  change  of  slope.  Thus,  the  corresponding  restraints  in  the  conjugate 
structure  are  a  moment  and  a  reaction,  which  are  produced  by  an  interior 
support. 


Example  4.5 

Determine  the  rotation  of  nodes  1  and  4  and  the  horizontal  deflection  of  node 
2  for  the  frame  shown  in  Figure  4.12.  The  flexural  rigidity  of  the  members  is 
EI  =  30  X  106  kip  in2. 
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Figure  4.12 


Solution 

It  is  convenient  to  utilize  the  principle  of  superposition  and  consider  the  dis- 
tributed load  and  the  lateral  load  separately. 

The  lateral  load  is  applied  to  the  frame  at  (ii),  which  results  in  the  bending 
moment  diagram,  drawn  on  the  compression  side  of  the  members,  shown  at  (iv). 
The  elastic  loads  are  applied  to  the  conjugate  frame  at  (vi)  and  are  given  by: 

w;  =  w2 

=  0.5  x  10  x  200/EI 
=  1000/EJ  ...  upward 
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Since  the  vertical  deflection  at  4  is  zero,  the  bending  moment  at  4'  about 
axis  3 '4'  is  zero.  Hence,  the  rotation  at  1  is  obtained  by  taking  moments  in  the 
conjugate  frame  about  axis  3'4'  and  is  given  by: 

91  =  -(20/3  xw^+iox  w;)/io 

=  — 1667 /EI  ...  clockwise 

The  rotation  at  4  is  obtained  by  resolving  forces  vertically  in  the  conjugate 
frame  and  is  given  by: 

04  =  -W2  -  W[  -  Bt 

=  — 333/EI  ...  clockwise 

The  horizontal  deflection  at  2  is  given  by  the  bending  moment  at  2'  in  the 
conjugate  frame  about  axis  2'3',  which  is: 

S2  =  -100!  -  10/3  X  W[ 
=  13,336/EI  ...  to  the  right 

The  distributed  load  is  applied  to  the  frame  at  (iii),  which  results  in  the  bend- 
ing moment  diagram,  drawn  on  the  compression  side  of  the  members,  shown 
at  (v).  The  elastic  load  is  applied  to  the  conjugate  frame  at  (vii)  and  is  given  by: 

W3  =  0.667  X  10  X  62.5/EI 
=  416.9/EI  ...  upward 

Since  the  vertical  deflection  at  4  is  zero,  the  bending  moment  at  4'  about 
axis  3 '4'  is  zero.  Hence,  the  rotation  at  1  is  obtained  by  taking  moments  in  the 
conjugate  frame  about  axis  3'4'  and  is  given  by: 

91  =  -(10/2  X  W'3)/10 

=  -208.4/EI  ...    clockwise 

The  rotation  at  4  is  obtained  by  resolving  forces  vertically  in  the  conjugate 
frame  and  is  given  by: 

o4  =  -w3  -  e1 

=  -208.4/E7  ...    clockwise 

The  horizontal  deflection  at  2  is  given  by  the  bending  moment  in  the  conju- 
gate frame  about  axis  2'3',  which  is: 

62  =  -1091 

=  2084/EI  ...  to  the  right 
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The  total  horizontal  deflection  at  2  is  obtained  by  summing  the  individual 
values  calculated  for  the  lateral  load  and  the  distributed  load  and  is  given  by: 

S2  =  13,336/EJ  +  2084AE7 
=  15420  x  144/(30  xlO6) 
=  0.074  ft 
=  0.89  in  ...  to  the  right 

The  total  rotation  at  1  is  obtained  by  summing  the  individual  values  for  the 
lateral  load  and  the  distributed  load  and  is  given  by: 

61  =-1667/£Z-208.4/£Z 
=  -1875.4x144/(30  xlO6) 
=  —0.0090  rad  ...  clockwise 

The  total  rotation  at  4  is  obtained  by  summing  the  individual  values  for  the 
lateral  load  and  the  distributed  load  and  is  given  by: 

94  =  -333/EI  -  208.4/EI 
=  -541.4X144/(30  xlO6) 
= —0.00260  rad  ...  clockwise 


4.3     Deflection  of  pin-jointed  frames 

The  virtual  work  method  may  be  applied  to  pin-jointed  frames  to  obtain  the 
displacement  at  a  node  on  the  frame. 

To  the  pin-jointed  frame  shown  in  Figure  4.13  (i),  the  external  loads  W 
are  gradually  applied.  This  results  in  the  deflection  of  any  node  3  a  distance  6, 
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Figure  4.13 
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while  each  load  moves  a  distance  y  in  its  line  of  action.  The  loading  produces 
an  internal  force  P  and  an  extension  hi  in  any  member  of  the  frame.  The  exter- 
nal work  done  during  the  application  of  the  loads  must  equal  the  internal 
energy  stored  in  the  structure,  from  the  principle  of  conservation  of  energy. 
Then: 

EWy/2  =  EP6//2  ...     (1) 

To  the  unloaded  structure  a  unit  virtual  load  is  applied  at  node  3  in  the 
direction  of  6,  as  shown  in  Figure  4.13  (ii).  This  results  in  a  force  u  in  any 
member. 

Now,  while  the  virtual  load  is  still  in  position,  the  real  loads  W  are  gradually 
applied  to  the  structure.  Again  equating  external  work  and  internal  energy: 

Y,Wy/2  +  lx6  =  £P6//2  +  £«/6/  ...     (2) 

Subtracting  expression  (1)  from  expression  (2): 

1X6  =  Zuhl 

=  J2Pul/AE 

where  P  is  the  internal  force  in  a  member  due  to  the  applied  loads  and  /,  A  and 
E  are  its  length,  area,  and  modulus  of  elasticity,  and  u  is  the  internal  force  in  a 
member  due  to  the  unit  virtual  load. 

For  a  pin-jointed  frame,  tensile  forces  are  considered  positive  and  compres- 
sive forces  negative.  Increase  in  the  length  of  a  member  is  considered  positive 
and  decrease  in  length  negative.  The  unit  virtual  load  is  applied  to  the  frame  in 
the  anticipated  direction  of  the  deflection.  If  the  assumed  direction  is  correct, 
the  deflection  obtained  will  have  a  positive  value.  The  deflection  obtained  will 
be  negative  when  the  unit  virtual  load  has  been  applied  in  the  opposite  direc- 
tion to  the  actual  deflection. 


Example  4.6 

Determine  the  vertical  deflection  of  node  5  for  the  pin-jointed  frame  shown 
in  Figure  4.14.  All  members  of  the  frame  have  a  constant  value  for  AE  of 
100,000  kips. 
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Figure  4.14 


Solution 


Because  of  the  symmetry  in  the  structure  and  loading,  only  half  of  the  mem- 
bers need  be  considered.  The  member  forces  P  due  to  the  applied  loads  and  u 
due  to  the  unit  virtual  load  are  tabulated  in  Table  4.1. 

Table  4.1  Determination  of  forces  and  displacements  in 
Example  4.6 


Member 

P 

/ 

u 

Pul 

12 

-21.21 

14.14 

-0.707 

212 

23 

10.00 

10.00 

0 

0 

13 

15.00 

10.00 

0.500 

75 

45 

0.00 

10.00 

0 

0 

24 

-20.00 

10.00 

-1.000 

200 

25 

7.07 

14.14 

0.707 

71 

35 

15.00 

10.00 

0.500 

75 

Total 

633 

The  vertical  deflection  is  given  by: 

S5  =  ZPul/AE 

=  2  x  633  x  12/100,000 
=  0.15  in  downward 


Supplementary  problems 


S4.1  Determine  the  rotations  at  nodes  1  and  2  and  the  deflection  at  node  3  of 
the  uniform  beam  shown  in  Figure  S4.1. 
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Figure  S4.1 

S4.2  Determine  the  deflection  at  node  2  of  the  uniform  beam  shown  in 
Figure  S4.2. 
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Figure  S4.2 


S4.3  Determine  the  rotation  at  node  1  and  the  deflection  at  node  2  of  the  uni- 
form beam  shown  in  Figure  S4.3. 
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S4.4  Determine  the  equation  of  the  elastic  curve  for  the  uniform  beam  shown  in 
Figure  S4.4.  Determine  the  location  of  the  maximum  deflection  in  span  12  and 
the  magnitude  of  the  maximum  deflection.  Determine  the  deflection  at  node  3. 
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Figure  S4.4 
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S4.5  Determine  the  deflection  at  node  3  of  the  uniform  beam  shown  in 
Figure  S4.5. 
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Figure  S4.5 

S4.6  Determine  the  deflection  at  node  3  of  the  pin-jointed  truss  shown  in 
Figure  S4.6. 


Figure  S4.6 

S4.7  Determine  the  deflection  at  node  4  of  the  pin-jointed  truss  shown  in 
Figure  S4.7. 


10  kips  10  kips  10  kips  10  kips  10  kips 

10  ft  10  ft  10  ft  10  ft  10  ft  10  ft 

H •+• — •+• •+■ •+• •+• — H 


Figure  S4.7 
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S4.8  Determine  the  deflection  at  node  2  of  the  pin-jointed  truss  shown  in 
Figure  S4.8. 


5ft 


Figure  S4.8 


S4.9  Determine  the  deflection  at  node  3  of  the  pin-jointed  truss  shown  in 
Figure  S4.9. 


Figure  S4.9 
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S4.10  Determine  the  deflection  at  node  2  of  the  pin-jointed  truss  shown  in 
Figure  S4.10. 
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Figure  S4.10 
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Influence  lines 


Notation 

A  cross-sectional  area  of  a  member 

E  modulus  of  elasticity 

/  second  moment  of  area  of  a  member 

/  length  of  a  member 

M  bending  moment  in  a  member  due  to  the  applied  loads 

P  axial  force  in  a  member  due  to  the  applied  loads 

Q  shear  force  in  a  member  due  to  the  applied  loads 

V  vertical  reaction 

W  applied  load 

6  deflection 

9  rotation 


5.1     Introduction 
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Figure  5.1 


The  maximum  design  force  in  a  member  of  a  structure  subjected  to  a  system 
of  stationary  loads  is  readily  determined.  The  static  loads  are  applied  to 
the  structure  as  shown  in  Figure  5.1  (i)  and  the  member  forces  calculated. 
However,  a  member  such  as  a  bridge  girder  or  a  crane  gantry  girder  are  sub- 
jected to  moving  loads,  and  the  maximum  design  force  in  the  member  depends 
on  the  location  of  the  moving  load.  As  shown  in  Figure  5.1  (ii),  this  involves 
the  trial  and  error  positioning  of  the  crane  loads  on  the  girder  to  determine 
the  most  critical  location.  Alternatively,  an  influence  line  may  be  utilized  to 


102 


Structural  Analysis:  In  Theory  and  Practice 


determine  the  location  of  the  moving  load  that  produces  the  maximum  design 
force  in  a  member. 


5.2     Construction  of  influence  lines 

An  influence  line  for  a  member  is  a  graph  representing  the  variation  in  shear, 
moment  or  force  in  the  member  due  to  a  unit  load  traversing  a  structure.  The 
construction  of  an  influence  line  may  be  obtained  by  the  application  of  Muller- 
Breslau's  principle. 
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Figure  5.2 


In  accordance  with  Miiller-Breslau's  principle,  the  influence  line  for  any  con- 
straint in  a  structure  is  the  elastic  curve  produced  by  the  corresponding  unit 
virtual  displacement  applied  at  the  point  of  application  of  the  restraint.  The 
term  "displacement"  is  used  in  its  general  sense,  and  the  displacement  corre- 
sponding to  a  moment  is  a  rotation  and  to  a  force  is  a  linear  deflection.  The 
displacement  is  applied  in  the  same  direction  as  the  restraint.  To  obtain  the 
influence  line  for  the  support  reaction  at  end  1  of  the  simply  supported  beam 
shown  in  Figure  5.2  (i),  a  unit  virtual  displacement  is  applied  in  the  line  of 
action  of  Vi.  This  results  in  the  elastic  curve  shown  at  (ii).  A  unit  load  is 
applied  to  the  beam  at  any  point  3,  as  shown  at  (iii),  and  the  unit  displacement 
applied  to  end  1.  The  displacement  produced  at  point  3  is  63,  as  shown  at  (iv). 
Then,  applying  the  virtual  work  principle: 


V1X(6  =  1)  =  (W  =  1)X63 
and  the  elastic  curve  is  the  influence  line  for  V-y. 


Influence  lines 
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(i) 


1    M 


"2 


Beam 


(ii) 


Influence  line 
for  g3 


(in) 


Ml 


Figure  5.3 


Influence  line 
for  M3 


Similarly,  as  shown  in  Figure  5.3  (ii),  the  influence  line  for  shear  at  point  3 
is  obtained  by  cutting  the  beam  at  3  and  displacing  the  cut  ends  a  unit  distance 
apart.  The  influence  line  for  bending  moment  at  3  is  produced  by  cutting  the 
beam  at  3  and  imposing  a  unit  virtual  rotation,  as  shown  at  (iii). 


5.3     Maximum  effects 

(a)  Single  concentrated  load 

A  concentrated  load  W  produces  the  maximum  positive  shear  at  point  3  in  the 
beam  shown  in  Figure  5.3  (i)  when  the  load  is  located  just  to  the  right  of  3. 
The  shear  is  given  by: 

Qmax  =  W  X  influence  line  ordinate  to  the  right  of  point  3 
=  Wb/l 
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As  shown  in  Figure  5.3  (ii),  the  maximum  negative  shear  at  point  3  occurs 
when  the  load  is  located  just  to  the  left  of  3  and  is  given  by: 

Qmin  =  W  X  influence  line  ordinate  to  the  left  of  point  3 
=  Wall 

As  shown  in  Figure  5.3  (iii),  the  maximum  moment  at  point  3  occurs  when 
the  load  is  located  at  3  and  is  given  by: 

Mmax  =  W  X  influence  line  ordinate  at  point  3 
=  Wabll 


Example  5.1 

Determine  the  maximum  shear  force  and  maximum  moment  at  point  3  in  the  sim- 
ply supported  beam  shown  in  Figure  5.4  due  to  a  concentrated  load  of  10  kips. 


a  =  10  ft  .  b  =  30  ft  ~* 

*" "r" H  i 

I  W=  10  kips 


t 

Figure  5.4 


2 


Solution 


The  influence  line  for  shear  is  shown  in  Figure  5.3  (ii),  and  the  maximum  shear 
at  point  3  occurs  when  the  10  kip  load  is  immediately  to  the  right  of  3.  The 
maximum  shear  is; 

Q  =  Wb/l 
=  10  X  30/40 
=  7.5  kips 

The  influence  line  for  moment  is  shown  in  Figure  5.3  (iii),  and  the  maxi- 
mum moment  at  point  3  occurs  when  the  10  kip  load  is  at  3.  The  maximum 
moment  is; 

M  =  Wabll 

=  10x10x30/40 
=  75  kip-ft 
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(b)  Uniformly  distributed  load 


c 

_»J 

H 

CI 

b 

(i) 
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UUUI 


(11) 


(lii) 


(iv) 


Figure  5.5 

A  uniformly  distributed  load  w  of  length  c  is  applied  to  the  beam,  as  shown  in 
Figure  5.5(i).  This  produces  the  maximum  positive  shear  at  point  3  when  the 
distributed  load  is  located  just  to  the  right  of  3.  As  shown  in  (ii),  the  shear  is 
given  by; 


Qn 


X  area  under  the  influence  line 


As   shown  at   (iii)   and   (iv),   the  maximum  negative   shear   at  point  3   is 
given  by; 


Qn 


w  X  area  under  the  influence  line 


Example  5.2 

Determine  the  maximum  shear  force  at  point  3  in  the  simply  supported  beam 
shown  in  Figure  5.6  due  to  a  distributed  load  of  2  kips/ft  over  a  length  of  10ft. 
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Solution 


a  =  10  ft 


(i)      if 


b  =  30  ft 


w  =  2  kips/ft 
,     c=  10  ft     , 


(ii)         f 


UUIIIU 


(lil) 


Figure  5.6 


The  influence  line  for  shear  is  shown  in  Figure  5.6  (iii),  and  the  maximum 
shear  at  point  3  occurs  when  the  distributed  load  is  immediately  to  the  right  of 
3,  as  shown  at  (ii).  The  maximum  shear  is; 

Qmax  =  w  X  area  under  the  influence  line 
=  2X10(0.75  +  0.5)/2 
=  12.5  kips 


(i) 


cl  c2 

— H 


MMM 


Beam  with 
distributed  load 


(ii) 


Influence  line 
forM3 


Figure  5.7 

The  maximum  moment  at  point  3  is  produced  when  point  3  divides  the  dis- 
tributed load  in  the  same  ratio  as  it  divides  the  span.  As  shown  in  Figure  5.7  (i), 
this  occurs  when: 

cxlci  =  alb 


Influence  lines 
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As  shown  at  (ii),  the  maximum  moment  at  point  3  is  given  by: 


Mmax  =  w  X  area  under  the  influence  line 


Example  5.3 

Determine  the  maximum  bending  moment  at  point  3  in  the  simply  supported 
beam  shown  in  Figure  5.8  due  to  a  distributed  load  of  2  kips/ft  over  a  length 
of  10  ft. 


a  =  10  ft 


b  =  30  ft 


10  ft 


>,        f 


7.5  ft 


(i) 


w  =  2  kips/ft 
lf  3 


(H) 


7.5  5.63 


5.63 


Figure  5.8 


Beam  with 
distributed  load 


Influence  line 
for  M3 


Solution 

The  maximum  moment  at  point  3  is  produced  when  point  3  divides  the  dis- 
tributed load  in  the  same  ratio  as  it  divides  the  span.  As  shown  in  Figure  5.8 
(i),  this  occurs  when: 

c-Jc^  =  alb 
=  10/30 

and:    cx  =  2.5  ft 
c2  =  7.5  ft 

As  shown  at  (ii),  the  maximum  moment  at  point  3  is  given  by: 

Mmax  =  w  X  area  under  the  influence  line 

=  2[2.5(5.63  +  7.5)12  +  7.5(5.63  +  7.5)/2] 

=  2  X  10(5.63  +  7.5)12 

=  131  kip-ft 
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(c)  Train  of  wheel  loads 
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Figure  5.9 


A  train  of  wheel  loads  is  applied  to  the  beam,  as  shown  in  Figure  5.9  (i).  This 
produces  the  maximum  positive  shear  at  point  3  when  the  first  load  is  located 
just  to  the  right  of  3,  as  shown  in  (ii),  provided  that: 

Wi/q  >  E  W/l 

where:    EW  =  total  weight  of  the  wheel  loads 
/  =  span  length 

The  maximum  positive  shear  at  point  3  occurs  when  the  second  load  is 
located  just  to  the  right  of  3,  as  shown  in  (iii),  provided  that: 

W2/c2  >  E  W/l 

The  maximum  positive  shear  at  point  3  occurs  when  the  third  load  is  located 
just  to  the  right  of  3,  as  shown  in  (iv),  provided  that: 

W3/c3  >  E  W/l 

and  so  on. 


Example  5.4 

Determine  the  maximum  shear  at  point  3  in  the  simply  supported  beam  shown 
in  Figure  5.10  due  to  the  train  of  wheel  loads  indicated. 
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dii) 


Figure  5.10 

Solution 

The  ratio  of  total  weight  of  wheel  loads  to  span  length  is: 

E  Wll  =  24/40 

=  0.6  kips/ft 

Placing  the  first  wheel  at  point  3  gives: 

Wxlcx  =  2/4 

=  0.5--  <0.6 

Placing  the  second  wheel  at  point  3,  as  shown  in  (ii),  gives: 


W2/c2 


10/3 

3.3  •••  >0.6,  governs 


Hence,  the  maximum  shear  occurs  at  point  3  when  the  second  load  is 
located  immediately  to  the  right  of  3;  the  ordinates  of  the  influence  line 
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diagram  at  the  positions  of  the  wheel  loads  is  shown  at  (iii).  The  shear  at  3  is 
given  by: 

Q3  =  -2  x  0.15  +  10  x  0.75  +  10  X  0.675  +  2  x  0.575 
=  15.1  kips 

Alternatively,  the  shear  at  3  may  be  determined  by  resolving  forces  vertically. 
The  support  reaction  at  end  1  is: 

V,  =  24  x  28.5/40 
=  17.1  kips 

The  shear  at  3  is  given  by: 

Q3  =  17.1-2 
=  15.1  kips 


-H- 


(U 


MM 


(ii) 


(iin 


T 


T 


f  if  if  £ 


Figure  5.11 

A  train  of  wheel  loads  is  applied  to  the  beam,  as  shown  in  Figure  5.11  (i). 
This  produces  the  maximum  bending  moment  at  a  specific  point  3  when  a 
specified  load  is  located  at  3,  as  shown  in  (ii),  such  that  if  the  load  is  moved 
to  the  left  of  3,  the  intensity  of  loading  on  section  13  is  greater  than  on  section 
23,  but  if  it  moves  to  the  right  of  point  3,  the  intensity  of  loading  on  section  23 
is  greater  than  on  section  13.  The  first  requirement  is  shown  at  (ii)  and  is: 

E  WJa  >  E  WK/b 

where:    £  WL  =  W,  +  W2 

E  WR  =  W3  +  W4 


Influence  lines 
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The  second  requirement  is  shown  at  (iii)  and  is: 
ZWR/b>Y,  WJa 

where:   £  WL  =  W, 

EfR  =  W2  +  W3  +  W4 


Example  5.5 

Determine  the  maximum  bending  moment  at  point  3  in  the  simply  supported 
beam  shown  in  Figure  5.12  due  to  the  train  of  wheel  loads  indicated. 


(i) 
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Figure  5.12 
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Solution 

Placing  the  second  wheel  on  the  left  of  point  3,  as  shown  at  (i),  gives  an  inten- 
sity of  loading  on  section  23  of: 

EfRA  =  (W3  +W4)/b 
=  12/30 
=  0.4 

and  an  intensity  of  loading  on  section  13  of: 

T,WJa  =  (W,  +W2)/a 
=  12/10 
=  1.2 
>0.4 

Placing  the  second  wheel  on  the  right  of  point  3,  as  shown  at  (ii),  gives  an 
intensity  of  loading  on  section  23  of: 

E  WR/b  =  {W2+W3+  W4)/b 
=  22/30 
=  0.733 

and  an  intensity  of  loading  on  section  13  of: 

T,WL/a  =  {Wt)/a 
=  2/10 
=  0.2 
<  0.733 

Hence  the  maximum  bending  moment  occurs  at  point  3  when  the  second  wheel 
load  is  located  at  point  3,  as  shown  at  (iii).  The  influence  line  for  bending  moment 
at  3  is  shown  at  (iv),  and  the  maximum  bending  moment  at  3  is  given  by: 

M3  =  2  X  4.5  +  10  X  7.5  +  10  X  6.75  +  2  X  5.75 
=  163  kip-ft 

Alternatively,  the  bending  moment  at  3  may  be  determined  by  resolving 
forces  vertically.  The  support  reaction  at  end  1  is: 

V,  =  24  X  28.5/40 
=  17.1  kips 


Influence  lines 
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The  moment  at  3  is  given  by: 


M3  =  17.1X10-2X4 


163  kip-ft 


Location  of 
maximum  moment 
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bending  moment  at 
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Figure  5.13 


The  maximum  bending  moment  produced  by  a  train  of  wheel  loads  in  a 
simply  supported  beam  always  occurs  under  one  of  the  wheels  and  does 
not  necessarily  occur  at  midspan.  As  shown  in  Figure  5.13  (i),  a  train  of  wheel 
loads  produces  the  maximum  possible  bending  moment  in  a  simply  supported 
beam  under  one  of  the  wheels  when  the  center  of  the  span  bisects  the  distance 
between  this  wheel  and  the  centroid  of  the  train.  The  maximum  moment  usu- 
ally occurs  under  one  of  the  wheels  adjacent  to  the  centroid  of  the  train.  The 
influence  line  for  bending  moment  at  the  location  of  the  maximum  moment  is 
shown  at  (ii). 


Example  5.6 

Determine  the  maximum  possible  bending  moment  in  the  simply  supported 
beam  shown  in  Figure  5.14  due  to  the  train  of  wheel  loads  indicated. 
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(i) 
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Figure  5.14 


Solution 


Placing  the  train  of  wheel  loads  as  indicated  in  Figure  5.14  (ii)  produces  the 
maximum  bending  moment  under  the  second  wheel  load.  Hence,  the  maxi- 
mum bending  moment  occurs  under  the  second  wheel  load  when  it  is  located 
at  a  distance  of  0.75  ft  left  of  midspan,  as  shown  at  (ii).  The  influence  line  for 
bending  moment  at  the  location  of  the  second  wheel  load  is  shown  at  (iii),  and 
the  maximum  bending  moment  at  this  location  is  given  by: 

Mmax  =  2  X  7.911  +  10  X  9.986  +  10  X  8.542  +  2  X  6.617 
=  214.336  kip-ft 

Alternatively,  the  bending  moment  may  be  determined  by  resolving  forces 
vertically.  The  support  reaction  at  end  1  is: 


Vj  =  24  X  19.25/40 
=  11.55  kips 


Influ 
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The  maximum  moment  is  given  by: 

Mmax  =  11.55X19.25-2X4 
=  214.338  kip-ft 

Because  of  symmetry  in  the  train  of  wheel  loads,  this  moment  also  occurs 
under  the  third  wheel  load  when  it  is  located  at  a  distance  of  0.75  ft  right  of 
midspan. 

When  the  second  or  third  wheel  load  is  located  at  midspan,  the  moment  at 
midspan  is: 

M  =  214.00  kip-ft 
and  this  is  the  maximum  bending  moment  that  occurs  at  midspan. 

(d)  Envelope  of  maximum  effects 

To  design  a  member,  it  is  necessary  to  determine  the  maximum  bending 
moment  and  shear  force  that  can  occur  at  all  sections  of  the  member.  Diagrams 
indicating  maximum  values  are  known  as  envelope  diagrams  and  are  deter- 
mined using  influence  lines  at  selected  points  along  the  member. 

Example  5.7 

Construct  the  maximum  possible  bending  moment  envelope  in  the  simply  sup- 
ported beam  shown  in  Figure  5.15  due  to  a  concentrated  load  of  100  kips. 


Z  =  40  ft 


W=  100  kips 


(i) 


(ii) 


12       16       20       24       28       32       36       40 
Figure  5.15 
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Table  5.1 


xft 

Influence  line  ordinate 

^"max 

4 

4  X  36/40  =  3.6 

360 

8 

8  X  32/40  =  6.4 

640 

12 

12  X  28/40  =  8.4 

840 

16 

16  X  24/40  =  9.6 

960 

20 

20  X  20/40  =  10.0 

1000 

Solution 

The  maximum  bending  moment  occurs  at  any  section  when  the  concentrated 
load  is  located  at  the  section.  Values  of  the  moment  are  calculated  in  Table  5.1, 
and  the  bending  moment  envelope  is  shown  in  Figure  5.15  (ii). 


5.4     Pin-jointed  truss 

(a)  Stringers  and  cross  beams 


Deck     - 

Stringer   - 

Cross  girder 

Top  chord 

Web  members 

Bottom  chord 


Train  of  wheel  loads 

I         I         I 


^1 


Figure  5.16 


As  moving  loads  traverse  a  pin-jointed  truss,  the  loads  are  transferred  to  the 
truss  panel  points  by  a  system  of  stringers  and  cross  beams.  This  is  shown  in 
Figure  5.16  for  a  deck  bridge  with  the  loads  applied  to  the  top  chord  of  the 
truss.  The  moving  load  is  transferred  from  one  panel  point  to  the  next  as  the 
load  moves  across  the  stringer.  Hence,  the  influence  line  for  axial  force  in  a 
member  is  completed  by  connecting  the  influence  line  ordinates  at  the  panel 
points  on  either  side  of  a  panel  with  a  straight  line. 


Influence  lines 


117 


(b)  Influence  lines  for  a  Warren  truss 
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Figure  5.17 

Figure  5.17  (i)  shows  a  Warren  truss  with  the  loads  from  the  stringers  applied 
to  the  bottom  panel  points.  The  influence  lines  for  axial  force  in  members  34, 
35,  and  24  are  obtained  by  taking  a  section  through  these  three  members  and 
considering  the  relevant  free  body  diagrams. 

The  influence  line  for  axial  force  in  web  member  34  is  obtained  by  multiply- 
ing the  influence  line  for  shear  force  in  panel  34  by  1/sin  9  and  is  shown  at  (ii). 
Positive  sense  of  the  influence  line  indicates  tension  in  member  34.  Because  of 
the  effect  of  the  stringers,  the  influence  line  between  nodes  3  and  5  is  obtained 
by  connecting  the  ordinates  at  3  and  5  with  a  straight  line. 

The  influence  line  for  axial  force  in  bottom  chord  member  35  is  obtained 
by  multiplying  the  influence  line  for  moment  at  node  4  by  1/h  and  is  shown  at 
(iii).  The  influence  line  is  positive,  indicating  tension  in  member  35. 
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The  influence  line  for  axial  force  in  top  chord  member  24  is  obtained  by 
multiplying  the  influence  line  for  moment  at  node  3  by  1/h. 

(c)  Influence  lines  for  a  Pratt  truss 
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Figure  5.18 


Figure  5.18  (i)  shows  a  Pratt  truss  with  the  loads  from  the  stringers  applied 
to  the  bottom  panel  points.  The  influence  line  for  axial  force  in  web  member 
58  is  obtained  by  multiplying  the  influence  line  for  shear  force  in  panel  58  by 
1/sin  8  and  is  shown  at  (ii).  Positive  sense  of  the  influence  line  indicates  tension 
in  member  58.  The  influence  line  for  axial  force  in  member  78  is  identical  in 
shape  and  of  opposite  sign. 

The  influence  line  for  axial  force  in  bottom  chord  member  57  is  obtained  by 
multiplying  the  influence  line  for  moment  at  node  8  by  1/h  and  is  shown  at  (iii). 
The  influence  line  is  positive,  indicating  tension  in  member  57. 

The  influence  line  for  axial  force  in  top  chord  member  810  is  obtained  by 
multiplying  the  influence  line  for  moment  at  node  7  by  1/h.  This  influence  line 
is  identical  in  shape  to  the  influence  line  for  P57  and  of  opposite  sign. 


Influence  lines 
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(d)  Influence  lines  for  a  bowstring  truss 
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(IV) 


(/  -  s)l  5r 


Influence  line 
for  P1Q 


Figure  5.19  (i)  shows  a  bowstring  truss  with  the  loads  from  the  string- 
ers applied  to  the  bottom  panel  points.  The  influence  lines  for  axial  force  in 
members  89,  810,  and  79  are  obtained  by  taking  a  section  through  these  three 
members  and  considering  the  relevant  free  body  diagrams. 

The  influence  line  for  axial  force  in  web  member  89  is  obtained  by  multiply- 
ing the  influence  line  for  moment  at  point  12  by  lip,  where  p  is  the  perpen- 
dicular from  point  12  to  the  line  of  action  of  member  89.  The  influence  line 
for  Pg9  is  shown  at  (ii). 
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The  influence  line  for  axial  force  in  top  chord  member  810  is  obtained  by  mul- 
tiplying the  influence  line  for  moment  at  node  9  by  1/n,  where  n  is  the  perpen- 
dicular from  node  9  to  member  810.  The  influence  line  for  Psw  is  shown  at  (iii). 

The  influence  line  for  axial  force  in  bottom  chord  member  79  is  obtained  by 
multiplying  the  influence  line  for  moment  at  node  8  by  1/r,  where  r  is  the  perpen- 
dicular from  node  8  to  member  79.  The  influence  line  for  P79  is  shown  at  (iv). 

5.5    Three-hinged  arch 


1/2 


1/2 


(i) 


(ii) 


(iii) 


(iv) 


(v) 


Influence  line 
for// 


Influence  line 
for  M, 


Influence  line 
forP4 


Influence  line 

for  e4 


Figure  5.20 

The  horizontal  thrust  at  the  springings  of  a  three-hinged  arch  is  equal  to 
the  bending  moment  at  the  center  of  a  simply  supported  beam  of  the  same 
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length  multiplied  by  lie.  Hence,  the  influence  line  for  horizontal  thrust  is  the 
influence  line  for  the  free  bending  moment  multiplied  by  lie  and  is  shown  in 
Figure  5.20  (ii). 

The  influence  line  for  bending  moment  at  point  4  is  the  influence  line  for  free 
bending  moment  at  4  minus  the  horizontal  thrust  multiplied  by  r  and  is  given  by: 

M4  =  (Ms)4  -Hr 

The  influence  line  is  shown  at  (iii). 

The  influence  line  for  thrust  at  point  4  is  given  by: 

P4  =  H  cos  a  —  V2  sin  a  ...  unit  load  from  1  to  4 
=  H  cos  a  +  V2  sin  a  ...  unit  load  from  4  to  2 

The  influence  line  is  shown  at  (iv). 

The  influence  line  for  shear  at  point  4  is  given  by: 

Q4  =  —H  sin  a  —  V2  cos  a  ...  unit  load  from  1  to  4 
=  —  H  sin  a  +  V1  cos  a  ...  unit  load  from  4  to  2 

The  influence  line  is  shown  at  (v). 


Supplementary  problems 

S5.1  Construct  the  influence  lines  for  V2  and  M2  for  the  beam  shown  in  Figure 
S5.1.  Determine  the  maximum  value  of  M2  due  to  a  distributed  load  of  2  kips/ 
ft  over  a  length  of  60  ft. 

1                                 2               5                                6                3                                4 
i i O O 1 1 


100  ft  20  ft  100  ft  20  ft     .  100  ft 

r •+• -h *t" n* H 

Figure  S5.1 

S5.2  Construct  the  influence  line  for  V2  for  the  beam  shown  in  Figure  S5.2. 
Determine  the  maximum  value  of  V2  due  to  distributed  load  of  10  kips/ft  over 
a  length  of  6  ft. 

J   l  2  3  4 

5  ft  5  ft  5  ft 

h — *r» — "r« — H 

Figure  S5.2 
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S5.3  Construct  the  influence  line  for  V4  for  the  beam  shown  in  Figure  S5.3. 
Determine  the  maximum  value  of  V4  due  to  a  train  of  three  wheel  loads  each 
of  3  kips  at  2  ft  on  center. 
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2 
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2ft 


2ft 


8  ft 


4  ft 


8  ft 


Figure  S5.3 

S5.4  Figure  S5.4  shows  a  truss  with  the  loads  from  the  stringers  applied  to  the 
bottom  panel  points.  Construct  the  influence  line  for  axial  force  in  member  24. 
Determine  the  maximum  value  of  P24  due  to  a  concentrated  load  of  5  kips. 


10  ft 


10  ft 


10  ft 


10  ft 


10  ft 


Figure  S5.4 

S5.5  Figure  S5.5  shows  a  truss  with  the  loads  from  the  stringers  applied  to  the 
bottom  panel  points.  Construct  the  influence  line  for  axial  force  in  member  45. 
Determine  the  maximum  value  of  P45  due  to  concentrated  load  of  10  kips. 


5  ft 


10  ft 


10  ft 


10  ft 


10  ft 


10  ft 


10  ft 


10  ft 


Figure  S5.5 
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S5.6  Figure  S5.6  shows  a  truss  with  the  loads  from  the  stringers  applied  to  the 
bottom  panel  points.  Construct  the  influence  line  for  axial  force  in  member  1718. 
Determine  the  maximum  value  of  P1718  due  to  concentrated  load  of  20  kips. 


Figure  S5.6 
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Space  frames 


Notation 

F  force 

Fx  force  component  along  the  x-axis 

Fy  force  component  along  the  y-axis 

Fz  force  component  along  the  z-axis 

fi  angle  in  a  triangle  opposite  side  F, 

H  horizontal  force 

/  length  of  member 

M  bending  moment 

Mx  bending  moment  about  the  x-axis 

My  bending  moment  about  the  y-axis 

Mz  bending  moment  about  the  z-axis 

P  axial  force  in  a  member 

R  support  reaction 

V  vertical  force 

WLL  concentrated  live  load 

wDL  distributed  dead  load 

9  angle  of  inclination 


6.1     Introduction 

The  design  of  a  building  is  generally  accomplished  by  considering  the  structure 
as  an  assemblage  of  planar  frames,  each  of  which  is  designed  as  an  independ- 
ent two-dimensional  frame.  In  some  instances,  however,  it  is  necessary  to  con- 
sider the  building  as  a  whole  and  design  it  as  a  three-dimensional  structure. 

The  sign  convention  shown  in  Figure  6.1  may  be  adopted  for  a  three- 
dimensional  structure  acted  on  by  a  generalized  system  of  forces.  A  space 
structure  is  illustrated  in  Figure  6.2  (i).  The  plan  view  of  the  structure  is  in  the  xz 
plane,  as  shown  in  Figure  6.2  (ii),  and  the  elevation  of  the  structure  is  in  the  xy 
plane,  as  shown  in  Figure  6.2  (iii). 

Displacements  in  a  space  structure  may  occur  in  six  directions,  a  displace- 
ment in  the  x,  y,  and  z  directions  and  a  rotation  about  the  x-,  y-,  and  z-axes. 
The  sign  convention  for  displacements  is  shown  in  Figure  6.3  (i).  A  total  of  six 
displacement  components  define  the  restraint  conditions  at  support  1  of  the 
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yii 


Figure  6.1 


(i)  Structure 


(ii)  Plan 


(iii)  Elevation 


Figure  6.2 


yui 


0' 


■&■ 


(i)  Displacements 


(ii)  Forces 


Figure  6.3 


structure  shown  in  Figure  6.2.  The  arrows  indicate  the  positive  directions  of 
the  displacement  components,  and,  using  the  right-hand  screw  system,  rota- 
tions are  considered  positive  when  acting  clockwise  as  viewed  from  the  origin. 
Similarly,  a  total  of  six  force  components,  as  shown  in  Figure  6.3  (ii),  define 
the  support  reactions  at  support  1  of  the  structure  in  Figure  6.2. 
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6.2     Conditions  of  equilibrium 

For  a  three-dimensional  structure,  six  conditions  of  static  equilibrium  may  be 
obtained  at  any  point  in  the  structure  and  at  each  support.  These  six  equations 
of  statics  are: 

EFX  =  0,  £Fy  =  0,  EF,  =  0 
T,MX  =  0,  EMy  =  0,  £MZ  =  0 

A  three-dimensional  structure  is  externally  determinate  when  six  external 
restraints  are  applied  to  the  structure,  since  these  restraints  may  be  determined 
by  the  available  six  equations  of  static  equilibrium. 

The  cranked  cantilever  of  Figure  6.4  (i)  has  an  applied  load  W  at  the  free 
end  that  has  the  components  Wx,  Wy,  and  Wz  as  shown.  The  magnitude  of  W 
is  given  by: 

W  =  (Wx2  +  Wy2  +W2)0-5 

and  the  three  direction  cosines  of  the  applied  load  are  given  by: 

cos  9X  =  WJW 
cos  9y  =  Wy/W 
cos  6Z  =  Wz/W 


Mx4  O 


(i)  Structure  (ii)  Free-body  diagram 

Figure  6.4 


As  shown  in  Figure  6.4  (i),  the  cranked  cantilever  is  statically  determinate 
since  six  restraints  are  provided  at  the  fixed  end. 

Similarly,  six  member  stresses  may  be  determined  at  a  section  cut  through 
the  structure,  at  any  point  4,  as  shown  by  the  free-body  diagram  shown  in 
Figure  6.4  (ii). 
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Example  6.1 

The  cranked  cantilever  shown  in  Figure  6.4  (i)  has  an  applied  load  at  the  free 
end  with  components  Wx  =  —10 kips,  Wy  =  —15  kips,  and  Wz  =  —20 kips. 
The  relevant  lengths  of  the  cantilever  are  \\2  =  12  feet  and  l23  =  6  feet. 
Determine  the  magnitude  of  the  reactions  at  support  1. 

Solution 

Applying  the  equilibrium  equations,  with  the  origin  of  the  coordinates  at  sup- 
port 1,  gives: 

Resolving  along  the  x-axis: 

Rxl  +WX=0 

=  10  kips 

Resolving  along  the  y-axis: 


Ry\ 

+  Wy 

=  0 

Ryi 

=  -wy 

=  15  kips 

Resolving  along  the  z-axis: 

*,1 

+  W7 

=  0 

««! 

=  20  kips 

Taking  moments  about  the  x-axis: 

Mxl  +  Wyl23  =  0 

Mxl  =  ~Wyl23 
=  -15X6 
=  -90kip-ft 

Taking  moments  about  the  y-axis: 


Myl  +  WJ23  +  WJn  =  0 


yl 

=    -wj2i-wzi12 

=   10X6-20X12 

=  -180kip-ft 
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cing 

moments 

about  the  z-axis: 

Mzl 

+  %ki 

=  0 

Mzi 

=      -WylU 

=  15X12 
=  180kip-ft 

6.3     Pin-jointed  space  frames 

In  a  pin-jointed  three-dimensional  space  frame  with  ;'  nodes,  including  the  sup- 
ports, 3/  equations  of  equilibrium  may  be  derived,  since  each  node  provides 
the  relationships: 

£FT=0,     £Fy=0,     £F,=0 

If  the  frame  has  n  members  and  r  external  restraints,  the  number  of 
unknowns  is  (n  +  r).  In  a  pin-jointed  three-dimensional  space  frame  the  frame 
is  statically  determinate  when: 

(n  +  r)  =  3/ 

The  frame  is  indeterminate  when: 

(n  +  r)  >  3j 


Example  6.2 

The  pin-jointed  space  frame  shown  in  Figure  6.5  consists  of  nine  members.  The 
supports  consist  of  a  fixed  pin  at  node  1,  providing  three  restraints  as  shown, 
and  rollers  at  nodes  2,  3,  and  4,  providing  only  vertical  restraint.  Determine  if 
the  structure  is  statically  determinate. 

Solution 

The  total  number  of  external  restraints  is: 

r = 3+3x1 
=  6 

Hence,  the  structure  is  stable  and  determinate  externally. 
The  total  number  of  members  is: 

n  =  9 
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Figure  6.5 

The  total  number  of  nodes  is 

7  =  5 

(n  +  r)  =  9  +  6 
=  15 
3;  =  3  X  5 
=  15 

Hence: 

(n  +  r)  =  3/  ... 

and  the  structure  is  statically  determinate. 


6.4     Member  forces 

The  member  forces  in  a  pin-jointed  space  frame  may  be  obtained  by  resolu- 
tion of  forces  at  the  nodes.  Figure  6.6  shows  a  total  of  i  members,  01,  02  ...  Oi 
with  a  common  node  0.  The  force  in  member  Oi  is  Po„  and  the  three  direction 
cosines  of  member  Oi  are  cos9x0l,  cos#yn,',  and  cos^o/-  The  force  components  of 
member  Oi  along  the  three  coordinate  axes  are: 


ly0i 
"zOi 


po,cos6ix0, 
po,cos9y0l 

p0i  cos<?z0/ 
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The  length  of  member  0/  is  /0/,  and  the  projections  of  member  Oz  along  the 
three  coordinate  axes  are: 


X0i 

=  hicos°xoi 

y0l  ■ 

=   lo,cos9y0l 

zo,    z 

=  kcosGzOi 

Assuming  that  no  external  force  is  applied  at  node  0,  resolving  along  the 
three  coordinate  axes  gives: 


ZPx0i=0 
EPy0)=0 

EPz0<=0 


and 

Example  6.3 

The  pin-jointed  space  frame  shown  in  Figure  6.7  consists  of  three  members. 
The  supports  consist  of  fixed  pins  at  nodes  1,  2,  and  3,  each  providing  three 
restraints  as  shown.  Determine  the  member  forces  produced  by  the  100  kip 
vertical  load  applied  at  node  4. 

Solution 

The  total  number  of  external  restraints  is: 

r  =  3x3 
=  9 
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1  (0,  0,  10) 


Wy4=  -100  kips 


4  (40,  20,  0) 


Figure  6.7 


Hence,  the  structure  is  stable. 
The  total  number  of  members  is: 

n  =  3 

The  total  number  of  nodes  is: 

7  =  4 

(n  +  r)  =  3  +  9 
=  12 
3;  =  3  X  4 
=  12 

Hence: 

(m  +  r)  =  3/  ...  the  structure  is  statically  determinate 

And  the  structure  is  statically  determinate. 
The  lengths  of  the  members  are: 

/14=(*124+y124+*124)0-5 

=    (402  +202  +102)0-5 
=  45.83  ft 


l24  =  45.83  ft 


'34    ~  (*34  +  ^34  +  £34)  ' 

=    (402  +  202  +  02)0-5 
=  44.72  ft 
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The  direction  cosines  are: 


cos6xl4 

xu/lH 

=  40/45.83 

=  0.873 

cos9yU 

=  yu/ll4 

=  20/45.83 

=  0.436 

cos  9zU 

=  Zl4^l4 

=  -10/45.83 

=  -0.218 

COS  0,34 

=  x34//34 

=  40/44.72 

=  0.894 

cos  6»y34 

=  y34/l34 

=  -20/44.72 

=  -0.447 

cos  8z34 

=  z34  "34 

=  0/44.72 

=  0 

Because  of  the  symmetry  of  the  structure  and  the  loading,  the  forces  in  mem- 
bers 14  and  24  are  identical.  Hence: 

M4    =   °24 

Resolving  along  the  x-axis  at  node  4  gives: 

2Pxu  +  Px34  =  0 
2P14cos6»xl4  +  P34cos6»x34  =  0 

1.746P14  +  0.894P34  =0 

Resolving  along  the  y-axis  at  node  4  gives: 

2Pvl4  +  Py34  =  ~Wy4 
2P14cos6yl4  +  P34cos#y34  =  —  Wy4 
0.872P14  -0.447P34  =  100  kips 

Hence: 

P34  =  —111.86  kips  ...  tension 
P14  =  +57.21  kips  ...  compression 
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Supplementary  problems 

S6.1  The  cranked  cantilever  shown  in  Figure  S6.1  has  a  load  of  100  kips 
applied  at  the  free  end.  Determine  the  magnitude  of  the  reactions  at  support  1. 


10' 


-H 


S6.2  The  pin-jointed  space  frame  shown  in  Figure  S6.2  consists  of  three  mem- 
bers. The  supports  consist  of  fixed  pins  at  nodes  1,  2,  and  3,  each  providing 
three  restraints  as  shown.  Determine  the  member  forces  produced  by  the  100 
kip  vertical  load  applied  at  node  4. 


4(8,  -10,0) 


-100  kips 


Figure  S6.2 
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S6.3  The  pin-jointed  space  frame  shown  in  Figure  S6.3  consists  of  three  mem- 
bers. The  supports  consist  of  fixed  pins  at  nodes  1,  2,  and  3,  each  providing 
three  restraints.  Determine  the  member  forces  produced  by  the  100  kip  vertical 
load  applied  at  node  4. 


4  (20,  10,  0) 
-100  kips 


3(10,0,0) 


Figure  S6.3 


S6.4  The  pin-jointed  space  frame  shown  in  Figure  S6.4  consists  of  three  mem- 
bers. The  supports  consist  of  fixed  pins  at  nodes  1,  2,  and  3,  each  providing 
three  restraints.  Determine  the  member  forces  produced  by  the  100  kip  vertical 
load  applied  at  node  4. 


2  (0,  0,  -5) 


4(10,0,0) 


3(0,  -10,0) 


Figure  S6.4 
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Chapter  1 

51.1  Vi  =  14kips 
Hj  =  10  kips 
Mi  =  lOOkip-ft 

V4  =  6  kips 
H4  =  Okips 

51.2  Vi  =  -4.8kips  ...  downward 
V2  =  28.8 kips  ...  upward 

M2  =  480kip-ft  ...  producing  tension  in  the  top  fiber  of  the  girder 

51. 3  Vj  =5  kips 
Hi    =  5  kips 

M32  =  lOOkip-ft  ...  producing  tension  in  the  top  fiber  of  the  member 
V7    =  5  kips 
H7    =  5  kips 

51. 4  Vi  =  25  kips 
Hi  =  25  kips 
V2  =  75  kips 
H2  =  25  kips 

P13  =  35.33 kips  ...  tension 

P23  =  79.04 kips  ...  compression 

51.5  Vi  =  10  kips 
Hi  =  10  kips 
V4  =  10  kips 
Ha,  =  Okips 

P13  =  14.14kips  ...  tension 

51.6  Vi  =  11.67kips 
Ht  =  10  kips 
V4  =  8.33  kips 
H4  =  Okips 

M34  =  166.6kips  ...  producing  tension  in  the  bottom  fiber  of  the  member 
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SI. 7 


Vi  =  30  kips 
Hj  =  10  kips 
V6  =  50  kips 
H6  =  Okips 


SI. 8  Vj  =  10  kips 
Ht  =  10  kips 
V3  =  10  kips 
H3  =  10  kips 
P12  =  14.14  kips 


compression 


23 


10 kips  ...  compression 


S1.9 


V, 

Hi 


Okips 
10.5  kips 
147kip-ft 


SI. 10 


Vi 

P34 

P24 


4  kips 
Okips 
24kip-ft 
7.2  kips  . 
6.0  kips  . 


tension 
compression 


Chapter  2 


S2.1 


S2.2 


S2.3 


S2.4 


V1   = 

■  2.24  kips 

Hj  = 

:  3.57kips 

v5  = 

4.92  kips 

P34  = 

:  5. 37 kips  ...  compression 

P38  = 

:  5.0 kips  ...  tension 

P7H  = 

:  4.0 kips  ...  tension 

P45 

=  32 kips  ...  tension 

P411 

=  3.2 kips  ...  compression 

°1011 

=  30.93 kips  ...  compression 

^23  = 

17. 78 kips  ...  tension 

Pl7  = 

21.89kips  ...  tension 

P(,l  = 

33.33 kips  ...  compression 

Pu  = 

12 kips  ...  tension 

Pu  = 

Okips 

Pis  = 

16.97kips  ...  compression 
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P45  =  Okips 

P56  =  12 kips  ...  compression 

P25  =  Okips 

P26  =  Okips 

52.5  ?!2  =  9 kips  ...  tension 

P15  =  10.82 kips  ...  compression 
P23  =  6 kips  ...  tension 
P56  =  9.02 kips  ...  compression 
Pxs  =  3.35 kips  ...  compression 
P26  =  3.35 kips  ...  tension 

52.6  ?!2     =  5 kips  ...  tension 

P114    =  30 kips  ...  compression 
Pno    =  7.07kips  ...  compression 
P23     =  5 kips  ...  tension 
P310    =  35.35 kips  ...  tension 
?3!5    =  10 kips  ...  compression 
^1014  =  42.43 kips  ...  tension 
^1415  =  30 kips  ...  compression 

52.7  P23  =  6.67kips  ...  tension 

P27  =  2. 10 kips  ...  compression 

^37  =  Okips 

P78  =  6.67kips  ...  compression 
P67  =  6. 72 kips  ...  compression 

52.8  P11  =  3.35 kips  ...  tension 

Pu  =  5.41  kips  ...  compression 
P24  =  1.12 kips  ...  compression 
P45  =  3.60 kips  ...  compression 
Pis  =  4 kips  ...  tension 

52.9  P23  =  13.34kips  ...  tension 
P26  =  2.5 kips  ...  compression 
P27  =  3 kips  ...  tension 

Pg7  =  16.77 kips  ...  compression 
P37  =  Okips 

52.10  P49  =  Okips 

P59  =  28.28 kips  ...  compression 
P89  =  22.36 kips  ...  compression 
P7g  =  20 kips  ...  compression 
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Chapter  3 

53.1  (i)     Determinate 
(ii)    Indeterminate 
(iii)  Unstable 

(iv)  Indeterminate 

53. 2  (i)     Indeterminate 
(ii)    Indeterminate 
(iii)  Indeterminate 
(iv)  Determinate 
(v)    Determinate 

53. 3  (i)     Indeterminate 
(ii)    Unstable 

(iii)  Determinate 
(iv)   Indeterminate 

53. 4  Support  reactions: 

Vt  =  73.03  kips 
Ht=  -70.71  kips 
V4  =  77.68  kips 

Shears: 

Q2i  =  73.03  kips 
Q23  =  2.32  kips 
Q32  =  2.32  kips 
Q34  =  2.32  kips 
Q43  =  -77.68  kips 

Moments: 

M2i  =  292.12kip-ft  ...  compression  in  top  fiber 
M32  =  301.40 kip-ft  ...  compression  in  top  fiber 
Mmax  =  301.67kip-ft ...  at  x  =  8.23  ft 

53. 5  Support  reactions: 

Vi  =  Okips 
Hj  =  Okips 
V2  =  100  kips 
V4  =  Okips 

Shears: 

Qi\  =  -50  kips 
Q23  =  50  kips 
Q32  =  Okips 
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S3.6 


S3. 7 


S3. 8 


Q34  =  Okips 
Q43  =  Okips 

Moments: 

M21  =  125kip-ft  ...  compression  in  bottom  fiber 
M32  =  Okip-ft 
M34  =  Okip-ft 


Support  reactions: 

Vj  =  30  kips 
Hj  =  Okips 
M1=  180kip-ft 
V3  =  30  kips 

Shears: 

Q21  =  30  kips 
Q23  =  30  kips 
Q32  =  -30  kips 
Moments: 

M12    =  180kip-ft 
M21    =  Okip-ft 
M32    =  Okip-ft 


compression  in  bottom  fiber 


Mn 


45kip-ft ...  at  x  =  9  ft,  compression  in  top  fiber 


Support  reactions: 

Vj    =20  kips 
Hj  =  -20  kips 
Mi  =  Okip-ft 
V3   =  60  kips 

Shears: 

Q12  =  20  kips 
Q21  =  20  kips 
Q23  =  20  kips 
Q32  =  -60  kips 

Moments: 

Mt[     =  160kip-ft  ...  compression  in  outer  fiber 


M 
M 
M„ 


121 

23 


32 


160kip-ft  ...  compression  in  top  fiber 

Okip-ft 

180kip-ft ...  at  x  =  2  ft,  compression  in  top  fiber 


Support  reactions: 

Vt  =  Okips 
Hj  =  -20  kips 
M1  =  Okip-ft 
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Vs  = 
H5  = 

Shears: 


40  kips 
Okips 


Q12  =  20  kips 
Q21  =  20  kips 
Q23  =  Okips 
Q32  =  Okips 
Q34  =  -40  kips 
Q43  =  -40  kips 
Q45  =  Okips 
Q54  =  Okips 


Moments: 


M21 

M23 
M32 
M34 
M43 
M45 
M54 


200kip-ft 

200kip-ft 

200kip-ft 

200kip-ft 

Okip-ft 

Okip-ft 

Okip-ft 


S3. 9        Support  reactions: 


V,  = 
Hx  = 

Ml  = 
V7  = 
H7  = 

Shears: 

Q12 

Q21 
Q23 
Q32 
Q34 
Q43 


-10  kips 
3.33  kips 
Okip-ft 
-10  kips 
—  3.33  kips 

=  — 3.33kips 
=  — 3.33kips 
=  7.45  kips 
=  7.45  kips 
=  -1.49  kips 
=  -1.49  kips 


compression  in  outer  fiber 
compression  in  top  fiber 
compression  in  top  fiber 
compression  in  top  fiber 


Moments: 

M21  =  26.64 kip-ft  ...  compression  in  inner  fiber 
M23  =  26.64 kip-ft  ...  compression  in  bottom  fiber 
M32  =  6.70 kip-ft  ...  compression  in  top  fiber 
M34  =  6.70 kip-ft  ...  compression  in  top  fiber 
M43  =  Okip-ft 

S3. 10      Support  reactions: 

Vt   =  -160  kips 
Hj  =  160  kips 
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Ma  =  Okip-ft 
V3   =  -160  kips 
H3  =  -160  kips 
M2  =  Okip-ft 
At  x  =  8  ft  the  bending  moment  in  the  arch  rib  is 
M    =  Okip-ft 

Chapter  4 

54.1  91  =  52/EIrad 
92  =  156/EI  rad 
y3  =  1560/EIft 

54.2  y2  =  2160/EIk 

54.3  9X  =  1917/E/rad 
x2  =  15837/E7  ft 

54.4  The  equation  of  the  elastic  curve  is 

y  =  -2.5x3/3£J  +  2.5[x  -  12]3  +  120x 

The  location  of  the  maximum  deflection  in  span  12  is 

x  =  6.93  ft 

The  maximum  deflection  in  span  12  is 

y  =  554/EI  ft 

The  deflection  at  node  3  is 

y3  =  -2158/EZ 


S4.5 

T3 

=  8136/EIft 

S4.6 

Ji 

=  247/EA  ft 

S4.7 

V4 

=  3062/EA  ft 

S4.8 

yi 

=  410/EA  ft 

S4.9 

V3 

=  317/EAft 

S4.10     y2  =  199/EA  ft 

Chapter  5 

55.1  M2  =  1800kip-ft 

55.2  V2  =  96  kips 
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55.3  V3  =  6.75kips 

55.4  P24  =  5 kips  ...  compression 

55.5  P45  =  10.67kips  ...  tension 

55.6  P1718  =  15kips  ...  compression 

Chapter  6 

56.1  Mxl  =400kip-ft 
Mzl  =  1000kip-ft 
Ryl   =  100  kips 

56.2  P14  =  80  kips 
P24  =  70.71  kips 
P34  =  70.71  kips 

56.3  P14  =  114.55  kips 
P24  =  114.55  kips 
P34  =  282.80  kips 

56.4  P14  =  55.90kips 
P24  =  55.90  kips 
P34  =  141.40  kips 


Part  Two 

Analysis  of  Indeterminate 
Structures 


1 


Statical  indeterminacy 


Notation 

c  number  of  releases  introduced  in  a  structure 

d  degree  of  indeterminacy 

h  number  of  internal  hinges  introduced  in  a  structure 

H  horizontal  reaction 

/'  number  of  joints 

M  bending  moment 

n  number  of  members 

r  number  of  external  restraints 

s  number  of  internal  rollers  introduced  in  a  structure 

V  vertical  reaction 


1.1     Introduction 

A  structure  is  in  equilibrium  with  a  system  of  applied  loads  when  the  resultant 
force  in  any  direction  and  the  resultant  moment  about  any  point  are  zero.  For 
a  two-dimensional  plane  structure,  three  equations  of  static  equilibrium  may 
be  obtained: 

SH  =  0 

EV  =  0 
EM  =  0 

where  H  and  V  are  the  resolved  components  in  the  horizontal  and  vertical 
directions  of  all  forces  and  M  is  the  resultant  moment  about  any  point. 

A  statically  determinate  structure  is  one  in  which  all  member  forces  and 
external  reactions  may  be  determined  by  applying  the  equations  of  equilibrium. 

An  indeterminate  or  redundant  structure  is  one  that  possesses  more 
unknown  member  forces  and  reactions  than  available  equations  of  equilib- 
rium. To  determine  the  member  forces  and  reactions,  additional  equations 
must  be  obtained  from  conditions  of  geometrical  compatibility.  The  number  of 
unknowns,  in  excess  of  the  available  equations  of  equilibrium,  is  the  degree  of 
indeterminacy,  and  the  unknown  forces  and  reactions  are  the  redundants.  The 
redundants  may  be  removed  from  the  structure,  leaving  a  stable,  determinate 
structure,  which  is  known  as  the  cut-back  structure.  External  redundants  are 
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redundants  that  exist  among  the  external  reactions.  Internal  redundants  are 
redundants  that  exist  among  the  member  forces. 

Several  methods  have  been  proposed1"5  for  evaluating  the  indeterminacy  of 
a  structure. 


1.2     Indeterminacy  in  pin-jointed  frames 

In  a  pin-jointed  frame,  external  reactions  are  provided  by  either  roller  supports 
or  hinge  supports,  as  shown  in  Figure  1.1  (i)  and  (ii).  The  roller  support  pro- 
vides only  one  degree  of  restraint  in  the  vertical  direction,  and  both  horizon- 
tal and  rotational  displacements  can  occur.  The  hinge  support  provides  two 
degrees  of  restraint  in  the  vertical  and  horizontal  directions,  and  only  rota- 
tional displacement  can  occur.  The  magnitudes  of  the  external  restraints  may 
be  obtained  from  the  three  equations  of  equilibrium.  Thus,  a  structure  is  exter- 
nally indeterminate  when  it  possesses  more  than  three  external  restraints  and 
unstable  when  it  possesses  fewer  than  three. 


T 


in) 


Figure  1.1 

Figure  1.2  (i)  and  (ii)  shows  pin-jointed  frames  that  have  three  degrees  of 
restraint  and  are  stable  and  determinate.  Figure  1.3  (i)  shows  a  pin-jointed 
frame  that  has  four  degrees  of  restraint  and  is  one  degree  indeterminate.  The 


Figure  1.2 
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X^^ 


V777 


Figure  1.3 

cut-back  structure  is  shown  in  Figure  1.3  (ii).  Figure  1.4  (i)  shows  a  pin-jointed 
frame  that  is  two  degrees  indeterminate;  the  cut-back  structure  is  shown  in 
Figure  1.4  (ii). 


In  a  pin-jointed  frame  with  /  joints,  including  the  supports,  2;  equations  of 
equilibrium  may  be  obtained,  since  at  each  joint: 

EH  =  0     and     EV  =  0 

Each  member  of  the  frame  is  subjected  to  an  axial  force,  and  if  the  frame  has 
n  members  and  r  external  restraints,  the  number  of  unknowns  is  (n  +  r).  Thus, 
the  degree  of  indeterminacy  is: 

D  =  n  +  r  —  2; 

Figure  1.5  (i)  and  (ii)  shows  pin-jointed  frames  that  are  determinate.  For 
frame  (i): 


D  =  5  +  3~(2X4)  =  0 
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Figure  1.5 

and  for  (ii): 

D  =  2  +  4-(2x3)  =  0 

Figure  1.6  (i)  and  (ii)  shows  pin-jointed  frames  that  are  indeterminate.  For 
frame  (i) 

D  =  10  +  3  -  (2  X  6)  =  1 

and  for  (ii): 

D  =  11 +  4 -(2X6)  =  3 


Figure  1.6 

1.3     Indeterminacy  in  rigid  frames 

In  addition  to  roller  and  hinge  supports  a  rigid  frame  may  be  provided  with  a 
rigid  support,  shown  in  Figure  1.7,  which  provides  three  degrees  of  restraint. 

\ 


M 


H 


Figure  1.7 
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In  a  rigid  frame  with  /'  joints,  including  the  supports,  3/  equations  of  equilib- 
rium may  be  obtained,  since  at  each  joint: 

EH  =  0,     EV  =  0,     EM  =  0 

Each  member  of  the  frame  is  subjected  to  three  forces,  axial  and  shear  forces 
and  a  moment,  and  the  number  of  unknowns  is  (3w  +  r).  Thus,  the  degree  of 
indeterminacy  is: 

D  =  3w  +  r  -  3; 

The  degree  of  indeterminacy  of  the  arches  shown  in  Figure  1.8  is 

arch  (i)  D  =  3  +  4  -  (3  X  2)  =  1 

arch  (ii)  D  =  3+4-(3x2)  =  l 

arch  (hi)  D  =  3  +  5  -  (3  X  2)  =  2 

arch  (iv)  D  =  3  +  6-(3x2)  =  3 

arch  (v)  D  =  3  +  3  -  (3  X  2)  =  0 

and  arch  (v)  is  the  cut-back  structure  for  (i),  (ii),  (iii),  and  (iv). 


The  degree  of  indeterminacy  of  the  portal  frame  shown  in  Figure  1.9  (i)  is: 

D  =  (3  x  3)  +  6  -  (3  x  4)  =  3 

and  the  cut-back  structure  is  obtained  by  introducing  three  releases,  as  at  (ii) 
(iii),  or  (iv). 


O- 


O         Q 


cy- 


7777?      77777  77>>77     T&77  77^77     77777 

(i)  (ii)  (iii)  (iv) 


77777  77777 

(v) 


Figure  1.9 
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The  redundants  in  the  portal  frame  may  also  be  regarded  as  the  axial 
and  shear  forces  and  the  moment  in  the  beam,  and  the  cut-back  structure  is 
obtained  by  cutting  the  beam  as  shown  at  (v).  Similarly  in  a  multibay,  multi- 
story frame  the  degree  of  indeterminacy  equals  3  X  the  number  of  beams. 

For  the  rigid  frame  shown  in  Figure  1.10,  the  degree  of  indeterminacy  is: 


D 


3X6 
18 


/////       /////      ///// 
Figure  1.10 


77777 


1.4     Indeterminacy  in  rigid  frames  with  internal  hinges 

(a)  Hinges  within  a  member 

The  introduction  of  an  internal  hinge  in  a  rigid  frame  provides  an  additional 
equation  of  equilibrium  at  the  hinge  of  M  =  0.  In  effect,  a  moment  release  has 
been  introduced  in  the  member. 

The  introduction  of  a  horizontal,  internal  roller  provides  two  additional 
equations  of  equilibrium  at  the  roller  of  M  =  0  and  H  =  0.  In  effect,  a  moment 
release  and  a  release  of  horizontal  restraint  have  been  introduced  in  the  mem- 
ber. Thus,  the  degree  of  indeterminacy  is: 

D  =  3ra  +  r  —  3/  —  b  —  2s 

where  n  is  the  number  of  members,  /  is  the  number  of  joints  in  the  rigid  frame 
before  the  introduction  of  hinges,  r  is  the  number  of  external  restraints,  h  is 
the  number  of  internal  hinges,  and  s  is  the  number  of  rollers  introduced. 
The  degree  of  indeterminacy  of  the  frames  shown  in  Figure  1.11  is: 

(i)  D  =  (3  x  3)  +  4  -  (3  X4)  -  1  =  0 
(ii)  D  =  (3  xl) +  4- (3x2) -1  =  0 
(in)  D  =  (3  x  7)  +  12  -  (3  x  8)  -  3  =  6 

The  degree  of  indeterminacy  of  beam  15,  which  has  a  hinge  and  a  roller 
introduced  in  span  34,  as  shown  in  Figure  1.12,  is: 


D  =  (3  x  4)  +  6  -  (3  x  5)  -  (2  x  1)  -  1  =  0 
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(i) 


Figure  1.11 


3 


3£ 


5 


Figure  1.12 


(ty  Hinges  at  a  joint 

For  two  members  meeting  at  a  rigid  joint  there  is  one  unknown  moment,  as 
shown  in  Figure  1.13,  and  the  introduction  of  a  hinge  is  equivalent  to  produc- 
ing one  release. 


M 


\ 


M 


Figure  1.13 

For  three  members  meeting  at  a  rigid  joint  there  are  two  unknown  moments, 
as  shown  in  Figure  1.14,  and  the  introduction  of  a  hinge  into  one  of  the  mem- 
bers produces  one  release;  the  introduction  of  a  hinge  into  all  three  members 
produces  two  releases. 


M, 


Ml  +  M2 


.  M, 


M 


M 


Q- 


Figure  1.14 


For  four  members  meeting  at  a  rigid  joint  there  are  three  unknown  moments, 
as  shown  in  Figure  1.15;  the  introduction  of  a  hinge  into  one  of  the  members 
produces  one  release,  the  introduction  of  a  hinge  into  two  members  produces 
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M, 


M3  V 


M, 


X 


Mi  +  M2  +  M3 


-C> 


-6- 


Figure  1.15 

two  releases,  and  the  introduction  of  a  hinge  into  all  four  members  produces 
three  releases. 

In  general,  the  introduction  of  hinges  into  i  of  the  n  members  meeting  at  a 
rigid  joint  produces  /'  releases.  The  introduction  of  a  hinge  into  all  n  members 
produces  (n  —  1)  releases. 

Thus,  the  degree  of  indeterminacy  is  given  by: 

D  =  3«  +  r  —  3/  —  c 


where  c  is  the  number  of  releases  introduced. 

The  degree  of  indeterminacy  of  the  frames  shown  in  Figure  1.16  is: 


(i)  D  =  (3  X  5)  +  3 

(ii)  D  =  (3  X  6)  +  3 

(in)  D  =  (3  X  2)  +  3 

(iv)  D  =  (3  X  5)  +  9 

(v)  D  =  (3  X  4)  +  5 


(3  X  4)  -  5  =  1 

(3  x  6)  -  2  =  1 

(3  x  2)  -  2  =  1 

(3  x  6)  -  1  =  5 

(3  x  4)  -  4  =  1 


(i) 


f 


c> 


(ii) 


(iii) 


77777  77777  77777 

(iv) 


Figure  1.16 


Statical  indeterminacy 


155 


Supplementary  problems 

Sl.l  Determine  the  degree  of  indeterminacy  of  the  braced  beam  shown  in 
Figure  Sl.l. 


Figure  Sl.l 

SI. 2   Determine   the   degree   of  indeterminacy   of  the   tied   arch   shown   in 
Figure  SI. 2. 


Figure  SI. 2 


SI. 3  Determine  the  degree  of  indeterminacy  of  the  rigid-jointed  frame  shown 
in  Figure  SI. 3. 


Figure  SI. 3 
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SI. 4  Determine  the  degree  of  indeterminacy  of  the  open  spandrel  arch  shown 
in  Figure  SI. 4. 


Figure  SI. 4 

SI. 5    Determine    the    degree    of    indeterminacy    of    the    frames    shown    in 
Figure  SI. 5. 


777  777- 

(i) 


77         /// 


(11) 


Figure  SI. 5 


SI. 6  Determine  the  degree  of  indeterminacy  of  the  gable  frames  shown  in 
Figure  SI. 6. 


777T  777T      777T  777T      7>?7~  7&7~ 

(i)  (ii)  (iii) 


(iv) 


Figure  SI. 6 
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SI. 7  Determine  the  degree  of  indeterminacy  of  the  bridge  structures  shown  in 
Figure  SI. 7. 


(i) 


do 


mi) 


(iv) 


(V) 


Figure  SI. 7 
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Virtual  work  methods 


Notation 

A  cross-sectional  area  of  a  member 

E  Young's  modulus 

G  modulus  of  torsional  rigidity 

H  horizontal  reaction 

J  second  moment  of  area  of  a  member 

I0  second  moment  of  area  of  an  arch  at  its  crown 

/  length  of  a  member 

m  bending  moment  in  a  member  due  to  a  unit  virtual  load 

M  bending  moment  in  a  member  due  to  the  applied  loads 

P  axial  force  in  a  member  due  to  the  applied  loads 

q  shear  force  in  a  member  due  to  a  unit  virtual  load 

Q  shear  force  in  a  member  due  to  the  applied  loads 

u  axial  force  in  a  member  due  to  a  unit  virtual  load 

V  vertical  reaction 

W  applied  load 

x  horizontal  deflection 

y  displacement  of  an  applied  load  in  its  line  of  action;  vertical  deflection 

6  deflection  due  to  the  applied  load 

6/  extension  of  a  member,  lack  of  fit  of  a  member 

6%  element  of  length  of  a  member 

W  relative  rotation  between  two  sections  in  a  member  due  to  the  applied 

loads 

9  rotation  due  to  the  applied  loads 

/i  form  factor  in  shear 

4>  shear  deformation  due  to  the  applied  loads 


2.1     Introduction 

The  principle  of  virtual  work  provides  the  most  useful  means  of  obtaining  the 
displacement  of  a  single  point  in  a  structure.  In  conjunction  with  the  principles 
of  superposition  and  geometrical  compatibility,  the  values  of  the  redundants  in 
indeterminate  structures  may  then  be  evaluated. 

The  principle  may  be  defined  as  follows:  if  a  structure  in  equilibrium  under 
a  system  of  applied  forces  is  subjected  to  a  system  of  displacements  compatible 
with  the  external  restraints  and  the  geometry  of  the  structure,  the  total  work 
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done  by  the  applied  forces  during  these  external  displacements  equals  the  work 
done  by  the  internal  forces,  corresponding  to  the  applied  forces,  during  the  inter- 
nal deformations,  corresponding  to  the  external  displacements.  The  expression 
"virtual  work"  signifies  that  the  work  done  is  the  product  of  a  real  loading  sys- 
tem and  imaginary  displacements  or  an  imaginary  loading  system  and  real  dis- 
placements. Thus,  in  Chapters  2  and  3  and  Sections  6.2,  6.4,  6.5,  9.8,  and  10.3 
displacements  are  obtained  by  considering  virtual  forces  undergoing  real  dis- 
placements, while  in  Sections  7.8-7.14,  9.5-9.8,  and  11.3  equilibrium  relation- 
ships are  obtained  by  considering  real  forces  undergoing  virtual  displacements. 

A  rigorous  proof  of  the  principle  based  on  equations  of  equilibrium  has  been 
given  by  Di  Maggio1.  A  derivation  of  the  virtual-work  expressions  for  linear 
structures  is  given  in  the  following  section. 


2.2     Virtual-work  relationships 


w 

t»,l  ll 


s         i 


di) 


2  3_ 

1 


I 


777777 

Figure  2.1 
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To  the  structure  123  shown  in  Figure  2.1  (i),  the  external  loads  W  are  gradu- 
ally applied.  This  results  in  the  deflection  of  any  point  4  a  distance  6  while 
each  load  moves  a  distance  y  in  its  line  of  action.  The  loading  produces  an 
internal  force  P  and  an  extension  6/  in  any  element  of  the  structure,  a  bending 
moment  M  and  a  relative  rotation  W  to  the  ends  of  any  element,  a  shear  force 
Q,  and  a  shear  strain  <fi.  The  external  work  done  during  the  application  of  the 
loads  must  equal  the  internal  energy  stored  in  the  structure  from  the  principle 
of  conservation  of  energy. 
Then: 

Y.Wy/2  =  EPS//2  +  EM86I/2  +  EQ0  5X/2  (1) 

To  the  unloaded  structure  a  unit  virtual  load  is  applied  at  4  in  the  direction  of 
S  as  shown  in  Figure  2.1  (ii).  This  results  in  a  force  u,  a  bending  moment  m, 
and  a  shear  force  q  in  any  element. 

Now,  while  the  virtual  load  is  still  in  position,  the  real  loads  W  are  gradually 
applied  to  the  structure.  Again,  equating  external  work  and  internal  energy: 

EWy/2  +  lX<5=EP8l/2  +  EM  W/2  +  ZQ(p  8x/2  +  Em/8/ 

+  Em  80 +  £#&*  <2) 

Subtracting  expression  (1)  from  expression  (2): 
1  X  6  =  Y,u  8/  +  Em  8(9  +  E<#  8x 

For  pin-jointed  frameworks,  with  the  loading  applied  at  the  joints,  only  the 
first  term  on  the  right-hand  side  of  the  expression  is  applicable. 
Then: 

1x6  =  T,u  8/ 

=  J2Pul/AE 

where  P  is  the  internal  force  in  a  member  due  to  the  applied  loads  and  /;  A  and 
E  are  its  length,  area,  and  modulus  of  elasticity;  and  u  is  the  internal  force  in  a 
member  due  to  the  unit  virtual  load. 

For  rigid  frames,  only  the  last  two  terms  on  the  right-hand  side  of  the 
expression  are  significant. 

Then: 

1X6  =  Em  S0  +  E#  §x 

=  J  Mm  dx/EI  +  jQq  dxl^AG 


162  Structural  Analysis:  In  Theory  and  Practice 

where  M  and  Q  are  the  bending  moment  and  shear  force  at  any  section  due  to 
the  applied  loads  and  I,  G  and  A  are  the  second  moment  of  area,  the  rigidity 
modulus,  and  the  area  of  the  section;  fi  is  the  form  factor;  and  m  and  q  are  the 
bending  moment  and  shear  force  at  any  section  due  to  the  unit  virtual  load. 

Usually  the  term  representing  the  deflection  due  to  shear  can  be  neglected, 
and  the  expression  reduces  to: 


1X6  =  J  Mm  dx/EI 


In  a  similar  manner,  the  rotation  9  of  any  point  4  of  the  structure  may  be 
obtained  by  applying  a  unit  virtual  bending  moment  at  4  in  the  direction  of  9. 
Then: 


1X9  =  J  Mm  dx/EI  +jQq  dx/fiAG 


where  m  and  q  are  the  bending  moment  and  shear  force  at  any  section  due  to 
the  unit  virtual  moment. 


2.3     Sign  convention 

For  a  pin-jointed  frame,  tensile  forces  are  considered  positive  and  compressive 
forces  negative.  Increase  in  the  length  of  a  member  is  considered  positive  and 
decrease  in  length  negative.  The  unit  virtual  load  is  applied  to  the  frame  in  the 
anticipated  direction  of  the  deflection.  If  the  assumed  direction  is  correct,  the 
deflection  obtained  will  have  a  positive  value.  The  deflection  obtained  will  be 
negative  when  the  unit  virtual  load  has  been  applied  in  the  opposite  direction 
to  the  actual  deflection. 

For  a  rigid  frame,  moments  produced  by  the  virtual  load  or  moment  are 
considered  positive,  and  moments  produced  by  the  applied  loads,  which  are  of 
opposite  sense,  are  considered  negative.  A  positive  value  for  the  displacement 
indicates  that  the  displacement  is  in  the  same  direction  as  the  virtual  force  or 
moment. 


2.4    Illustrative  examples 

Example  2.1 

Determine  the  horizontal  and  vertical  deflection  of  point  4  of  the  pin-jointed 
frame  shown  in  Figure  2.2.  All  members  have  a  cross-sectional  area  of  8  in2 
and  a  modulus  of  elasticity  of  29,000  kips/in2. 
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Solution 

Member  forces  ul  due  to  a  vertical  unit  load  at  4  are  obtained  from  (i)  and  are 
tabulated  in  Table  2.1.  The  stresses  in  each  member,  P/A,  due  to  the  real  load 
of  16  kips  are  given  by: 

PI  A  =  \Gux  X  1/8 
=  7.Uy 

Member  forces  u-i  due  to  a  horizontal  unit  load  at  4  are  obtained  from  (ii) 
and  are  tabulated  in  Table  2.1. 

Table  2.1  Determination  of  forces  and  displacements  in  Example  2.1 


Member 

P/A 

/ 

ui 

M2 

Pu^/A 

Pu2l/A 

12 

2.0 

12 

1.00 

-2.67 

24.00 

-64.0 

23 

2.5 

15 

1.25 

-1.67 

46.88 

-62.5 

34 

1.5 

9 

0.75 

-1.00 

10.12 

-13.5 

45 

-2.5 

15 

-1.25 

0 

46.88 

0 

56 

-4.0 

12 

-2.00 

1.33 

96.00 

-64.0 

53 

-2.0 

12 

-1.00 

1.33 

24.00 

-32.0 

.52 

-1.5 

9 

-0.75 

0 

10.12 

0 

26 

0 

15 

0 

1.67 

0 

0 

Total 

258.0 

-236.0 

The  vertical  deflection  is  given  by: 


v  =  ZPuJ/AE 
=  258x12/29,000 
=  0.107  in  downward 
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The  horizontal  deflection  is  given  by: 

h  =  ZPu2l/AE 
=  -236  x  12/29,000 
=  0.098  in  to  the  right 


Example  2.2 

Determine  the  deflection  at  the  free  end  of  the  cantilever  shown  in  Figure  2.3. 
The  cross-section  is  shown  at  (i),  the  modulus  of  elasticity  is  29,000  kips/in2, 
the  modulus  of  rigidity  is  11,200  kips/in2,  and  the  shear  stress  may  be  assumed 
to  be  uniformly  distributed  over  the  web  area. 


ii 


4' 


0.4" 


6" 


(i) 


^ 


(ii) 
Figure  2.3 


<\ 


H: 


(iin 


Solution 

The  origin  of  coordinates  is  taken  at  2  and  the  functions  M  and  Q  derived 
from  (ii)  as: 

M  =  3x 
and  Q  =  3 

A  unit  vertical  load  is  applied  at  3  and  the  functions  m  and  q  derived  from 
(iii)  as: 

m  =  4  +  x 

and  q  =  1. 

The  moment  of  inertia  and  the  area  of  the  web  are  given  by: 

I  =  6  x  (14)3/12  -  5.6  x  (12.6)3/12 

=  440 in4 
A  =  0.4(14  -  1.4) 

=  5.04in2 
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Since  M  and  Q  are  zero  over  the  length  23,  the  vertical  deflection  at  3  is 
given  by: 


1X6  =  J* Mm  dx/EI  +  f  Qq  dx/AG 

=  3  X  123  JS(4x  +  x2)  dx/(29,000  x  440) 
+3  x  12jSdx/{l  1,200  X  5.04) 


0.121  +  0.005 
0.126  in 


Example  2.3 

Determine  the  vertical  deflection  of  point  4  of  the  pin-jointed  frame  shown  in 
Figure  2.2  if  members  12  and  23  are  made  0.1  in  too  short  and  members  56 
and  53  are  made  0.1  in  too  long. 

Solution 

Member  forces  ux  due  to  a  vertical  downward  unit  load  at  4  have  already  been 
determined  in  Example  2.1  and  are  tabulated  in  Table  2.2. 

Table  2.2  Determination  of  forces  and 
displacements  in  Example  2.3 


Member 

6/ 

"l 

u-fil 

12 

-0.1 

1.0 

-0.1 

23 

-0.1 

1.25 

-0.125 

53 

0.1 

-1.0 

-0.1 

56 

0.1 

-2.0 

-0.2 

Total 

-0.525 

The  vertical  deflection  is  given  by: 

V  =  2~Z«i&/ 
=  -0.525 
=  0.525  in  upward 


Example  2.4 

Determine  the  deflection  at  the  free  end  of  the  cantilever  shown  in  Figure  2.4. 
The  moment  of  inertia  has  a  constant  value  7  over  the  length  23  and  increases 
linearly  from  7  at  2  to  27  at  1. 
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W 

'  2 


X^ 


Solution 

The  origin  of  coordinates  is  taken  at  2  and  the  function  M  derived  from  (i)  as: 

M  =  Wx. 
A  unit  vertical  load  is  applied  at  3  and  the  function  m  derived  from  (ii)  as: 

m  =  I  +  x. 
The  moment  of  inertia  is  given  by: 

Ix  =  1  +  Ix/l. 

Since  the  value  of  M  is  zero  over  the  length  23,  the  vertical  deflection  at  3  is 
given  by: 


1  X  S  =   f  Mm  dx/EI 

Jo 

=  f  Wx(l  +  x)  dx/EI{l  +  x  / 1) 

=  Wf'lx  dx/EI 

Jo 


WP/2E1 


2.5     Volume  integration 

For  straight  prismatic  members,  /  Mm  dx/EI  =  J  Mm  dx  X  1/EI.  The  func- 
tion m  is  always  either  constant  along  the  length  of  the  member  or  varies 
linearly.  The  function  M  may  vary  linearly  for  real  concentrated  loads  or  para- 
bolically  for  real  distributed  loads.  Thus,  /  Mm  dx  may  be  regarded  as  the 
volume  of  a  solid  with  a  cross-section  defined  by  the  function  M  and  a  height 
defined  by  the  function  m.  The  volume  of  this  solid  is  given  by  the  area  of  cross- 
section  multiplied  by  the  height  of  the  solid  at  the  centroid  of  the  cross-section. 
The  value  of  /  Mm  dx  has  been  tabulated2  for  various  types  of  functions 
M  and  m,  and  common  cases  are  given  in  Table  2.3. 


Table  2.3  Volume  integrals 


M 
b 

c 

c 

c 

d 

c    \. 

c 

d        \e 

m 

1 

b)/6 

1 

al             fi\ 

lad2 

lac(l  +  f3)l6 

lac(\  +  a)/6 

lac(l  +  13)16 
+  lbc(\  +  a)l6 

ill       ill 

(1 

lac 

lad  2 
lad  2 
lc(a  +  b)l2 

lad  2 

la  a '3 
lad  6 
lc(2a  + 

la(c  +  d)l2 

la(2c  +  d)l6 

la(c  +  2d)/6 

la(2c  +  d)/6 
+  lb(c  +  2d)IG 

la(c  +  4d  +  e)/6 

a 

i 

la(c  +  2d)l6 

I 

la(2d  +  e)l6 

a 

1 

la(c  +  2d)l6 
+  lb(2d  +  e)/6 

1 
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Example  2.5 

Determine  the  deflection  at  the  free  end  of  the  cantilever  shown  in  Figure  2.5. 


\w 


(ii) 


(iii) 


Figure  2.5 


Solution 

The  origin  of  coordinates  is  taken  at  the  free  end  and  the  functions  M  and  m 
derived  from  (i)  and  (ii)  as: 

M  =  Wx 
and  m  =  x 

The  deflection  at  the  free  end  is  given  by: 


1  X  6  =  f  Mm  dx/EI 
Jo 

=  wf'x2  dx/EI 
Jo 


=  WP/3EI 

Alternatively,  the  solid  defined  by  the  functions  M  and  m  is  shown  at  (iii);  its 
volume  is: 

W/2/2  x  2//3  =  WP/3 

and  the  deflection  at  the  free  end  is  given  by: 

6  =  WP/3EL 
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Alternatively,  from  Table  2.3,  the  value  of  /  Mm  dx/EI  is  given  by: 

6  =  lacBEI 
=  WP/3 

Example  2.6 

Determine  the  rotation  at  the  free  end  of  the  cantilever  shown  in  Figure  2.6. 


w  lb/in 


lllllllllllllllllllllllllllllllllllllllllll 


I" 


w  lb/in 


lllllllllllllllllllllllllllllllllllllllllll 


(!) 


(ill) 


(il) 


Figure  2.6 


Solution 

The  functions  M  and  m  are  derived  from  (i)  and  (ii)  as: 

M  =  wx2/2 
and  m  =  1 

The  rotation  at  the  free  end  is  given  by: 


1  X  6  =   f  Mm  dx/EI 

Jo 

y  f'x2  dxllEI 
Jo 


^ 


1  lb-in 


^ 


^ 


=  wP/6EL 
Alternatively,  the  solid  defined  by  these  functions  is  shown  at  (iii);  its  volume  is: 
Wl2  X  1/6  =  wP/6 
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and  the  rotation  at  the  free  end  is  given  by: 

6  =  wP/6EI. 

From  Table  2.3,  the  value  of  /  Mm  dx/EI  is  given  by: 

9  =  l{c  +  4d  +  e)/6EI 
=  l(wl2/2  +  wl2/2  +  0)/6EI 
=  wP/6EI 

2.6     Solution  of  Indeterminate  structures 

The  principle  of  superposition  may  be  defined  as  follows:  the  total  displace- 
ments and  internal  stresses  in  a  linear  structure  corresponding  to  a  system  of 
applied  forces  are  the  sum  of  the  displacements  and  stresses  corresponding  to 
each  load  applied  separately. 

The  principle  of  geometrical  compatibility  may  be  defined  as  follows:  the 
displacement  of  any  point  in  a  structure  due  to  a  system  of  applied  forces  must 
be  compatible  with  the  deformations  of  the  individual  members. 

The  two  above  principles  may  be  used  to  evaluate  the  redundants  in  indetermi- 
nate structures.  The  first  stage  in  the  analysis  is  to  cut  back  the  structure  to  a  deter- 
minate condition  and  apply  the  external  loads.  The  displacements  corresponding 
to  and  at  the  point  of  application  of  the  removed  redundants  may  be  determined 
by  the  virtual-work  relations.  To  the  unloaded  cut-back  structure,  each  redundant 
force  is  applied  in  turn  and  the  displacements  again  determined.  The  total  displace- 
ment at  each  point  is  the  sum  of  the  displacements  due  to  the  applied  loads  and 
the  redundants  and  must  be  compatible  with  the  deformations  of  the  individual 
members.  Thus,  a  series  of  compatibility  equations  is  obtained  equal  in  number 
to  the  number  of  redundants.  These  equations  are  solved  simultaneously  to  obtain 
the  redundants  and  the  remaining  forces  obtained  from  equations  of  equilibrium. 

Example  2.7 

Determine  the  reaction  in  the  prop  of  the  propped  cantilever  shown  in  Figure 
2.7  (a)  when  the  prop  is  firm  and  rigid,  (b)  when  the  prop  is  rigid  and  settles 
an  amount  y,  and  (c)  when  the  prop  is  elastic. 


w  lb/in 


& 


TTTTTTTI 


w  lb/in 
TTTTTTT1+  Vx' 


3//4 


I 


21/3 


(ii) 
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Solution 

(a)  The  structure  is  one  degree  redundant,  and  the  reaction  in  the  prop  is  selected  as 
the  redundant  and  removed  as  shown  at  (i).  The  deflection  of  the  free  end  of  the 
cantilever  in  the  line  of  action  of  V  is: 

8'2  =  -wP/6  X  31/4EI 
=  -wlVSEI 

To  the  cut-back  structure,  the  redundant  V  is  applied  as  shown  at  (ii).  The  deflec- 
tion of  the  free  end  of  the  cantilever  in  the  line  of  action  of  V  is: 

8"  =  V/2/2  X  21/3EI 
=  Vl3/3EI 

The  total  deflection  of  2  in  the  original  structure  is: 

Sj    —  82   +  &2 

=  0 
Thus: 

-wl4/8EI  +  VP/3EI  =  0 

and 

V  =  3wl/8 

(b)  The  total  deflection  of  2  in  the  original  structure  is: 

S2  =  8 2  +  8 2 

=  -y 

Thus: 

-wl4/BEI  +  VP/3EI  =  -y 
and 

V  =  3w//8  -  3EIylP 

(c)  The  total  deflection  of  2  in  the  original  structure  is: 

8 2    =  8 2  +  8 2 

=  -VL/AE 
where  L,  A,  and  E  are  the  length,  cross-section,  and  modulus  of  elasticity  of  the  prop. 
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Thus: 


>A4/8EI  +  VIV3EI  =  -VL/AE 


and 


V  =  wl4/HEI(l3BEI  +  L/AE) 


Example  2.8 

The  parabolic  arch  shown  in  Figure  2.8  has  a  second  moment  of  area  that  var- 
ies directly  as  the  secant  of  the  slope  of  the  arch  rib.  The  value  of  the  thrust 
required  to  restore  the  arch  to  its  original  span  is  Hu  and  the  value  of  the 
thrust  required  to  reduce  the  deflection  of  2  to  zero  is  H2.  Determine  the  ratio 
of  H2  to  Hi,  neglecting  the  effects  of  axial  and  shearing  forces. 


11/2 


It  72 


(i) 


(ii) 


Figure  2.8 

Solution 

The  equation  of  the  arch  axis,  taking  the  origin  of  coordinates  at  1,  is: 
y  =  x(l  —  x)ll 

The  second  moment  of  area  at  any  section  is  given  by: 

J  =  IC)  sec  a 
=  I()  ds/dx 

where  /„  is  the  second  moment  of  area  at  the  crown. 
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The  horizontal  deflection  at  3  due  to  W  is  obtained  by  considering  a  virtual 
unit  load  applied  horizontally  inwards  at  3.  Then  from  (i)  the  deflection  due  to 
W  is  obtained  by  integrating  over  the  length  of  the  arch: 


1XX3   =  JMm  ds/EI 

=  J  Mm  dx/EI0 

=  -2j"2Wxydx/2EIQ 

=  -Wf"2(lx2  -x3)dx/lEI0 


-.111 

o 
=  ~5Wl3/192EI0 

The  horizontal  deflection  at  3  due  to  H1  is: 
-la 

-■in 


\Xx'l  =  2/Q    Hty2  dx/EI0 

=  1UX  j"2(l2x2  -  2lx3  +  x4)  dx/l2EI0 
=  ,FV3/30EJo 


The  total  horizontal  deflection  of  3  in  the  original  structure  is: 


x3 

—  x3  +  x3 

=  0 

Thus, 

H, 

=  25W/32 

The  vertical  deflection  of  2  due  to  W  is  obtained  by  considering  a  virtual 
unit  load  applied  vertically  upwards  at  2.  Then,  from  (ii): 

lxy^=  -2j"2Wx2  dx/4EIQ 

ri'2   -,    , 
=  -W  /     x2  dx/2EIn 

Jo  " 

=  -WP/48 
The  vertical  deflection  at  2  due  to  H7  is: 


lXy'{  =  2 J    H2xy  dxlEI0 

1/7 

=  H2J     {lx2  -  x3)  dxll2EI0 


5H2P/192EI0 
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The  total  vertical  deflection  of  2  in  the  original  structure  is: 

ji  =  y'i  +  y'i  =  ° 

Thus, 

H2  =  4W/5 

and 

H2/Hl  =  128/125 
=  1.024 


Example  2.9 

The  parabolic  arch  shown  in  Figure  2.9  has  a  second  moment  of  area  that  var- 
ies directly  as  the  secant  of  the  slope  of  the  arch  rib.  Determine  the  bending 
moment  at  2,  neglecting  the  effects  of  axial  and  shearing  forces. 


TO/2 


(i) 


Solution 

The  redundant  forces  consist  of  the  reactions  H  and  V  at  3,  and  the  cut-back 
structure  is  a  curved  cantilever. 
The  equation  of  the  arch  axis  is: 

y  =  ax(l  —  x) 

The  horizontal  deflection  of  3  due  to  condition  (i)  is  obtained  by  considering 
a  virtual-unit  load  applied  horizontally  inwards  at  3.  Then,  over  the  span  from 
x  =  0  to  x  =  1/2: 
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and 

M  =  Will  -  Wx 
Thus  the  horizontal  deflection  at  3  is: 

W/2 
( 
W/2 
0      ' 

=  Wa/4/64E70 
The  horizontal  deflection  of  3  due  to  condition  (ii)  is: 


x'3  =  wj"2{l/2  -  x)y  dx/lEI0 

I/? 

=  Waj    (l2x/2  -  3lx2/2  +  x3)  dx/EI0 


x'i  =  Hj^y2  dx/EI0 

=  Ha2f{l2x2  -  2k3  +  x4)  dx/EI0 


Ha2ls/30EIn 


The  horizontal  deflection  of  3  due  to  condition  (iii)  is: 


x'l'=-VJ  xydx/EI0 

=  -Vaf{lx2  -  x3)  dx/EI() 


=  Val4/12EI0 
The  total  horizontal  deflection  of  3  in  the  original  structure  is: 

xs  =x'3+xZ  +  x%'=0 
Thus: 

W/32 -V/6  + Hal/15  =  0  (1) 

The  vertical  deflection  of  3  due  to  condition  (i)  is  obtained  by  considering 
a  virtual-unit  load  applied  vertically  upwards  at  3.  Then,  over  the  span  from 
x  =  0  to  x  =  112: 

m  =  I  —  x 

and 

M  =  Wx-  Will 
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Thus,  the  vertical  deflection  of  3  is: 

y'3  =  Wf"2(x  -  l/2){l  -  x)  dx/EI0 

=  -Wj"2{l2/2  -  31x12  +  x2)  dx/EIQ 
=  -5WP/48E1 


The  vertical  deflection  of  3  due  to  condition  (ii)  is: 

y"  =  -HI0'yx  dx/EIo 

=  -Hal4/12EI0 
The  vertical  deflection  of  3  due  to  condition  (iii)  is: 


y"1 

'0 


Vfx2  dx/EL 
Jo  ° 

VP/3EIn 


The  total  vertical  deflection  of  3  in  the  original  structure  is: 

ys  =  y'3 +y!  + 73=0 

Thus, 

-5W/16  +  V  -  Hal/4  =  0  (2) 

Solving  (1)  and  (2)  simultaneously: 

H  =  5W/6al 
and 

V  =  25W748 

Thus,  the  bending  moment  at  2  is: 

M2  =  VI 12  -Hal2 14 
=  5WI/96 
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Supplementary  problems 

S2.1  Determine  the  deflection  at  the  free  end  of  the  cantilever  shown  in  Figure  S2.1. 


w   lb/in 

1  1  1 1 1 1  1  1  II 

a        , 

b 

„                   1 

* 

Figure  S2.1 

S2.2  Determine  the  vertical  deflection  at  the  center  of  the  pin-jointed  truss 
shown  in  Figure  S2.2  if  the  top  chord  members  are  all  0.1  percent  in  excess  of 
the  required  length. 


h 


10@12'  =  120' 


H 


Figure  S2.2 

S2.3  The  pin-jointed  truss  shown  in  Figure  S2.3  has  a  vertical  load  of  20  kips 
applied  at  panel  point  2.  Determine  the  resulting  vertical  deflection  at  panel 
points  2  and  3.  What  additional  vertical  load  Wmust  be  applied  at  panel  point 
3  to  increase  the  deflection  at  panel  point  2  by  50  percent?  All  members  have  a 
cross-sectional  area  of  2  in2  and  a  modulus  of  elasticity  of  29,000  kips/in2. 


Figure  S2.3 

S2.4  A  cantilever  circular  arch  rib  with  a  uniform  section  is  shown  in  Figure  S2.4. 
A  horizontal  force  H  is  applied  to  the  free  end  of  the  rib  so  that  end  2  can  deflect 
only  vertically  when  the  vertical  load  Vis  applied  at  2.  Determine  the  ratio  of  HIV. 


Figure  S2.4 
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S2.5  The  frame  shown  in  Figure  S2.5  has  a  vertical  load  of  10  kips  applied 
at  5.  Determine  the  resulting  vertical  deflection  at  node  4.  The  cross-sectional 
areas  of  the  members  are  13  =  10  in2,  24  =  5  in2,  and  34  =  4  in2.  The  second 
moment  of  areas  of  the  members  are  13  =  90  in4  and  24  =  50  in4.  The  modu- 
lus of  elasticity  of  all  members  is  29,000 kips/in2. 


12' 


YT^T- 


Figure  S2.5 

S2.6  The  two-story,  single-bay  frame  shown  in  Figure  S2.6  has  the  relative  sec- 
ond moments  of  area  indicated.  The  cross-sectional  area  of  the  columns  is  A. 
The  modulus  of  elasticity  of  all  members  is  E,  and  the  modulus  of  rigidity  is  G. 
Determine  the  bending  moments  and  shear  forces  in  the  members  and  calculate 
the  horizontal  deflection  of  node  3  due  to  the  load  of  4  kips. 


10' 


4k      3 


© 

© 

Q 

2 

5 

© 

© 

© 

77 

1 

>7 

4 

77/ 

10' 


10' 


Figure  S2.6 
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S2.7  The  parabolic  arch  shown  in  Figure  S2.7  has  a  second  moment  of  area 
that  varies  directly  as  the  secant  of  the  slope  of  the  arch  rib  and  a  temperature 
coefficient  of  thermal  expansion  of  a  per  °F.  Neglecting  the  effects  of  axial  and 
shearing  forces,  determine  the  support  reactions  at  the  fixed  end  produced  by 
a  temperature  rise  of  t  °F. 


Figure  S2.7 
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Indeterminate  pin-jointed  frames 


Notation 

A       cross-sectional  area  of  a  member 

At      cross-sectional  area  of  the  tie  of  a  tied  arch 

E       Young's  modulus 

H      horizontal  reaction 

J        second  moment  of  area  of  a  member 

I0      second  moment  of  area  of  an  arch  at  its  crown 

/        length  of  a  member;  span  of  an  arch 

m      bending  moment  in  a  member  due  to  a  unit  virtual  load  applied  to  the 

cut-back  structure 
M      bending  moment  in  a  member  due  to  the  external  loads  applied  to  the 

cut-back  structure 
P       axial  force  in  a  member  due  to  the  external  loads  applied  to  the  cut-back 

structure 
R       redundant  force  in  a  member 
t        change  in  temperature 
u       axial  force  in  a  member  due  to  a  unit  virtual  load  applied  to  the  cut-back 

structure 
V      vertical  reaction 
y       settlement  of  a  support 
a       temperature  coefficient  of  expansion 
8        deflection 
6/       lack  of  fit 
bx      spread  of  arch  abutments 

3.1  Introduction 

The  solution  of  indeterminate  pin-jointed  frames  and  two-hinged  arches  may 
be  readily  obtained  using  the  principles  of  superposition  and  compatibility. 
In  the  case  of  polygonal  two-hinged  arches,  the  preferred  solution  is  by  the 
method  of  column  analogy  and  is  dealt  with  in  Section  6.3. 

3.2  Frames  one  degree  redundant 

The  pin-jointed  frame  shown  in  Figure  3.1  contains  one  redundant  member 
12  with  its  unknown  force  R,  assumed  tensile.  The  indeterminate  frame  can  be 
replaced  by  system  (i)  plus  R  X  system  (ii). 


182 


Structural  Analysis:  In  Theory  and  Practice 


7f?77 


7f?77 


7f?77 


The  relative  inward  movement  of  the  points  of  application  of  R  in  system  (i) 
may  be  determined  by  the  virtual  work  method  by  considering  R  replaced  by 
virtual  unit  loads.  The  relative  movement  is: 


f>\ 


12 


Y,Pul/AE 


where  P  and  u  are  the  member  forces  in  the  cut-back  structure  due  to  the 
applied  loads  and  the  virtual  unit  loads,  respectively. 

The  relative  inward  movement  of  the  points  of  application  of  R  in  system 
(ii)  is: 

6'[2  =    T,u2l/AE 

The  relative  movement  of  the  points  of  application  of  R  in  the  actual  struc- 
ture is  outward  and  consists  of  the  extension  in  member  12,  which  is: 


'12 


-Rln/AnE12 

8'12  +  R6'[2 


Thus:      R(ln/AnE12  +  Y.uHlAE)  =  -  Y^PullAE 

If  the  summations  are  considered  to  extend  over  all  the  members  of  the 
actual  structure  with  P12  =  0  and  uXx  =  1,  we  obtain: 


R  =  -  (Y,Pul/AE)/(Y,u2l/AE) 

and  the  value  obtained  for  R  is  positive  if  tensile  and  negative  if  compressive. 
The  actual  force  in  any  member  is  given  by  (P  +  uR). 
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The  horizontal  deflection  of  joint  1  of  the  actual  structure  may  be  deter- 
mined by  considering  a  virtual  unit  load  applied  horizontally  at  1  in  systems  (i) 
and  (ii).  The  horizontal  deflection  is: 

6i  =  S\  +  R6'\ 

=  EPuyl/AE  +  REuu^/AE 
=  £(P  +  uR)uJ/AE 

where  ux  is  the  force  in  any  member  of  the  cut-back  structure  due  to  the  hor- 
izontal virtual  unit  load,  (P  +  uR)  is  the  force  in  any  member  of  the  actual 
structure,  and  the  summation  extends  over  all  members  of  the  cut-back  struc- 
ture. In  general,  to  determine  the  deflection  of  an  indeterminate  structure,  the 
unit  virtual  load  may  be  applied  to  any  cut-back  structure  that  can  support  it. 

Initial  inaccuracies  in  the  lengths  of  members  of  an  indeterminate  frame  pro- 
duce forces  in  the  members  when  they  are  forced  into  position.  If  the  member 
12  in  Figure  3.2  is  made  too  short  by  an  amount  —  8/,  a  tensile  force,  R,  is  pro- 
duced in  it  on  forcing  it  into  position. 


R    x 


7^77 


lf?77 


Figure  3.2 


Then,  the  relative  movement  of  points  1  and  2  in  the  actual  structure  con- 
sists of  the  extension  in  member  12  and  the  initial  lack  of  fit,  and: 

S12  =  -Rll2IAl2Ell  +  (-8/) 

There    are    no    applied    loads    on    the    structure,    thus     6[2  =  0     and 
S"n  =  Y,u2l/AE  as  before. 
Thus: 


<$12  =  S'u  +  RS'i2 


and: 


R{l12/A12En  +  Y,u2l/AE)  =  -8/ 
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If  the  summation  is  considered  to  extend  over  all  the  members  of  the  actual 
structure  with  u12  =  1,  we  obtain: 

R  =  ~W(Y,u2l/AE) 

where  8/  is  the  lack  of  fit  of  the  member  and  is  positive  if  too  long  and  negative 
if  too  short,  and  the  value  obtained  for  R  is  positive  if  tensile  and  negative  if 
compressive. 

The  remaining  member  forces  are  given  by  the  expression  uR. 

Example  3.1 

All  members  of  the  frame  shown  in  Figure  3.3  have  a  constant  value  for  AE 
of  10,000  kips.  Determine  (a)  the  forces  in  the  members  due  to  the  applied 
load  of  10  kips,  (b)  the  horizontal  deflection  of  point  2  due  to  the  applied 
load  of  lOkips,  (c)  the  force  in  member  24  due  to  member  24  being  0.1% 
too  long. 


?       K 


+  R  X 


7&7 


(i) 


(ii) 


(iii) 


Figure  3.3 


Solution 

(a)  The  force  R  in  member  24  is  chosen  as  the  redundant,  and  member  forces  P  and  u 
are  obtained  from  (i)  and  (ii)  and  are  tabulated  in  Table  3.1. 
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Table  3.1 

Determination 

of  forces  and  displ; 

acements  in 

Example  3.1 

Member 

P 

/              u 

Pul        uH 

P  +  uR 

U\ 

UXl(P  + 

uR) 

12 

0.0 

10.0 

-0.707 

0.0 

5.0 

5.56 

0.0 

0.0 

23 

-10.0 

10.0 

-0.707 

70.7 

.5.0 

-4.44 

-1.0 

44.4 

34 

-10.0 

10.0 

-0.707 

70.7 

5.0 

-4.44 

-1.0 

44.4 

13 

14.14 

14.14 

1.0 

200.0 

14.14 

6.26 

1.414 

125.2 

24 

0.0 

14.14 

1.0 

0.0 

14.14 

-7.88 

0.0 

0.0 

Total 

341.4 

43.28 

214.0 

Thus  the  force  in  member  24  is: 

R  =  -EPul/Eu2l 
=  -341.4/43.28 
=  7.88  kips  compression 

The  remaining  member  forces  are  given  by  the  expression  (P  +  uR). 

(b)  The  forces  u\  in  the  cut-back  structure  due  to  a  virtual  unit  load  applied  horizon- 
tally at  2  are  obtained  from  (iii)  and  are  tabulated  in  Table  3.1.  The  horizontal 
deflection  of  2  is: 

S2  =  E(P  +  uR)uJ/AE 
=  214  X  12/10,000 
=  0.257  in 

(c)  The  force  R  in  member  24  due  to  the  lack  of  fit  is: 

R  =  -§//(£  w2//AE) 
=  -141.4/43.28 
=  3.27  kips  compression 


Example  3.2 

Determine  the  forces  in  the  members  of  the  structure  shown  in  Figure  3.4.  All 
members  have  the  same  cross-sectional  area  and  modulus  of  elasticity. 

Solution 

The  force  R  in  member  13  is  chosen  as  the  redundant,  and  member  forces  P 
and  u  are  obtained  from  (i)  and  (ii)  and  are  tabulated  in  Table  3.2. 
Thus  the  force  in  member  13  is: 

R  =  -Y.VullY.uH 
=  -44.7/21.03 
=  2.13  kips  compression 
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(i) 
Figure  3.4 

Table  3.2  Determination  of  forces  in  Example  3.2 


di) 


Member 


I 


Pul 


u2l 


P  +  uR 


12 

10 

10 

-0.447 

-44.7 

2.0 

10.95 

23 

0 

5 

-0.447 

0 

1.0 

0.95 

34 

-20 

5 

-0.894 

89.4 

4.0 

-18.10 

24 

0 

7.07 

0.632 

0 

2.83 

-1.35 

13 

0 

11.2 

1.000 

0 

11.2 

-2.13 

Total 

44.7 

21.03 

The  remaining  member  forces  are  given  by  the  expression  (P  +  uR). 


3.3     Frames  two  degrees  redundant 

The  pin-jointed  frame  shown  in  Figure  3.5  contains  the  two  redundant  mem- 
bers 12  and  34,  with  unknown  forces  _Ri  and  R2  assumed  tensile.  The  inde- 
terminate frame  can  be  replaced  by  system  (i)  plus  .Ri  X  system  (ii)  plus 
R2  X  system  (iii). 


+  R 


7/^7 


+  R,  X 


7/977 


(i)  (ii) 

Figure  3.5 
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The  relative  movement  of  points  1  and  2  in  the  actual  structure  consists  of 
the  extension  in  member  12  and  is: 

612  =  ^Ruln^u^n 

The  relative  inward  movement  of  points  1  and  2  in  systems  (i),  (ii),  and  (iii)  is: 

S'u  +  5\2  +  S&  =  ZPuJ/AE  +  Zufl/AE  +  Y.uxu2\IAE 

where  the  summations  extend  over  all  the  members  of  the  cut-back  structure. 
Since: 

^12    =  ^2  +  R1^12  +  R2^'l2 

then: 

0  =  E  PuJ/AE  +  Rt  E  u\\IAE  +  R2Z  uxu2\IAE 

where  the  summations  extend  over  all  the  members  of  the  actual  structure, 
P  =  0  for  both  redundant  members,  u\  =  1  for  member  12  and  0  for  member 
34,  and  u2  =  1  for  member  34  and  0  for  member  12. 

Similarly,  by  considering  the  relative  movement  of  points  3  and  4  we  obtain: 

0  =  E PuJ/AE  +  R,  E  uxu2\IAE  +  R2  E  u\UAE 

Equations  (1)  and  (2)  may  be  solved  simultaneously  to  obtain  the  value  of 
the  redundant  forces  P\  and  R2.  The  actual  force  in  any  member  is  given  by 
the  expression  (P  +  uiRi  +  u2R2). 

Frames  with  more  than  two  redundants  are  best  solved  by  the  flexibility 
matrix  method  given  in  Section  10.3. 


3.4     Frames  redundant  externally 

The  reactions  V\  and  V2  may  be  considered  the  external  redundants  of  the 
frame  shown  in  Figure  3.6.  The  displacements  corresponding  to  and  in  the  line 
of  action  of  Vj  and  V2  are: 

5t  =  EPuJ/AE  +  V,E«!2//AE  +  N2Y.uxu2llAE 

and: 

62  =  T,Pu2l/AE  +  VxY.uxu2UAE  +  V2  Y.u\llAE 

where  P,  ux,  and  u2  are  the  member  forces  in  the  cut-back  structure  due  to  the 
applied  loads,  the  virtual  unit  load  corresponding  to  Vl5  and  the  virtual  unit 
load  corresponding  to  V2,  respectively. 

In  the  case  of  rigid  supports,  <5i  =  62  =  0,  and  the  two  equations  may  be 
solved  simultaneously  to  obtain  Vj  and  V2. 


188 


Structural  Analysis:  In  Theory  and  Practice 


(i) 


+  V,  X 


(ii) 


+  V,X 


(iil) 


Figure  3.6 


In  the  case  of  settlement  of  the  supports  by  amounts  j\  at  support  1  and  yi 
at  support  2,  bx  =  —y\  and  62  =  —yi-  Again,  the  two  equations  obtained  may 
be  solved  for  V1  and  V2. 

An  alternative  method  of  solving  the  problem  is  to  consider  members  34  and 
56  as  internal  redundants.  The  values  of  the  redundants  may  be  obtained  by 
the  method  of  Section  3.3. 


3.5     Frames  with  axial  forces  and  bending  moments 


When  the  loading  on  pin -jointed  frames  is  applied  between  the  panel  points  as 
shown  in  Figure  3.7,  bending  moments  are  produced  in  some  members  in  addi- 
tion to  axial  forces.  The  force  R  in  member  12  is  regarded  as  the  redundant, 
and  the  inward  movement  of  the  points  of  application  of  R  in  system  (i)  is: 


S\ 


12 


T,Pul/AE+  T,jMmdx/EI 


Indeterminate  pin-jointed  frames 


where  M  and  m  are  the  bending  moments  at  any  point  in  a  member  of  the  cut- 
back structure  due  to  the  applied  loads  and  the  virtual  unit  loads  correspond- 
ing to  R,  respectively. 

The  inward  movement  of  the  points  of  application  of  R  in  system  (ii)  is: 


512 


Y,u2l/AE+   Y,Jm2  dx/EI 


The  inward  movement  of  the  points  of  application  of  R  in  the  actual  struc- 
ture is: 

SU   =  ^Rhl/A12E12 

=  S'n  +  R5"l2 
Thus       R(£u2l/AE  +  Y,Jm2  dx/EI)  =  EPul/AE  +  T,  J  Mm  dx/EI 

where  the  summations  extend  over  all  the  members  of  the  actual  structure 
with  P12  =  0  and  uu  =  1-  In  the  particular  structure  shown  in  Figure  3.7, 
/ Mm  dx/EI  =  0  for  all  members,  and  fm2  dx/EI  is  applicable  only  to  member  23. 


o- 

n 


-O 


7M7  77777 

(i) 

Figure  3.7 


R    x 


TA 


77>£ 


77777 


(ii) 


Example  3.3 

Determine  the  tension  in  the  member  13  that  connects  the  cantilever  to  the  bracket 
234  as  shown  in  Figure  3.8.  The  cross-sectional  areas,  second  moment  of  areas, 
and  modulus  of  elasticity  of  the  members  are  A13  =  1  in2,  A34  =  A23  =  2  in2, 
I12  =  1440  in4,  E12  =  10,000 kips/in2,  and  E13  =  E23  =  E34  =  30,000 kips/in2. 


Solution 

The  force  in  member  13  is  considered  as  the  redundant,  and  the  actual  struc- 
ture is  replaced  by  system  (i)  plus  R  X  system  (ii). 

In  system  (i),  member  12  is  subjected  to  a  bending  moment,  and  there  are  no 
axial  forces  in  the  members.  Then,  over  the  cantilever  from  x  =  0  to  x  =  8.66  ft: 

M  =  -15% 
and: 

m  =  x 
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R  X 


and  the  relative  inward  movement  of  1  and  3  is: 

-2 


S'13   =  J  Mmdx/EI 

=  -15/       x2dx/EI 
Jo 

=  -15(8. 66)3  X  (12)2/  (3  X  10,000  x  1440) 
=  -  32.47  X  10~3  ft 

In  system  (ii),  member  12  is  subjected  to  a  bending  moment,  and  members  23  and 
34  are  subjected  to  axial  forces,  and  the  relative  inward  movement  of  1  and  3  is: 

6'[3     =  J2m2  6x1  EI  +  Z  uHlAE 

=  JS'66x2  dx/EI  +  2  x  (l)2  x  10  x  122  IAE 

=  (8.66)3  x  (12)2/(3  x  10,000  X  1440)  +  2  x  10/(2  X  30,000) 
=  (2.17  +  0.33)  X10~3 
=  2.50  x  10~3  ft 

The  extension  in  member  13  in  the  actual  structure  is: 

613  =-RX  5(1X30,000) 
=  -RX  0.167X10-3  ft 


Thus: 


-0.167R  =  -32.47  +  2.50R 


and: 


R  =  12.18  kips 


Example  3.4 

Determine  the  maximum  bending  moment  in  the  braced  beam  shown  in  Figure 
3.9.  The  cross-section  areas  of  the  members  are  A12  =  10  in2,  A34  =  5  in2, 
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A14  =  A24  =  2.5  in2.  The  second  moment  of  area  of  member  12  is  1440  in4, 
and  the  modulus  of  elasticity  is  constant  for  all  members. 

Solution 

The  force  in  member  43  is  considered  the  redundant,  and  the  actual  structure 
is  replaced  by  system  (i)  plus  R  X  system  (ii). 

f  Mm  dx/EI  and  fm2  dx/EI  are  applicable  only  to  member  12  with  M  =  3x 
and  m  =  x/2,  T,Pul/AE  =  0  and  T,u2l/AE  is  applicable  to  all  members: 

j2Mm  dx/EI  =  2  X  3jWX2  dx/2EI 

=  1000  X  124/1440£ 
=  100  X 122/E 

f2w2  dx/EI  =  2  fWx2  dx/4EI 
J\  Jo 

=  16.7X122/E 
T,u2l/AE  =  2  x  (2.55)2  x  10.2  x  122/2.5£  +  (2.50)2  X  20 
X122/10£  +  1X2X122/5E 
=  (53  +  12.5  +  0.4)xl22/E 
=  65.9xl22/£ 

-11(16.7  +  65.9)  =  100 


Thus: 


and: 


R  =  1.21  kips  compression 

The  vertical  component  of  the  tensile  force  in  member  14  is  0.605  kips. 
Thus,  the  maximum  bending  moment  in  the  beam  at  3  is: 


M, 


0.605)  x  10 


23.95  kip  ft 


Example  3.5 

Determine  the  force  in  member  56  of  the  frame  shown  in  Figure  3.10.  All 
members  have  the  same  cross-sectional  area,  modulus  of  elasticity,  and  second 
moment  of  area. 
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Solution 


The  tensile  force  in  member  56  is  considered  the  redundant,  and  the  actual 
structure  is  replaced  by  system  (i)  plus  R  X  system  (ii).  f  Mm  dx/EI  is  appli- 
cable only  to  member  34,  with  M  =  -(Wl/6  +  Wx/2)  and  m  =  b.  Jm2dx/EI 
is  applicable  to  member  34  and  also  to  members  53  and  64,  with  m  =  x. 
Y,Pul/AE  =  0,  and  T,u2l/AE  is  applicable  only  to  members  34  and  56  with  u  =  1. 
Then: 

j4Mm  dx/EI   =  -2Whj"\l/6  +  x/2)dx/EI 
=  -5Whl2/72EI 
T,Jm2  dx/EI  =  J4m2  dx/EI  +  2^m2  dx/EI 

=  h2  f"3 dx/EI  +  2fhx2  dx/EI 
Jo  Jo 

=  h2l/3EI  +  2h3/3EI 

Eu2l/AE  =  2X1X//3AE 

=  21/3AE 


Thus: 


R(h2l/3EI  +  2b3/3EI  +  21/3  AE)  =  5Wbl2/72EI 


3.6    Two-hinged  arch 

The  two-hinged  arch  shown  in  Figure  3.11  is  one  degree  indeterminate,  with 
the  horizontal  reaction  H  considered  the  external  redundant.  The  value  of  H 
may  be  determined  from  system  (i)  and  system  (ii)  by  considering  the  effects  of 
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moments,  axial  thrust,  and  shear  on  the  arch  rib.  Usually  the  arch  axis  closely 
follows  the  funicular  polygon  for  the  applied  loads,  and  shear  effects  are  small 
and  may  be  neglected. 

The  inward  movement  of  1  in  system  (i)  is: 


x\  =  jMmds/EI  +  JPuds/AE 


where  P  and  u  are  the  axial  thrusts  in  the  cut-back  structure  due  to  the  applied 
loads  and  the  virtual  unit  loads,  respectively,  and  M  and  m  are  the  moments  in  the 
cut-back  structure  due  to  the  applied  loads  and  the  virtual  unit  loads,  respectively. 
Thus: 

x\  =  fMyds/EI+  fv  sin  a  cos  a  ds/AE 
«  jMyds/EI 

The  inward  movement  of  1  in  system  (ii)  is: 

x'[  =  Jm2  ds/EI  +  Ju2  ds/AE 
=  Jy2  ds/EI  +  J  cos2  a  ds/AE 
=  Jy2  ds/EI  +  J  cosadx/ AE 
=  J y2  ds/EI  +  II AE 

where  /  is  the  arch  span  and  a  is  the  slope  of  the  arch  axis. 

When  the  arch  abutments  are  rigid,  the  movement  of  1  in  the  actual  struc- 
ture is: 

x1  =  0 
and: 

X-\  X-i    ~T~  11X1 

Thus: 

H  =  -jMyds/EI/(Jy2  ds/EI  +  II AE) 

When  the  rise  to  span  ratio  of  the  arch  exceeds  0.2,  the  rib-shortening  effects 
may  be  neglected  and: 

H  =  -J  My  ds/EI/  J  y2  ds/EI 

In  the  case  of  spread  of  the  abutments  by  an  amount  bx: 
xx  =  — 8x 
and: 

H  =  -(5x  +  J  My  ds/EI)/  J  y2  ds/EI 
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A  change  in  temperature  from  that  at  which  the  arch  was  erected  causes 
a  change  in  H.  For  a  rise  in  temperature  of  t°F  and  a  coefficient  of  thermal 
expansion  a: 


-atl  +  jMyds/EI 


and: 


H  =  -(atl  +  jMyds/EI)/Jy2ds/EI 


where  t  is  positive  for  a  rise  in  temperature  and  negative  for  a  fall  in 
temperature. 

In  the  case  of  reinforced-concrete  arch  ribs,  the  shrinkage  of  the  concrete 
has  a  similar  effect  to  a  fall  in  temperature.  For  concrete  with  an  ultimate 
shrinkage  strain  of  300  X  10~6  in/in  and  a  coefficient  of  thermal  expansion  of 
6  X  10~6  in/in/°F,  the  shrinkage  is  equivalent  to  a  fall  in  temperature  of  50°F. 

The  axial  thrust,  shear,  and  bending  moment  at  any  section  3  of  the  arch 
may  be  obtained  from  Figure  3.12  as: 

P  =  Hcosa  +  Vsina  —  Ws'ma 
Q  =  Hsina  —  Vcosa  +  Wcosa 
M  =  -Hy  +  Vx-  Wx34 


Figure  3.12 

Example  3.6 

The  parabolic  arch  shown  in  Figure  3.13  has  a  second  moment  of  area  that 
varies  directly  as  the  secant  of  the  slope  of  the  arch  rib.  Neglecting  the  effects 
of  axial  and  shear  forces,  determine  the  horizontal  thrust  at  the  supports  and 
the  bending  moment  at  a  point  20  ft  from  the  left-hand  support. 


Solution 

The  equation  of  the  arch  axis,  taking  the  origin  at  1,  is: 

y  =  x(80  -  x)/160 
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Figure  3.13 

The  second  moment  of  area  at  any  section  is  given  by: 

I  =  I0  sec  a 
=  I0  dsldx 

where  I0  is  the  second  moment  of  area  at  the  crown. 
Thus: 

H  =  -jMyds/EI/Jy2ds/n 

=  -  f  Mydx/  f  y2dx 

=  -2j4°(x2/2  -  40)ydx/2j4°y2dx 

f40  f40 

=  -160 J     (  -x4/2  +  80x3  -  3200x2)dx/J     (x4  -  160x3 

+  6400x2)dx 
=  80  kips 

At  x  =  20  ft,  y  =  7.5  ft,  and  the  bending  moment  in  the  rib  is: 

M  =  60  x  20  -  80  x  7.5  -  2  X  (20)2/2 

=  200  kip-ft  with  tension  on  the  inside  of  the  arch 


3.7    The  tied  arch 

The  two-hinged  tied  arch  shown  in  Figure  3.14  is  one  degree  indeterminate, 
and  the  tension  in  the  tie  may  be  considered  as  the  redundant. 
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The  inward  movement  of  1  in  system  (i)  is: 

x[  =  JMyds/EI 
The  inward  movement  of  1  in  system  (ii),  allowing  for  rib  shortening,  is: 

x'[  =  Jy2ds/EI  +  l/AE 

The  movement  of  1  in  the  actual  structure  is  outward  and  consists  of  the 
extension  in  the  tie,  which  is  given  by: 

xx  =  -HllAtE 

where  At  is  the  cross-sectional  area  of  the  tie. 
Then: 


vV  i  Ai         I      Jv  1 


and: 


H  =  -jMyds/EI/(Jy2  ds/EI  +  II AE  +  l/AtE) 


Example  3.7 

The  two  parabolic  arches  shown  in  Figure  3.15  have  second  movement  of 
areas  that  vary  directly  as  the  secant  of  the  slope  of  the  arch  ribs  and  have  the 
same  value  at  the  crown.  Neglecting  the  effects  of  axial  and  shear  forces,  deter- 
mine the  horizontal  component  of  the  axial  forces  in  the  arches. 


Figure  3.15 


Solution 

For  the  upper  arch: 

y  =  3x(80  -  *)/160 
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and: 


jMyds/EI  =  2j2Mydx/EIQ  +  2j3Mydx/EI0 

=  -2  J     5xydx/EI0-2J     150ydx/EIo 
= -185,000/£Jo 

n  />40 

HJ  y2  ds/EI  =  2HJ      y2  dx/EI0 
=  38,400H/EIo 

For  the  tie,  y  =  x(80  —  x)/160,  and  the  extension  is: 


-40 


y2  ds/EI  =  2HJ     y2  dx/EI0 
=  4270H/£Z„ 


Thus: 


H  =  185,000/(38,400  +  4270) 
=  4.35  kips 


3.8    Spandrel  braced  arch 

The  two-hinged  spandrel  braced  arch  shown  in  Figure  3.16  is  one  degree  inde- 
terminate, and  the  horizontal  reaction  at  the  hinges  may  be  regarded  as  an 
external  redundant.  Allowing  for  a  rise  in  temperature  t°F  and  a  spread  of  the 
abutments  by  an  amount  fix,  the  reaction  is: 

H  =  (atl  -bx-  ZPuU  AE)/(Eu2l/AE) 


Figure  3.16 


An  alternative  procedure  is  to  regard  member  12  as  an  internal  redundant 
and  obtain  a  solution  by  the  method  of  Section  3.2. 
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Example  3.8 

Determine  the  member  forces  in  the  two-hinged  spandrel  braced  arch  shown 
in  Figure  3.17.  All  members  have  the  same  cross-sectional  area  and  the  same 
modulus  of  elasticity. 


Solution 

The  force  R  in  member  54  is  chosen  as  the  redundant,  and  member  forces  P 
and  u  are  obtained  from  (i)  and  (ii)  and  are  tabulated  in  Table  3.3. 


Table  3.3  Determination  of  forces  in  Example  3.8 


Member 

P 

I 

it 

Pul 

uH 

P  +  uR 

12 

-6.94 

11.56 

-0.85 

68.2 

8.36 

-4.30 

23 

-3.47 

3.44 

-1.10 

13.1 

4.16 

-0.05 

34 

-5.53 

11.56 

-0.85 

54.3 

8.36 

-2.89 

51 

1.06 

11.05 

1.0 

11.7 

11.05 

-2.06 

53 

1.06 

2.55 

1.0 

2.7 

2.55 

-2.06 

52 

0 

2.55 

1.0 

0.0 

2.55 

-3.11 

54 

0 

11.05 

1.0 

0.0 

11.05 

-3.11 

Total 

150.0 

48.08 

Thus: 


R  =  -  ZPul/EuH 

=  -150/48.08 

=  3.11  kips  compression 


The  remaining  member  forces  are  given  by  the  expression  (P  +  uR). 
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Supplementary  problems 

S3.1  All  members  of  the  pin-jointed  frame  shown  in  Figure  S3.1  have  a  con- 
stant value  for  AE  of  60,000  kips.  Member  24  is  fabricated  1/8  in  too  long. 
Determine  the  resultant  force  in  member  24  due  to  the  lack  of  fit  and  the 
applied  load  of  20  kips. 


Figure  S3.1 

S3. 2  All  members  of  the  pin-jointed  frame  shown  in  Figure  S3. 2  have  a  con- 
stant value  for  AE  of  60,000  kips.  Member  26  is  fabricated  1/20  in  too  long. 
Determine  the  resultant  force  in  members  24  and  26  due  to  the  lack  of  fit. 


5' 


Figure  S3. 2 

S3. 3  All  members  of  the  frame  shown  in  Figure  S3. 3  are  of  uniform  section. 
Determine  the  force  in  member  13  due  to  the  applied  load  W. 


Figure  S3. 3 
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S3. 4  The  trussed  beam  shown  in  Figure  S3. 4  is  constructed  with  a  wood  beam 
12  and  strut  34  and  1  in  diameter  steel  tie  rods  41  and  42.  The  cross-sectional 
area  and  second  moment  of  area  of  the  beam  are  86  in2  and  952  in4.  The 
cross-sectional  area  of  the  strut  is  26  in2,  and  the  ratio  of  the  modulus  of  elas- 
ticity of  steel  and  wood  is  18.  Calculate  the  force  in  the  strut  caused  by  a  uni- 
formly distributed  load  of  1  kip/ft  over  the  beam. 


10' 


10' 


lVft 


Figure  S3. 4 

S3. 5  The  tied  parabolic  arch  shown  in  Figure  S3. 5  has  a  flexural  rigidity  that 
varies  directly  as  the  secant  of  the  slope  of  the  arch  rib  and  has  a  value  of  EIQ 
at  the  crown.  The  area  and  modulus  of  elasticity  of  the  tie  rod  are  At  and  Et, 
and  the  ratio  EIJAtEt  =  2.5  ft2.  Determine  the  force  in  the  tie  rod  caused  by 
the  100  kip  concentrated  load  at  the  crown. 


Figure  S3. 5 

S3. 6  The  two  parabolic  arches  shown  in  Figure  S3. 6  have  second  movement  of 
areas  that  vary  directly  as  the  secant  of  the  slope  of  the  arch  ribs  and  have  the 
same  value  at  the  crown.  Neglecting  the  effects  of  axial  and  shear  forces,  deter- 
mine the  horizontal  component  of  the  axial  force  in  the  arches. 


Figure  S3. 6 
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S3. 7  The  two-hinged  arch  shown  in  Figure  S3. 7  has  a  uniform  cross-section 
throughout.  Neglecting  the  effects  of  axial  and  shear  forces,  determine  the  hor- 
izontal thrust  at  the  supports  caused  by  the  10  kip  load  located  as  indicated. 


►h^H 


10' 


8' 


,10k 


Figure  S3. 7 


S3. 8  The  parabolic  arch  rib  shown  in  Figure  S3. 8  has  a  flexural  rigidity  that 
varies  directly  as  the  secant  of  the  slope  of  the  arch  rib  and  has  a  value  of  EI0 
at  the  crown.  The  flexural  rigidity  of  both  columns  also  has  a  value  of  EI0, 
Determine  the  horizontal  thrust  at  the  supports  caused  by  the  concentrated 
load  W  at  the  crown.  Neglect  the  effects  of  axial  and  shear  force. 


H- 


2ci 


W 


"i 


r 


a/2 


Figure  S3. 8 
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S3. 9  The  cable-stayed  bridge  shown  in  Figure  S3. 9  consists  of  a  continuous 
main  girder  12,  supported  on  rollers  where  it  crosses  the  rigid  piers,  and  two 
cables  that  are  continuous  over  frictionless  saddles  at  the  tops  of  the  towers. 
The  modulus  of  elasticity,  cross-sectional  areas,  and  second  moments  of  area 
of  the  members  are  given  in  the  Table.  Determine  the  force  T  in  the  cables  pro- 
duced by  a  uniform  load  of  1  kip/ft  over  the  girder. 


Member 


kips/ii 


Cable 

30,000 

Tower 

3000 

Girder 

3000 

100,000 


20 

100 

1000 


30' 


///// 

30'  30' 


Figure  S3. 9 
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Conjugate  beam  methods 


Notation 

A  cross-sectional  area  of  a  member 

E  Young's  modulus 

I  second  moment  of  area  of  a  member 

/  length  of  a  member 

M  bending  moment  in  a  member  due  to  the  applied  load 

M'  bending  moment  in  a  conjugate  member  due  to  the  elastic  load 

P  axial  force  in  a  member  due  to  the  applied  load 

Q  shear  force  in  a  member  due  to  the  applied  load 

Q'  shear  force  in  a  conjugate  member  due  to  the  elastic  load 

R  redundant  force  in  a  member 

w  intensity  of  applied  load  on  a  member 

w'  intensity  of  elastic  load  on  a  conjugate  member,  M/EI 

W  applied  load  on  a  member,  fw  dx 

W  elastic  load  on  a  conjugate  member,  JM  dx/EI 

x  horizontal  deflection 

y  vertical  deflection 

8  deflection  due  to  the  applied  load 

8tj  deflection  at  i  due  to  a  unit  load  applied  at  / 

612  extension  produced  in  member  12  by  the  applied  load 

A2  angle  change  at  joint  2  of  a  triangular  frame  due  to  the  applied  load 

e12  strain  produced  in  member  12  by  the  applied  load 

6  rotation  due  to  the  applied  load 


4.1     Introduction 

The  conjugate  beam  method  may  be  used  to  obtain  an  expression  for  the 
entire  deflection  curve  over  the  whole  of  a  structure.  This,  in  combination  with 
Muller-Breslau's  principle,  may  then  be  used  to  obtain  influence  lines  for  the 
structure. 

The  method  may  also  be  used  to  determine  fixed-end  moments  and  support 
reactions  in  continuous  beams  and  frames,  though  generally  the  column  anal- 
ogy and  moment  distribution  methods  are  preferred  methods  of  solution. 
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4.2     Derivation  of  the  method 

The  simply  supported  beam  shown  in  Figure  4.1  is  subjected  to  an  applied 
loading  of  intensity  w,  positive  when  acting  upward.  The  shear  force  at  any 
section  is  given  by  the  area  under  the  load  intensity  curve  as: 

Q  —   I  w  dx 


Figure  4.1 

with  shear  force  upward  on  the  left  of  a  section  regarded  as  positive.  The  bend- 
ing moment  at  any  section  is  given  by  the  area  under  the  shear  force  curve  as: 


M  =  jQdx 


with  the  bending  moment  producing  tension  in  the  bottom  fiber  regarded  as 
positive.  In  addition,  the  curvature  at  any  section  is  given  by: 

d2y/dx2  =  1/R 
=  MJEI 

and  the  slope  and  deflection  at  any  section  are  given  by: 

dy/dx  =9 

=  jMdx/EI 
y  =  6 
=  JjMdx/EI 

with  x  positive  to  the  right  and  y  positive  upward. 

An  analogous  beam,  known  as  the  conjugate  beam,  shown  in  Figure  4.2,  is 
subjected  to  an  applied  loading  of  intensity: 

w'  =  M/EI 


where  M  is  the  bending  moment  in  the  actual  beam  at  any  section,  and  JM/EI 
is  known  as  the  elastic  load. 
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M/EI 


Figure  4.2 

The  shear  and  bending  moment  at  any  section  in  the  conjugate  beam  are 
given  by: 


Q  =  fw'dx 
=  jMdx/EI 


M 


jQ'dx 

=  JfM  dx/EI 

=  8 

where  9  and  8  are  the  slope  and  deflection  at  any  section  in  the  real  beam. 

Thus,  the  slope  and  deflection  at  any  section  in  the  real  beam  are  given  by  the 
shear  and  bending  moment  at  that  section  in  the  conjugate  beam,  and  the  elas- 
tic curve  of  the  real  beam  is  given  by  the  bending  moment  diagram  of  the  con- 
jugate beam.  The  end  slope  and  end  deflection  of  the  real  beam  are  given  by  the 
end  reaction  and  end  moment  of  the  conjugate  beam.  The  maximum  deflection 
in  the  real  beam  occurs  at  the  position  of  zero  shear  in  the  conjugate  beam. 


4.3     Sign  convention 

The  conjugate  structure  consists  of  the  centerlines  of  the  real  structure  and  is 
placed  in  a  horizontal  plane. 

In  the  case  of  beams,  the  elastic  load  applied  to  the  conjugate  beam  is  posi- 
tive (i.e.,  acts  vertically  upward)  when  the  bending  moment  in  the  real  beam  is 
positive  (i.e.,  tension  in  the  bottom  fiber).  The  deflection  of  the  real  beam  at 
any  section  is  positive  (i.e.,  upward)  when  a  positive  bending  moment  occurs 
at  the  corresponding  section  of  the  conjugate  beam.  The  slope  of  the  real  beam 
is  positive  when  a  positive  shear  force  occurs  at  the  corresponding  section  of 
the  conjugate  beam. 

In  the  case  of  frames,  the  elastic  load  applied  to  the  conjugate  frame  is  posi- 
tive (i.e.,  acts  vertically  upward)  when  the  outside  fiber  of  the  real  frame  is  in 
compression.  The  displacement  of  the  real  frame  at  any  section  is  perpendicu- 
lar to  the  lever  arm  used  to  determine  the  moment  in  the  conjugate  frame  and 
outward  when  a  positive  bending  moment  occurs  at  the  corresponding  section 
of  the  conjugate  frame. 
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4.4    Support  conditions 

The  restraints  of  the  conjugate  structure  must  be  consistent  with  the  displace- 
ments of  the  real  structure. 

At  a  simple  end  support  in  the  real  structure,  shown  in  Table  4.1  (i),  there  is 
a  rotation  but  no  deflection.  Thus,  the  corresponding  restraints  in  the  conju- 
gate structure  must  be  a  shear  force  and  a  zero  moment,  which  are  produced 
by  a  simple  end  support  in  the  conjugate  structure.  The  elastic  load  on  the 
conjugate  beam  is  upward  and  is  expressed  as  W  =  Wl2/8EI.  The  slope  of  the 
real  beam  at  1  and  the  deflection  at  3  are: 


°\ 

=  -W'/2 

=  -Wl2/16EI  ...  clockwise 

h 

=  <y/2  +  W//12 

=  -Wli/48EI  ...  downward 

At  a  fixed  end  in  the  real  structure,  shown  in  Table  4.1  (ii),  there  is  neither  a 
rotation  nor  a  deflection.  Thus,  there  must  be  no  restraint  at  the  corresponding 
point  in  the  conjugate  structure,  which  must  be  a  free  end.  The  elastic  loads  on 
the  conjugate  beam  consist  of  a  downward  load  due  to  the  fixing  moments 
of  W[  =  —Ml/EI  and  an  upward  load  due  to  the  free  bending  moment  of 
W'2  =  Wl2/8EI  ■  For  equilibrium  of  the  conjugate  beam,  W[  =  -W'2  and 
M  =  Wl/8,  with  tension  in  the  top  fiber  as  shown. 

At  a  free  end  in  the  real  structure,  shown  in  Table  4.1  (iii),  there  is  both  a 
rotation  and  a  deflection.  Thus,  the  corresponding  restraints  in  the  conjugate 
structure  are  a  shear  force  and  a  bending  moment,  which  are  produced  at  the 
fixed  end.  The  elastic  load  on  the  conjugate  beam  is  downward  and  is  expressed 
as  W  =  —  Wl2/2EI.  The  slope  and  deflection  of  the  real  beam  at  2  are: 

92  =-W 


Wl2/2EI  ...  clockwise 
lW'l/3 

—WP/3EI  ...  downward 


S2  =  2W'l/3 


At  an  interior  support  in  the  real  structure,  shown  in  Table  4.1  (iv),  there 
is  no  deflection  and  a  smooth  change  in  slope.  Thus,  there  can  be  no  moment 
and  no  reaction  at  the  corresponding  point  in  the  conjugate  structure,  which 
must  be  an  unsupported  hinge.  The  elastic  loads  on  the  conjugate  structure 
consist  of  downward  loads  due  to  the  fixing  moment  of  W[  =  —MI/2EI  and 
upward  loads  due  to  the  free  bending  moments  of  W'2  =  Wl2/8EI .  The  slope 
of  the  real  beam  at  1  is: 

el=-W[-w'2 

=  Ml/2EI-Wl2/8EI 
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Table  4.1 


(i) 


\w 
H [ H 


(ii)       i 


(iii) 


w 

2 


(iv) 


(V) 


I  W  I  W 

t      (P,    t 


\w  „      lie  , 


1  .1.  '  .1 


W,  W 


J^mJ 


(vi) 


l         A 


3 
///// 
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Taking  moments  about  2'  for  member  1'2': 
0  =  W1  +lW'1/3  +  lW'2/2 

And: 

M  =  3W//16...  with  tension  in  the  top  fiber  as  shown. 

At  an  interior  hinge  in  the  real  structure,  shown  in  Table  4.1  (v),  there  is  a 
deflection  and  an  abrupt  change  of  slope.  Thus,  the  corresponding  restraints  in  the 
conjugate  structure  are  a  moment  and  a  reaction,  which  are  produced  by  an  inte- 
rior support.  The  elastic  loads  on  the  conjugate  structure  are  downward  and  are 
expressed  as  W  =  —  Wl2/8EI.  The  slope  and  deflection  of  the  real  beam  at  2  are: 

92  =  -2W 


Wl2/4EI 
6 
5WP/4SEI 


S2  =SlW'/6 


The  outside  fibers  of  both  members  of  the  real  frame,  shown  in  Table  4.1 
(vi),  are  in  tension  throughout.  Thus,  the  elastic  loads  on  both  members  of 
the  conjugate  frame  are  downward  and  are  expressed  as  W[  =  —Whl/EI  and 
W2  =  —Wl2/2EI ,  respectively.  The  vertical  deflection  of  the  real  frame  at  1  is: 

yx  =  EWV 

=  W[x[  +W'2x[ 

=  -Whl2/EI-Wl3/3EI 

and  is  inward  (downward)  since  the  bending  moment  at  1'  produces  tension  in 
the  top  fiber.  The  horizontal  deflection  of  the  real  frame  at  1  is: 

Xi=Ewy 

=  W[y[ 

=  -Wh2/2EI 

The  sense  of  this  deflection  is  obtained  by  considering  the  deflection  of  the 
real  frame  at  2.  The  bending  moment  at  2'  produces  tension  in  the  top  fiber, 
and  thus  the  deflection  of  2  is  inward  (to  the  right)  and  the  deflection  of  1 
must  also  be  to  the  right. 


4.5     Illustrative  examples 

Example  4.1 

Determine  the  deflection  and  rotation  at  the  free  end  of  the  cantilever  shown 
in  Figure  4.3  (i)  and  derive  the  equation  of  the  elastic  curve. 
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Figure  4.3 

Solution 

For  the  real  beam,  the  intensity  of  loading  is: 

w  =  -IWxIl2 
the  shear  is: 

Q  =  -Wx2/l2 
and  the  moment  is: 

M  =  -Wx3/3/2 
For  the  conjugate  beam,  the  intensity  of  loading  is: 

w'  =  -WxVdEIl2 
and  the  rotation  at  1  is  given  by: 

6t  =  -W 

=  f'wx3dx/3EIl2 
Jo 

=  Wl2/12EI  ...  anticlockwise 
and  the  deflection  at  1  is  given  by: 

S1  =  W'x 

=  —  I   w'x  dx 
Jo 

=  -f'wx4dx/3EIl2 
Jo 

=  -WP/15EI  ...  downward 

The  slope  at  any  section  in  the  real  beam  is: 

Q'  =  9l  +  Jw'dx 

=  Wl2/12EI  -JWx3  dx/3EIl2 
=  W(l4-x4)/12EIl2 
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The  deflection  at  any  section  in  the  real  beam  is: 

M'  =  S1  +  fQ'dx 

=  -WP/15EI  +  Wj(l4-x4)  dxlllEIl2 
=  -W(4ls-5l4x  +  xs)/60EIl2 


Example  4.2 

A  simply  supported  steel  beam  of  20  ft  effective  span  carries  a  uniformly 
distributed  load  of  20  kips.  Flange  plates  are  added  to  the  central  10  ft  of 
the  beam  in  order  to  limit  the  deflection  to  1/480  of  the  span.  Determine 
the  second  moment  of  area  required  for  the  central  portion  if  the  second 
moment  of  area  of  the  plain  beam  is  200  in4  and  the  modulus  of  elasticity  is 
29,000  kips/in2. 


(i) 


50/EI 


5'  10'  5' 


(ii) 


112.5/E/! 

J37.5/E/, 


1.875' 
2.5' 


WU 

LWi                \ 

1 1 

II           ^J 

(ill) 

Figure  4.4 


31.5/EI-, 


\2.5IEIj 


Solution 

The  loading  on  the  conjugate  beam  is  shown  in  Figure  4.4,  which  can  be 
replaced  by  the  three  loading  conditions  (i),  (ii),  and  (iii)  where  Ij  and  I2  are 
the  second  moment  of  areas  of  the  plain  beam  and  the  plated  beam,  respec- 
tively, and  the  bending  moment  at  the  center  of  the  real  beam  is  50  kip-ft. 
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Thus,  the  elastic  loads  are: 

W\  =0.67X10X50/E71 

=  333/E/i 
W2  =  -0.67  x  5  X  12.5/E^ 

=  -42/EIj 
W;=-5x  37.5/EJj 

=  -187/EJj 
W4  =  0.67  x  5  x  12.5/£I2 

=  42/EI2 
Wc  =  5  X  37.5/EJ, 

and: 


187/£72 


fy  =  -  w;  -  W2  -  W3  -  W'4  -  W'5 
=  -104/E/j  -  229 / EI 2 

The  central  deflection  of  the  real  beam  is: 

<53  =  (10  X  0,)  +  (3.75 XW[)  +  (1.875 x  W2)  +  (2.5  x  W3) 
+  (1.875  XW;)  +  (2.5  XW5) 
=  -339/EI^  -  1745/£72 
=  -20/480 

Thus: 

1745/E,  =20  x  29,000/(480  X 144) -339/200 

and: 

I2  =260  in4 


Example  4.3 

Determine  the  horizontal  displacement  of  the  roller  1  of  the  rigid  frame  shown 
in  Figure  4.5.  All  the  members  of  the  frame  have  the  same  second  moment  of 
area  and  the  same  modulus  of  elasticity. 

Solution 

The  bending  moment  diagram,  drawn  on  the  compression  side  of  the  mem- 
bers, is  shown  at  (i),  and  the  elastic  load  on  the  conjugate  frame  is  shown  at 
(ii).  The  elastic  loads  are: 

W[  =  0.5  X  15  x  30W/EI 

=  225W/EI 
W'2  =  9  x  30W/E7 

=  270W/EJ 
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L  J 


f^ 


21V 


2VV 


24' 


W3  =  0.5  x  6  x  6W/EI 


18W/EI 

6X24W 
1 44  W/EI 


W'4=6x  24W/EI 


W5  =0.5xl8xl8W/£7 
=  162W/EI 

The  horizontal  displacement  at  1  is: 

xj  =Ewy 

=  24W[  +  24W2  +  22W3  +  21W;  +  12W^ 
=  17, 244WI  EI 

and  is  outward  since  the  moment  at  1'  produces  tension  in  the  bottom  fiber. 

Example  4.4 

Determine  the  bending  moments  in  the  continuous  beam  shown  in  Figure  4.6. 
Flange  plates  are  added  to  the  24  ft  portion  of  the  beam  between  the  applied 
loads  so  as  to  double  the  second  moment  of  area. 
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'M 


12' 


12' 


\ 
\ 

\3 


12' 


12' 


Solution 

The  bending  moment  diagram  is  shown  at  (i),  where  —Mi  and  —  M3  are  the 
fixed-end  moments  and  —  M2  is  the  support  moment. 

The  elastic  loads  on  the  conjugate  beam  are  shown  at  (ii),  where  £7=1  over 
the  central  portion  of  the  beam  and  EI  =  Vi  over  the  end  12  ft  portions.  The 
elastic  loads  are: 

W[  =  144 

W2  =  72 
W'3=6(Ml-M2) 
W\  =-12(Ml  +M2) 
W5  =-3(M\-M2) 
W'6  =  -12  M2 
W7  =-3(M3-M2) 
W's  =  -12(M3  +  M2) 
W9  =-6{Mi-M2) 
W'w  =288 


For  equilibrium  of  the  conjugate  beam: 


1W[  +W'2+  W1Q  +  W3  +  WA  +  W5  +  2W6  +  W'7  +  W's  +  W'9  =  0 
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and: 

216-7Ml-10M2-7M3  =  0  ...(1) 

Taking  moments  about  2'  for  member  1'2': 

16  W[  +  8W2  +  20W3  +  18W;  +  8W^  +  6W6  =  0 
and: 

40-5M1~2M2=0  ...(2) 

Taking  moments  about  2'  for  member  2 '3': 

80-5M3-2M2  =0  ...(3) 

Solving  equations  (1),  (2),  and  (3)  simultaneously: 

M,  =  3.63  kip-ft 
M2  =  10.83  kip-ft 
M3=  11.63  kip-ft 


Example  4.5 

The  grid  shown  in  Figure  4.7  is  simply  supported  at  the  four  corners  and  con- 
sists of  members  of  uniform  section  pinned  together  at  their  intersections. 
Determine  the  distribution  of  bending  moment  in  each  member. 


Solution 

The  deflections  produced  at  the  interconnections  are  indicated  at  (i).  The  inter- 
nal reactions  at  the  interconnections  may  be  considered  as  the  redundants  and 
are  indicated  at  (ii).  Along  the  diagonals,  these  reactions  are  zero  due  to  the 
symmetry  of  the  structure  and  applied  loading.  The  applied  loads  and  deflec- 
tions of  beams  11,  22,  and  33  are  indicated  at  (iii),  (iv),  and  (v). 

Let 

Sjj  =  deflection  at  i  due  to  a  unit  load  at ;'. 

Then,  the  values  of  6$,  may  be  obtained  from  (vi)  and  (vii)  as: 

hb  =  Mf 

=  -7a3/8  +  3a3/24 

=  -3a3/4 
Scb  =  Mc, 

=  -10a3/8  +  2a3/6 

=  -lla3/12 

=  6bc 
=  Sdc 
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o         *i       * 


I1 

a  |fo  c 


d         e 


(vi) 


|W8      1*1  1*2         1*1         | 

0  d,  61        <5,         0 


WAS 
1 


(in) 


(vii) 


a  b         1  c  d         e 


(viii) 


.f'   ,     £  ,     ft 

(iv)  <*1  ^4  <53  ^4  <5i 


kR2      i«3       |W/2     iR3       |R2 


(v)  °2 


<52         <53  (35 


Figure  4.7 
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hb  =  Md' 

=  -5a3/8  +  a3/24 
=  -7a3/12 

where: 

EI  =  1 

The  values  of  6ic  may  be  obtained  from  (viii)  and  (ix)  as: 

=  -2a3  +  2a3/3 
=  -4a3/3 

where: 

EI  =1 

The  deflections  of  beam  11  are  obtained  from  (iii)  as: 

61=Ri(6bb+6bd)  +  R26be 

=  -\6Rxail\2-\\R1a3l\2     ...(1) 

S2  =  R1(6cb+6cd)  +  R26cc 

=  ~22R1a3/12-4R2a3/3     ...(2) 

The  deflections  of  beam  22  are  obtained  from  (iv)  as: 

(*3-«i)  =  ¥« 

=  -4R3a3/3    ...  (3) 

The  deflections  of  beam  33  are  obtained  from  (v)  as: 

(63-62)  =  -R3(6bb+8bd)  +  0.5W6bc 

=  4R3a3/3-llWa3/24  ...(4) 

Equation  (2)  —  equation  (1)  =  equation  (3)  —  equation  (4).  Thus: 

12R1  +10R2-64R3  +11W  =  0      ...(5) 

Considering  the  equilibrium  of  beams  11  and  22: 

2ft1+R2-W/4  =  0        ...(6) 
and: 

2Rt-R3  =0      ...(7) 
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Solving  equations  (5),  (6)  and  (7)  simultaneously,  we  obtain: 

R2  =0.05W 
R3  =  0.2W 

and  the  bending  moments  in  the  members  are  shown  at  (x),  (xi),  and  (xii). 

When  the  number  of  internal  reactions  exceeds  three,  the  matrix  method 
given  by  Stanek2  is  a  preferred  method  of  solution. 


4.6     Pin-jointed  frames 

The  change  in  slope  for  a  member  of  a  rigid  structure  is  given  by: 
dS  =  Mdx/EI 

and  constitutes  the  load  on  a  small  element  dx  of  the  conjugate  beam. 

The  change  in  slope  of  a  pin-jointed  frame  is  concentrated  at  the  pins  and  is 
known  as  the  angle  change.  Thus,  the  deflections  at  the  panel  points  of  a  pin- 
jointed  frame  are  given  by  the  bending  moments  at  the  corresponding  points  in 
a  conjugate  beam  loaded  with  the  total  angle  change  at  the  panel  points. 

In  the  pin-jointed  frame  shown  in  Figure  4.8,  the  applied  load  produces  a 
force  in  each  member  and  a  change  in  the  length  of  each  member.  Due  to  these 
changes  in  length,  all  angles  in  the  frame  change.  The  total  angle  changes  at 
the  bottom  chord  panel  points  are  £A2,  £A3,  £A4,  £A5,  and  £A6  and  are 
the  applied  loads  on  the  conjugate  beam  at  (i),  with  a  decrease  of  angle  giving 
a  positive  load.  The  deflections  of  panel  points  2,  3,  4,  5,  and  6  are  given  by 
the  bending  moments  at  2',  3',  4',  5',  and  6'  and  are  positive  when  the  corre- 
sponding conjugate  beam  moment  produces  tension  in  the  bottom  fiber  of  the 
conjugate  beam. 


(i) 


t 

2 

3T 
*W 

4 

5 

6 

7t 

■\ 

2' 

3' 

4' 

5' 

6' 

''1 

TSA2 

TSA3 
Figure 

TZA4 
:4.8 

t  DA5 

tlA6 
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The  member  forces,  P,  due  to  the  applied  loads  in  a  basic  triangle  of  a  pin- 
jointed  frame  shown  in  Figure  4.9(i)  produce  extensions  in  the  members  of  S12, 
<523,  631.  The  angle  change  at  1  is  given  by: 

A  =  T.Pul/AE 


(ii)  Forces  u 


(i)  Forces  P 


Figure  4.9 


where  u  is  the  force  in  a  member  due  to  a  unit  couple  applied  to  1  and  3,  as 
shown  at  (ii). 
Thus: 

A  =  U12S\2  +  M23^23  +M31*31 

u12  =  —cot  Z2//12 
«31  =  -cot  Z3//31 

M23  =  1/p 

=  (cot  Z3  +  cot  Z2)//23 

Hence: 

A  =  cot  Z2(£23//23  -512//12)  +  cot  Z3(S23/l23-613/ln) 
=  cot  Z2(e23  -  e12 )  +  cot  Z3(e23  -  e13) 

where  e  is  the  strain  produced  in  a  member  by  the  applied  loads  on  the  pin- 
jointed  frame  with  tensile  strain  positive.  Similarly: 

A,  =  cot  Z3(e13  -s23)  +  cot  Zl(e13  -e12) 
A,  =  cot  Zl(e12  -  e13)  +  cot  Z2(e12  -  e23 ) 

A  comprehensive  review  of  the  method  has  been  given  by  Lee3. 


Example  4.6 

Determine  the  deflections  at  the  panel  points  of  the  pin-jointed  frame  shown  in 
Figure  4.10.  All  members  of  the  frame  have  the  same  length,  area,  and  modu- 
lus of  elasticity. 
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4a 

8a 

6a 

4a 

2a 

4a/  \ 

,     /  -4a 

An 
\2/ 

-4a\ 

-2a 
\3/ 

2a^ 

-2a 

\y 

2a 

-2a 

2« 

-2a 
\6/ 

2a\ 

,    7 

T       -2a 

2/3  1 

—6a 

-la 

—5a 

—  3a 

-a 

1 1/3 

(1) 


^ 


116/3  153/3  124/3  116/3  18/3  ?/ 

2'  3'  4'  5'  6'  ~f  49.7/3 


Figure  4.10 


So/wt/on 

The  member  forces  due  to  the  applied  load  are  indicated  on  the  figure,  where 
a  =  1/3V3.  The  total  angle  changes  at  the  panel  points  are: 

EzA2  =  {(4  +  4  +  4  +  2)  +  (4  +  4  +  4  -  4)  +  (-4  +  6  -  4  -  4)}a/AE^3 
=  16/3 

EA,  ={(4 +  6  +  4  + 4) +  (8 +  4  +  8  + 2) +  (2 +  2  +  2  +  7)}a/A£v;3 

=  53/3 
E  A  ={(-2 +  7-2- 2) +  (6 -2  +  6  + 2) +  (2 +  2  +  2  +  5)}a/A£v;3 

=  24/3 
E  A  ={(-2 -2-2  + 5) +  (4 -2  +  4  + 2) +  (2 +2  +  2  +  3)}a/A£,/3 

=  16/3 
E  A  =  {(-2  -  2  -  2  +  3)  +  (2  -  2  +  2  +  2)  +  (2  +  2  +  2  +  l)}a/A£^3 


where  /3  =  1/9 AE.  The  loads  on  the  conjugate  beam  are  shown  at  (i). 

The  panel  point  deflections  are  given  by  the  bending  moments  at  the  corre- 
sponding points  in  the  conjugate  beam: 


<s 

=  M2,  =  67.31(3 

h 

=  M3,=  118.7//3 

s4 

=  M4, 

=  117.0//3 

6, 

=  M5, 

=  91.3113 

k 

=  M6, 

=  49.71/3 
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Supplementary  problems 

Use  the  conjugate  beam  method  to  solve  the  following  problems. 

S4.1  Determine  the  support  moment  at  the  end  1  of  the  fixed-ended  beam 

shown  in  Figure  S4.1. 


w 


Figure  S4.1 

S4.2  For  the  non-uniform  beam  shown  in  Figure  S4.2,  determine  the  rotation 
produced  at  support  1  and  the  deflection  produced  at  point  3  by  the  concen- 
trated load  W.  The  relative  EI  values  are  shown  ringed. 


1/4 


III 


1/4 


©  ©         |  3 


© 


111 


Figure  S4.2 

S4.3  Determine  the  deflection  at  the  free  end  of  the  cantilever  shown  in  Figure 
S4.3.  A  uniformly  distributed  load  w  is  applied  over  a  length  a  from  the 
support. 


l-a 


-H 


1  '/. TTT 


Figure  S4.3 


S4.4  Determine  the  fixed-end  moments  produced  by  the  application  of  the 
moment  M  at  point  3  in  the  non-prismatic  beam  shown  in  Figure  S4.4.  The 
relative  EI  values  are  shown  ringed. 
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Figure  S4.4 

S4.5  Determine  the  fixed-end  moments  produced  by  the  applied  load  indicated 
in  the  non-prismatic  beam  shown  in  Figure  S4.5.  The  relative  EI  values  are 
shown  ringed. 


10' 


10' 


10' 


© 


r/ft 




© 


_r 


Figure  S4.5 

S4.6  Determine  the  fixed-end  moments  produced  by  the  applied  loads  indi- 
cated in  the  non-prismatic  beam  shown  in  Figure  S4.6.  The  relative  EI  values 
are  shown  ringed. 


4' 

h — H- 


12' 


4' 

-*+- H 


i ,  ©  r    a     r® 


Figure  S4.6 

S4.7  Determine  the  fixed-end  moments  produced  by  the  applied  loads  indi- 
cated in  the  non-prismatic  beam  shown  in  Figure  S4.7.  The  relative  EI  values 
are  shown  ringed. 


8' 


lVft 


If, I 

tl  I  I  I  I  I  I  ITT 


I2k 


I  I  I  I  I  I  I  I  I Tl  I  I  I  I  I  I  I  I Tl  I  I  I  I  I  ITT 


© 


© 
Figure  S4.7 
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S4.8  Determine  the  fixed-end  moments  produced  by  the  applied  loads  indicated 
in  the  prismatic  beam  shown  in  Figure  S4.8. 


I i! 


Figure  S4.8 

S4.9  Determine  the  fixed-end  moment  produced  by  the  applied  load  indicated 
in  the  propped  cantilever  shown  in  Figure  S4.9. 


'I 


Figure  S4.9 

S4.10  Determine  the  fixed-end  moments  produced  by  the  load  of  10  kips 
applied  at  point  3  as  indicated  in  the  non-prismatic  beam  shown  in  Figure 
S4.10.  The  relative  EI  values  are  shown  ringed. 


4' 


ss  I10 


© 
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Influence  lines 


Notation 

A  cross-sectional  area  of  a  member 

E  modulus  of  elasticity 

I  second  moment  of  area  of  a  member 

/  length  of  a  member 

M  bending  moment  in  a  member  due  to  the  applied  loads 

M'  bending  moment  in  the  conjugate  beam 

P  axial  force  in  a  member  due  to  the  applied  loads 

Q  shear  force  in  a  member  due  to  the  applied  loads 

Q'  shear  force  in  the  conjugate  beam 

R  redundant  force  in  a  member  due  to  the  applied  loads 

V  vertical  reaction 

w'  intensity  of  loading  on  the  conjugate  beam 

W  applied  load 

W  elastic  load  on  the  conjugate  beam,  Mdx/EI 

8,j  deflection  at  i  due  to  a  unit  load  at  j 

8%  element  of  length  of  a  member 

W  relative  rotation  between  two  sections  in  a  member  due  to  the 

applied  loads 

9  rotation 


5.1     Introduction 

An  influence  line  for  a  structure  is  a  curve  showing  the  variation  in  shear, 
moment,  member  force,  or  external  reaction  due  to  a  load  traversing  the  struc- 
ture. Influence  lines  for  statically  indeterminate  structures  may  be  obtained 
by  the  applications  of  Muller-Breslau's  principle  and  Maxwell's  reciprocal 
theorem. 

Influence  lines  for  arches  and  multibay  frames  may  be  obtained  by  the 
methods  given  in  Sections  6.4  and  7.14.  A  comprehensive  treatment  of  the 
determination  of  influence  lines  for  indeterminate  structures  has  been  given  by 
Larnach1. 
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5.2     General  principles 

(a)  Miiller-Breslau's  principle 

The  influence  line  for  any  restraint  in  a  structure  is  the  elastic  curve  produced 
by  the  corresponding  unit  virtual  displacement  applied  at  the  point  of  applica- 
tion of  the  restraint.  The  term  "displacement"  is  used  in  its  general  sense,  the 
displacement  corresponding  to  a  moment  is  a  rotation  and  to  a  force,  a  linear 
deflection.  The  displacement  is  applied  in  the  same  direction  as  the  restraint. 

To  obtain  the  influence  line  for  reaction  in  the  prop  of  the  propped  canti- 
lever shown  in  Figure  5.1,  a  unit  virtual  displacement  is  applied  in  the  line  of 
action  of  V.  The  displacement  produced  under  a  unit  load  at  any  point  i  is  5j. 
Then,  applying  the  virtual  work  principle: 

V  X  {6  =  1)  =  (W  =  1)  X  Si 


that  is:  V  =  5, 

and  the  elastic  curve  is  the  influence  line  for  V. 


w=  1 


To  obtain  the  influence  line  for  moment  at  the  fixed  end  of  the  propped  can- 
tilever shown  in  Figure  5.2,  the  cantilever  is  cut  at  the  fixed  end  and  a  unit 


w=  1 


Figure  5.2 


Influ 


lines 
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virtual  rotation  is  imposed  in  the  line  of  action  of  M.  The  deflection  produced 
under  a  unit  load  at  any  point  i  is  6t.  Then,  applying  the  virtual  work  principle: 


MX 


1)  =  (W  =  1)  X  5t 


that  is:  M  =  6, 

and  the  elastic  curve  is  the  influence  line  for  M. 

Example  5.1 

Obtain  the  influence  lines  for  Vi  and  M2  for  the  propped  cantilever  shown  in 
Figure  5.3. 


ill 

A 

yM2 

1 

2i 
/ 

\ 

• 

1 

i 

A 

A 

I 

t 

1 

r 

■ 

^^  J 

l  W 

1 

f 

i 

> 

'J 

(1) 


Figure  5.3 


<5  =  1 


Solution 

A  unit  upward  displacement  is  applied  to  1  and  produces  a  moment  M  at  the 
fixed  end  2.  The  elastic  load  on  the  conjugate  beam  is  shown  at  (i);  taking 
moments  about  1': 

2W7/3  =  1 
Thus: 

M  =  3EI/12 
The  intensity  of  loading  on  the  conjugate  beam  is: 
w'  =  ill1  -  3x/P 
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The  shear  is: 


Q'  =   I  w'  dx 

=  3x/l2  -  3x2/2P 

The  moment  is: 

M  =  JQ'  dx 

=  3x2l2l2  -  x3/2P 

and  this  is  the  equation  of  the  elastic  curve  of  the  real  beam. 

Substituting  x  =  nl,  the  expression  for  the  influence  line  for  Vi  is: 

Vj  =  3«2/2  -  «3/2 

The  expression  for  the  influence  line  for  M2  is: 

M2  =nl-  VJ 

=  l(n  -  3n2/2  +  «3/2) 

Example  5.2 

Obtain  the  influence  line  for  M12  for  the  fixed-ended  beam  shown  in  Figure  5.4. 


(1) 


2EI/I 


4EI/I 


Figure  5.4 
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Solution 

The  beam  is  cut  at  1  and  a  unit  clockwise  rotation  imposed.  This  requires  a  clock- 
wise moment  of  M^i  =  4EI/1  and  induces  a  clockwise  moment  of  M21  =  2EI/1,  as 
shown  at  (i). 

The  intensity  of  loading  on  the  conjugate  beam  at  (ii)  is: 

w'  =  2xll2  -  All  +  Axil1 
=  6x/l2  -  All 

The  shear  is: 

Q'  =  3x2/l2  -  Axil  +  1 
The  moment  is: 

M'  =  x3/l2  -  2x2/l  +  x 

and  this  is  the  equation  of  the  elastic  curve  of  the  real  beam. 

Substituting  x  =  nl,  the  expression  for  the  influence  line  for  Mf2: 

M[2  =  nl(n  -  l)2 

The  values  of  the  influence  line  ordinates,  at  intervals  of  0.2  X  /,  are  given  in 
Table  5.1. 


Table  5.1 

Influena 

;  line  ordinates  f( 

jr  Example 

5.2 

n 

0.2 

0.4 

0.6 

0.8 

M[2  X  III 
M|j  X  III 

0.128 
-0.032 

0.144 

-0.096 

0.096 

-0.144 

0.032 
-0.128 

Example  5.3 

A  non-prismatic  beam  deflects  in  the  form  of  a  sine  wave  when  it  is  simply 
supported  and  displaced  vertically  at  its  center.  The  beam  is  then  supported  at 
its  center  to  form  a  two-span  continuous  beam.  Obtain  the  influence  line  for 
bending  moment  for  a  point  midway  between  one  end  support  and  the  center 
support. 
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Solution 

The  influence  line  for  Vj  for  the  two-span  beam  shown  in  Figure  5.5  is: 

V2  =  sin  (-roc//) 


(i) 


Figure  5.5 
For  unit  load  to  the  left  of  section  4  the  influence  line  for  M4  is: 

M4  =  V3//4 

=  {xll  -  (V2)  X  sin(irx//)}  X  114 
=  x/4  -  (//8)  X  sin(ivx//) 

For  unit  load  to  the  right  of  section  4  the  influence  line  for  M4  is: 

M4  =  3Vj//4  +  V2//4 

=  3(1  -  x)/4  -  //8  X  sm(nx/l) 

The  influence  line  may  be  plotted  as  shown  at  (i). 
(b)  Maxwell's  reciprocal  theorem 


w=  1 


A 


w=  1 


Figure  5.6 

The  displacement  produced  at  any  point  i  in  a  linear  structure  due  to  a  force 
applied  at  another  point  /  equals  the  displacement  produced  at  /  due  to  the  same 
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force  applied  at  i.  The  displacement  is  measured  in  the  line  of  action  of  the 
applied  force;  the  displacement  corresponding  to  an  applied  moment  is  a  rota- 
tion and  to  a  force,  a  linear  deflection. 

Referring  to  Figure  5.6,  the  deflection  at  i  due  to  a  unit  load  at  /  is: 


6;;  =  J  Mm  dx/EI 
=    I  m-ml  dx/EI 


where  ml  and  nij  are  the  bending  moments  produced  at  any  section  due  to  a 
unit  load  applied  at  i  and  /',  respectively. 

Similarly,  the  deflection  at  /  due  to  a  unit  load  at  i  is: 


J  Mm  dx/EI 
I  mtmj  dx/EI 


^ 


Thus,  the  influence  line  for  deflection  at  i  is  the  elastic  curve  produced  by  a 
unit  load  applied  at  /. 


./  ,, 


w=  1 


^ 


—\- 


*j 


M=  1 

Figure  5.7 
Referring  to  Figure  5.7,  the  rotation  at  i  due  to  a  unit  load  at  /  is: 


(9,  =  J  Mm  dx/EI 
=   I  m.W;  dx/EI 


where  m.-  is  the  bending  moment  at  any  section  due  to  a  unit  load  at ;'  and  mt  is 
the  bending  moment  at  any  section  due  to  a  unit  moment  at  i. 
Similarly,  the  deflection  at  /  due  to  a  unit  moment  at  i  is: 


8 1  =  J  Mm  dx/EI 
=   I  ra,m;  dx/EI 


Thus,  the  influence  line  for  rotation  at  i  is  the  elastic  curve  produced  by  a 
unit  moment  applied  at  i. 
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A  general  procedure  for  obtaining  the  influence  lines  for  any  restraint  in  a 
structure  is  to  apply  a  unit  force  to  the  structure  in  place  of  and  corresponding 
to  the  restraint.  The  elastic  curve  produced  is  the  influence  line  for  displace- 
ment corresponding  to  the  restraint.  Dividing  the  ordinates  of  this  elastic  curve 
by  the  displacement  occurring  at  the  point  of  application  of  the  unit  force  gives 
the  influence  line  for  the  required  restraint. 

The  influence  line  for  relative  rotation,  60,  between  two  sections  in  a  struc- 
ture a  distance  5x  apart  is  the  elastic  curve  produced  by  equal  and  opposite 
unit  moments  applied  to  the  two  sections.  From  Figure  2.1: 

W  =  6x/R 
=  M  bx/EI 


Example  5.4 

Obtain  the  influence  line  for  Vi  for  the  propped  cantilever  shown  in  Figure  5.8. 
The  second  moment  of  area  varies  linearly  from  a  value  of  J  at  end  1  to  27 
at  end  2. 


/ 

2  / 
/ 
/ 
/ 
/ 

X 

I 

~i 

(i) 


Figure  5.8 


Solution 

The  second  moment  of  area  at  any  section  is: 

Ix  =  7(2  -  x/l) 

The  reaction  Vi  is  replaced  by  a  unit  load  acting  vertically  upward,  and  the 
elastic  load  on  the  conjugate  beam  is  shown  at  (i).  The  intensity  of  loading  on 
the  conjugate  beam  is: 

w'  =  MJEIX 

=  1(1  -  x)/EI(2l  -  x) 
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The  shear  is: 


Q'  =  Jw'dx 

=  [be  +  l2  log(2/  -  x)}/EI  -  (I2  log  2l)/El 
=  [lx  +  I2  log(l  -  x/2l)}/EI 

The  moment  is: 

M  =  jQ'dx 

=  {lx2l2  +  l2(x-  21)  X  log(l  -  xl2l)  -  l2x}/EI 

and  this  is  the  equation  of  the  elastic  curve  of  the  real  beam  for  unit  load  at  1. 
At  x  =  I  the  deflection  of  the  real  beam  is: 

6,=M[ 

=  -P(l  +  2logV2)/2EI 
=  0.1932P/EI 

The  expression  for  the  influence  line  for  Vi  is: 

V,  =  M'I51 

=  [lx2l2  +  l2(x-  21)  X  log(l  -  xlll)  -  /2x}/0.1932/3 


Example  5.5 

Obtain  the  influence  line  for  Vi  as  unit  load  crosses  the  beam  of  the  rectangu- 
lar frame  shown  in  Figure  5.9.  The  beam  has  a  second  moment  of  area  three 
times  that  of  each  column. 


7&. 


30' 


Figure  5.9 
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Solution 

For  each  column  £7=1,  and  for  the  beam  EI  =  3. 

The  reaction  Vi  is  replaced  by  a  unit  load  acting  vertically  upward;  the  elas- 
tic loads  on  the  conjugate  frame  are  shown  at  (i)  and  are  given  by: 

W;  =  450 
W2  =  150 

The  rotation  and  vertical  deflection  at  1  are: 

9t  =  -600 
81  =  30W;  +  20W2 
=  16,500 

The  deflection  of  the  real  frame,  due  to  unit  load  at  1  at  any  point  a  distance 
x  from  2  is: 

<5*  =  K 

=  <$!  +  x81  +  (10x2/60)  x  (x/3) 
=  16,500  -600x  +  %3/18 


The  expression  for  the  influence  line  for  Vi  is: 

vi  =  tjti 

=  l-6x/165  +  %3/297,000 


5.3     Moment  distribution  applications 


£ 


M, 


f  t 


2EI/I 


(i) 
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(ii) 


Figure  5.10 
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To  obtain  the  influence  line  for  moment  Mj  at  the  support  1  of  the  continuous 
beam  shown  in  Figure  5.10,  the  beam  is  cut  at  1  and  a  unit  virtual  rotation 
imposed  at  1  with  end  2  clamped  as  shown  at  (i).  The  moment  required  to  pro- 
duce the  unit  rotation  is  derived  in  Section  6.7  as: 


512 


4EI/1 


where  /  is  the  span  length  12  and  the  moment  induced  at  2  is: 


CnS 


12^12 


2EIII 


The  cut  ends  at  1  are  clamped  together  to  maintain  the  unit  rotation  between 
the  members  meeting  at  1,  and  these  initial  moments  are  distributed  through- 
out the  beam  to  produce  the  final  moments  shown  at  (ii).  The  elastic  curve  of 
the  structure,  due  to  these  final  moments,  is,  from  Miiller-Breslau's  principle, 
the  influence  line  for  Mi. 


M  ' 


W=  1 


Figure  5.11 

The  elastic  curve  of  the  structure  may  be  obtained  from  the  values  of  fixed- 
end  moments  tabulated  in  Table  5.1.  Thus,  referring  to  Figure  5.11,  the  elastic 
curve  of  member  12  due  to  a  unit  rotation  at  1  is  the  influence  line  for  the 
fixed-end  moment  at  1.  For  any  other  rotation,  the  elastic  curve  is  obtained 
as  the  product  of  the  rotation  and  the  influence  line  ordinate  for  Mf2  at  the 
corresponding  section.  When  a  rotation  also  occurs  at  2,  the  elastic  curve  is 
obtained  as  the  algebraic  sum  of  the  two  products.  Thus,  the  elastic  curve  ordi- 
nate, y,  at  any  section  as  shown  is: 

y  =  6nMf2  +  921M^ 

where  clockwise  rotations  and  clockwise  fixed-end  moments  are  positive. 
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2EI0-,,/! 


4EI021/1 


Figure  5.12 

The  rotations  of  the  structure  at  the  supports  may  be  obtained  from  the  final 
support  moments  as  shown  in  Figure  5.12.  Thus: 

Mn  =  4EWn/l  +  2EI62l/l 
M21  =  4EI021/l  +  2Eien/l 

And:     612  =  /(2M12  -  MU)/6EI 
021  =  l(2Mn  -  M12)/6E1 

where  clockwise  rotations  and  moments  are  positive. 

The  method  may  be  readily  extended  to  structures  with  non-prismatic  mem- 
bers using  stiffness  factors,  carry-over  factors  and  fixed-end  moments  that  have 
been  tabulated4  for  a  large  variety  of  non-prismatic  members. 


Example  5.6 

Determine  the  influence  line  ordinates  for  M2  over  the  central  span  of  the  con- 
tinuous beam  shown  in  Figure  5.13.  The  second  moment  of  area  of  span  34  is 
twice  that  of  spans  12  and  23. 
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n  4 


1 

/       i      / 


ai 


Figure  5.13 


Solution 


The  beam  is  cut  at  2  and  clamped  at  3.  A  rotation  023  is  produced  by  applying 
a  clockwise  moment  of  M2i  =  400  units;  this  induces  a  clockwise  moment  of 
M32  =  200  units.  These  initial  moments  are  distributed  in  Table  5.2. 
The  final  rotations  at  2  and  3  are: 


'23 


'il 


(330  -  55)/600 

0.46  radians  clockwise 

(110-165)/600 

—0.09  radians  anticlockwise 


Table  5.2  Distribution  of  moments  in  Example  5.6 


Member 

21 

23 

32 

34 

Relative  EI/l 

4 

4 

4 

8 

Modified  stiffness 

3 

4 

4 

6 

Distribution  factor 

3/7 

4/7 

2/5 
1/2 

3/5 

Carry-over  factor 

1/2 

-► 

Initial  moments 

400 

200 

Distribution 

-228 

-80 

Carry-over 

-40 

-114 

Distribution 

23 

46 

Carry-over 

23 

12 

Distribution 

-13 

-5 

Carry-over 

-2 

-6 

Distribution 

1 

2 

Carry-over 

1 

0 

Final  moments 

165 

55 

The  influence  line  ordinates,  at  intervals  of  0.2/  are  obtained  in  Table  5.3 
from: 


M2  =  0.46M|3  -  0.09Mf2 
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Table  5.3 

Influence  line  ordinates  for  Example  5.6 

n 

0.2 

0.4 

0.6 

0.8 

Mf3  X  III 
Mf2  X  III 

0.128 
-0.032 

0.144 
-0.096 

0.096 
-0.144 

0.032 
-0.128 

Mf3  X  0.46  X  111 
Mf2  X  -0.09  X  111 

0.059 
0.003 

0.066 
0.009 

0.044 
0.013 

0.014 
0.012 

Ordinates  X  111 

0.062 

0.075 

0.057 

0.026 

Example  5.7 

Determine  the  influence  line  ordinates  for  M\,  over  the  beam  12,  for  the  frame 
shown  in  Figure  5.14.  The  second  moment  of  area  and  modulus  of  elasticity  is 
constant  for  all  members. 


;// 


77~&77 


Figure  5.14 


Solution 


The  frame  is  cut  at  1  and  clamped  at  2.  A  rotation  012  is  produced  by  applying 
a  clockwise  moment  of  M12  =  400  units;  this  induces  a  clockwise  moment  of 
M2i  =  200  units.  These  initial  moments  are  distributed  in  Table  5.4. 
The  final  rotations  at  1  and  2  are: 


912  =  (686  -  86)/600 

=  1.0  radians  clockwise 


721 


(172  -  343)/600 

—  0.285  radians  anticlockwise 
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The  influence  line  ordinates,  at  intervals  of  0.2/,  are  obtained  in  Table  5.5  from: 
Mi  =  MiF2  ~  0.285MIJ 


Table  5.4  Distribution  of  moments  in  Example  5.7 


Member 


12 


21 


23 


32 


Relative  EI/l 
Modified  stiffness 
Distribution  factor 
Carry-over  factor 


4 

4 

4/7 

1/2 


4 
3 

3/7 
0 


Initial  moments                                       400                      200 
Distribution  and  carry-over                    —57                    —114 

-86 

Final  moments                                         343                        86 

-86 

0 

Table  5.5  Influence  line  ordinates  for  Example  5.7 

n                                                  0.2                     0.4                      0.6 

0.8 

Mf2  x  VI 
M|j  x  1// 
M|j  x  -0.285  x  III 


0.128 

-0.032 

0.009 


0.144 
0.096 

0.027 


0.096 

-0.144 

0.041 


0.032 

-0.128 

0.037 


Ordinates  X  1// 


0.137 


0.171 


0.137 


0.069 


5.4     Non-prismatic  members 

When  tabulated  values  for  stiffness  factors,  carry-over  factors,  and  fixed-end 
moments  for  non-prismatic  members  are  not  available,  it  is  necessary  to  use 
the  general  procedure  for  obtaining  influence  lines  for  the  structure. 

To  determine  the  influence  line  for  Y\  for  the  two-span  continuous  beam 
shown  in  Figure  5.15,  the  beam  is  divided  into  short  segments  of  length  s.  The 
second  moment  of  area  is  regarded  as  constant  over  the  length  of  each  seg- 
ment, as  indicated  at  (i).  The  reaction  Vj  is  replaced  by  a  unit  load  acting  ver- 
tically upward,  and  the  bending  moment  diagram  on  the  cut-back  structure  is 
shown  at  (ii).  The  bending  moment  is  regarded  as  constant  over  the  length  of 
each  segment  and  has  the  values  indicated.  The  elastic  loads  on  the  conjugate 
beam  are  given  by  W  =  xs/EI  and  are  considered  to  be  concentrated  at  the 
center  of  each  segment,  as  shown  at  (iii).  The  bending  moment  in  the  conju- 
gate beam  at  any  section  is  the  ordinate  of  the  elastic  curve  of  the  real  beam 
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Figure  5.15 

at  the  corresponding  section,  as  shown  at  (iv),  and  these  values,  when  divided 
by  6\,  are  the  required  influence  line  ordinates,  as  shown  at  (v).  The  influence 
line  for  any  other  restraint  may  now  be  obtained  by  the  direct  application  of 
statics. 
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To  determine  the  influence  line  for  V2  for  the  three-span  continuous  beam 
shown  in  Figure  5.16,  reactions  V2  and  V3  are  removed  to  produce  the 
cut-back  structure.  The  beam  is  divided  into  short  segments  of  length  s,  and 
the  second  moment  of  area  is  regarded  as  constant  over  the  length  of  each 
segment,  as  indicated  at  (i).  A  unit  load  is  applied  vertically  upward  at  2,  as 
shown  at  (ii),  and  the  bending  moment  at  the  center  of  each  segment  is  deter- 
mined, as  shown  at  (iii).  The  bending  moment  is  regarded  as  constant  over 
the  length  of  each  segment,  and  the  elastic  loads  on  the  conjugate  beam  are 
considered  to  be  concentrated  at  the  center  of  each  segment,  as  shown  at  (iv). 
The  ordinates  of  the  elastic  curve  of  the  real  beam,  simply  supported  at  1  and 
4  and  with  a  unit  load  applied  at  2,  are  given  by  the  bending  moments  at  the 
corresponding  section  in  the  conjugate  beam  and  are  shown  at  (v). 

A  correction  must  be  applied  to  these  ordinates  to  reduce  the  deflection  at 
3  to  zero  since,  with  V3  in  position,  there  can  be  no  deflection  at  3.  A  unit 
load  acting  vertically  downward  is  applied  at  3,  as  shown  at  (vi).  The  ordi- 
nates of  the  elastic  curve  for  this  loading  condition  are  obtained  by  the  above 
procedure  and  are  shown  at  (vii).  For  a  symmetrical  structure,  curve  (vii)  is  the 
inverted  mirror  image  of  curve  (v). 

The  ordinates  of  curve  (vii)  are  multiplied  by  the  factor  ^32/^33  and  added 
to  curve  (v)  to  give  curve  (viii),  which  is  the  elastic  curve  produced  by  unit 
load  at  2  with  supports  1,  3,  and  4  in  position.  These  ordinates,  when  divided 
throughout  by  62,  are  the  influence  line  ordinates  for  V2  as  shown  at  (ix). 

Similarly,  the  influence  line  for  V3  may  be  obtained  and,  for  a  symmetrical 
structure,  is  the  mirror  image  of  the  influence  line  for  V2-  The  influence  line  for 
any  other  restraint  may  now  be  obtained  by  the  direct  application  of  statics. 

When  the  number  of  redundants  exceeds  2,  the  flexibility  matrix  method, 
given  in  Section  10.3,  is  a  preferred  method  of  solution  and  has  been  used  by 
Jenkins5. 

Example  5.8 

Determine  the  influence  line  ordinates  for  Vj  and  M2  for  the  three-span  sym- 
metrical beam  shown  in  Figure  5.17.  The  relative  EI  values  are  indicated  on 
the  figure  and  may  be  assumed  to  be  constant  over  the  lengths  indicated,  as 
may  also  the  elastic  loads  on  the  conjugate  beam. 

Solution 

The  cut-back  structure  is  produced  by  removing  V1  and  V4;  a  vertically  upward 
load  of  0.4  kip  is  applied  at  1.  This  produces  the  bending  moment  diagram 
shown  at  (ii)  and  the  elastic  loads  on  the  conjugate  beam  at  (iii). 

The  bending  moment  in  the  conjugate  beam  at  the  center  of  each  segment  is 
given  in  line  (2)  of  Table  5.6  and  represents  the  ordinate  of  the  elastic  curve  of 
the  real  beam,  simply  supported  at  2  and  3  and  with  a  load  of  0.4  kip  applied 
at  1.  Due  to  the  symmetry  of  the  structure,  the  ordinates  of  the  elastic  curve 
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Figure  5.17 
Table  5.6  Influence  line  ordinates  for  Example  5.8 


1  Section 

1 

5 

6   2 

7 

8 

9  3 

10        11 

4 

2  0.4  kip  at  1 

1455 

730 

122.5   0 

-122.5 

-280 

-77.5  0 

77.5      310 

465 

3  0.4  kip  at  4 

-465 

-310 

-77.5    0 

77.5 

280 

122.5  0 

-122.5  -730 

-1455 

4  (3)  X  465/1455 

-148 

-99 

-24.5   0 

24.5 

90 

39.5  0 

-39.5  -233 

-465 

5  (2)  +  (4) 

1307 

631 

98    0 

-98 

-190 

-38  0 

38        77 

0 

6  (5)  x  1/1307 

1 

0.483 

0.075   0 

-0.075 

-0.146 

-0.029  0 

0.029  0.059 

0 

7  M2 

0 

-11 

-5.5   0 

-4.5 

-8.75 

-1.75  0 

1.75     3.55 

0 

due  to  a  vertically  downward  load  of  0.4  kip  applied  at  4  are  as  indicated  in 
line  (3).  Line  (4)  gives  the  values  of  line  (3)  multiplied  by  the  factor  465/1455; 
it  is  added  to  line  (2)  to  give  line  (5).  This  represents  the  ordinates  of  the  elastic 
curve  produced  by  a  load  of  0.4  kip  at  1  and  with  supports  2,  3,  and  4  in  posi- 
tion. Line  (5)  multiplied  by  the  factor  1/1307  gives  the  influence  line  ordinates 
for  Vj  which  are  given  in  line  (6). 

For  unit  load  to  the  right  of  2,  the  influence  line  ordinates  for  M2  are  given  by: 


M, 


60V1 
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For  unit  load  to  the  left  of  2,  the  influence  line  ordinates  for  M2  are  given  by: 

M2  =  60V!  -  (60  -  x) 

where  x  is  the  distance  of  the  unit  load  from  1.  The  values  of  the  influence  line 
ordinates  for  M2  are  given  in  line  (7). 

5.5     Pin-jointed  frames 

(a)  Frames  redundant  internally 


(i) 


Rx 


(ii) 


Figure  5.18 

The  pin-jointed  frame  shown  in  Figure  5.18  contains  one  redundant  member 
12,  with  its  unknown  force  R  assumed  tensile  when  unit  load  is  at  panel  point 
3.  The  indeterminate  frame  can  be  replaced  by  system  (i)  plus  R  X  system  (ii). 
The  relative  inward  movement  of  the  points  of  application  of  R  in  system  (i)  is 
6[2  and  in  system  (ii)  is  6"2 .  The  relative  movement  of  the  points  of  applica- 
tion of  R  in  the  actual  structure  is  outward  and  consists  of  the  extension  6U  in 
member  12,  given  by: 


'12 


-Rln/AnE12 


Influ 
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Thus:     R  =  -6'/(6"    +ll2/At2E 


l\V -"12M2I 


From  Maxwell's  reciprocal  theorem,  the  displacement  6[2,  in  system  (i)  due 
to  a  unit  load  at  3  equals  the  vertical  displacement  of  3  in  system  (ii)  due  to 
unit  load  replacing  R,  and  3  may  be  any  panel  point.  Thus,  all  the  information 
required  to  obtain  the  influence  line  ordinates  for  R  may  be  obtained  from 
one  Williot-Mohr  diagram  constructed  for  system  (ii).  The  vertical  deflection 
of  each  lower  panel  point  is  measured  on  the  diagram  and  divided  by  (6'[2  + 
hilA\2Ei2)  to  give  the  influence  line  ordinate  at  that  panel  point. 


(ii 


R,x 


RtX 


(ii) 


(.ii) 


Figure  5.19 


The  pin-jointed  frame  shown  in  Figure  5.19  contains  the  two  redundant 
members  12  and  23  with  unknown  forces  R1  and  R2,  assumed  tensile  when 
unit  load  is  applied  at  panel  point  5.  The  indeterminate  frame  can  be  replaced 
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by  system  (i)  plus  R\  X  system  (ii)  plus  R2  X  system  (iii).  The  relative  move- 
ment of  points  1  and  2  in  the  actual  structure  consists  of  the  extension  in  mem- 
ber 12  and  is: 

o12  =  —  R1l12/AnE12 

and: 

-H1/12/A12£12  =  6'u  +  Rt8"n  +  R26";2  ( 1 ) 

where  b'[2  and  6™2  are  the  relative  inward  movement  of  points  1  and  2  in  sys- 
tems (ii)  and  (iii)  and  6[2  is  the  relative  inward  movement  of  points  1  and  2  in 
system  (ii),  where  5  may  be  any  panel  point. 

Similarly,  by  considering  the  relative  movement  of  points  3  and  4: 

-R2l34/A34EU  =  S'M  +  WU  +  R26'3"4  (2) 

where  634  and  6'34  are  the  relative  inward  movement  of  points  3  and  4  in  sys- 
tems (ii)  and  (iii)  and  6'34  is  the  relative  inward  movement  of  points  3  and  4  in 
system  (iii),  where  5  may  be  any  panel  point. 

Thus,  all  the  information  required  to  obtain  the  influence  lines  for  R[  and  R2 
may  be  obtained  from  the  two  Williot-Mohr  diagrams  constructed  for  systems 
(ii)  and  (iii).  For  each  panel  point  in  turn,  the  required  deflections  are  obtained 
from  the  diagrams  and  substituted  in  equations  (1)  and  (2),  which  are  solved 
simultaneously  to  give  the  influence  line  ordinates  for  R[  and  R2. 

When  the  internal  redundants  exceed  two,  the  flexibility  matrix  method, 
given  in  Section  10.3,  is  a  preferred  method  of  solution  and  has  been  used  by 
Wang6. 

(b)  Frames  redundant  externally 

The  technique  used  to  obtain  the  influence  line  ordinates  for  the  external 
reactions  in  frames  with  not  more  than  two  external  redundants  is  similar  to 
that  used  in  Section  5.4  for  non-prismatic  beams.  The  deflections  of  the  panel 
points  are  most  readily  obtained  using  the  method  of  angle  changes. 

When  the  external  redundants  exceed  two,  the  flexibility  matrix  method, 
given  in  Section  10.3,  is  a  preferred  method  of  solution  and  has  been  used  by 
Wang6. 

Example  5.9 

Determine  the  influence  line  ordinates  for  Vj,  V3,  and  Vg  for  the  pin-jointed 
frame  shown  in  Figure  5.20  and  the  influence  lines  for  member  force  in  mem- 
bers 27,  23,  and  39.  All  members  of  the  frame  have  the  same  cross-sectional 
area,  modulus  of  elasticity,  and  length. 
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Solution 

Reaction  V3  is  replaced  by  a  vertically  upward  load  of  5V3  units,  and  the 
resulting  member  forces  are  shown  at  (i). 

The  total  angle  changes  at  the  bottom  chord  panel  points  are: 

EA2  =(6  +  6  +  6  +  3  +  6  +  6  +  6-6-6-6-6  +  9)/J3 
=  24/v;3 

EA3  =(6  +  6  +  6  +  9  +  12  +  6  +  12  +  4  +  4  +  4  +  4  +  10)^3 

=  83/V3 
EA4  =(-4-4-4  +  10  +  8-4  +  8  +  4  +  4  +  4  +  4  +  6)/ J  3 

=  32/^3 
£A5  =(-4-4-4  +  6  +  4-4  +  4  +  4  +  4  +  4  +  4  +  2)/v;3 

=  16/73 

and  the  relative  loads  on  the  conjugate  beam  are  shown  at  (ii).  The  deflections  at 
the  bottom  chord  panel  points  are  given  by  the  bending  moments  at  the  corre- 
sponding section  in  the  conjugate  beam  and  are  shown  at  (iii).  These  deflections, 
when  divided  by  146,  give  the  influence  line  ordinates  for  V3  as  shown  at  (iv). 
Taking  moments  about  1,  the  influence  line  ordinates  for  Vg  are  given  by: 

V6  =  (x-2lR3)/5l 

where  x  is  the  distance  of  the  unit  load  from  1  and  /  is  the  length  of  the  frame 
members.  These  values  are  shown  at  (v). 

Resolving  vertically,  the  influence  line  ordinates  for  V\  are  given  by: 

vt  =  1  -  v3  -  v6 

and  these  values  are  shown  at  (vi). 

The  influence  line  ordinates  for  member  force  P27  are  given  by: 

P27  =  2Vj/73 

and  these  values  are  shown  at  (vii). 

The  influence  line  ordinates  for  member  force  P23  are  given  by: 

P23  =  V  3V[  . . .  for  unit  load  at  3,  4,  5  and  6 

P23  =  V3V[  —  1/V3     ...  for  unit  load  at  2 

and  these  values  are  shown  at  (viii). 
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The  influence  line  ordinates  for  member  force  P39  are  given  by: 


l39 


l39 


2V6/V'3 
2V6jj3-2J^3 


. . .  for  unit  load  at  1,  2  and  3 
...  for  unit  load  at  4,  5  and  6 


and  these  values  are  shown  at  (ix). 


Example  5.10 


Determine  the  influence  line  ordinates  for  V3  for  the  three-span  pin-jointed 
frame  shown  in  Figure  5.21.  All  members  have  the  same  cross-sectional  area, 
modulus  of  elasticity,  and  length. 


Solution 


Figure  5.21 


Supports  V3  and  V5  are  removed,  and  a  unit  load  is  applied  vertically  upward 
at  3.  The  deflections  of  the  lower  panel  points  were  obtained  in  Example  4.6, 
and  the  relative  values  are  shown  at  (i).  When  unit  load  is  applied  vertically 
downward  at  5,  the  relative  deflections  shown  at  (ii)  are  produced,  and  (ii)  is 
the  inverted  mirror  image  of  (i)  due  to  the  symmetry  of  the  frame. 

The  ordinates  at  (ii)  are  multiplied  by  91.3/118.7  to  give  (iii),  which  is  added 
to  (i)  to  give  (iv).  The  ordinates  at  (iv)  are  multiplied  by  1/48.4  to  give  (v), 
which  is  the  influence  line  for  V3. 
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Supplementary  problems 

S5.1  The  two-span  continuous  beam  shown  in  Figure  S5.1  has  a  second 
moment  of  area  that  varies  linearly  from  a  maximum  value  of  J  at  the  center 
to  zero  at  the  ends.  Determine  the  influence  line  ordinates,  at  intervals  of  0.2/, 
for  the  central  vertical  reaction. 


Figure  S5.1 

S5.2  The  relative  EI/ 1  values  are  shown  ringed  for  each  member  of  the  struc- 
ture shown  in  Figure  S5.2.  Determine  the  influence  line  ordinates  for  M2  at 
intervals  of  0.2/  over  members  12  and  23. 


iK 
*  1 


3 
7777 


© 


® 


Figure  S5.2 


S5.3  The  two-hinged  symmetrical  polygonal  arch  shown  in  Figure  S5.3  has  a 
second  moment  of  area  for  the  beam  three  times  that  of  the  inclined  columns. 
Determine  the  influence  line  ordinates,  at  intervals  of  20  ft,  for  horizontal 
thrust  at  the  hinges  as  unit  load  moves  from  5  to  7. 
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Figure  S5.3 


S5.4  Determine  the  influence  line  ordinates  for  Rj  for  the  two-span  pin-jointed 
truss  shown  in  Figure  S5.4  as  unit  load  crosses  the  bottom  chord.  All  members 
have  the  same  cross-sectional  area,  modulus  of  elasticity,  and  length. 


Figure  S5.4 
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Notation 

A  elastic  area 

c\i  carry-over  factor  for  a  member  12  from  the  end  1  to  the  end  2 

c[2  modified  carry-over  factor 

ex  eccentricity  of  the  elastic  load  with  respect  to  the  x-axis  through  O 

ey  eccentricity  of  the  elastic  load  with  respect  to  the  y-axis  through  O 

E  Modulus  of  elasticity 

H  horizontal  reaction 

HQ  horizontal  reaction  acting  at  the  elastic  center 

HF  horizontal  thrust  in  a  fixed-ended  arch  due  to  the  applied  loads 

H6=1  translational  stiffness  of  an  arch 

He=1  horizontal  thrust  induced  by  a  unit  rotation  at  one  end  of  an  arch 

I  second  moment  of  area 

I„  second  moment  of  area  of  an  arch  at  its  crown 

Ix  second  moment  of  the  elastic  area  about  the  x-axis  through  O 

Iy  second  moment  of  the  elastic  area  about  the  y-axis  through  O 

/  length  of  a  member,  span  of  an  arch 

L\2  equivalent  length  of  an  elastically  restrained  member  12,  /12  +  3EIr)i2 

M  bending  moment  in  the  cut-back  structure 

Mj  actual  bending  moment  at  section  1 

Mc  actual  bending  moment  at  the  crown  of  an  arch 

MQ  bending  moment  acting  at  the  elastic  center 

Mx  moment  of  the  elastic  load  about  the  x-axis  through  O 

My  moment  of  the  elastic  load  about  the  y-axis  through  O 

MF  fixed-end  moment 

MFE  fixed-end  moment  in  an  elastically  restrained  member 

M6=1  fixed-end  moment  induced  by  a  unit  horizontal  translation  at  one  end 

of  an  arch 

O  elastic  center,  centroid  of  the  elastic  area 

s  length  of  segment 

s12  restrained  stiffness  at  the  end  1  of  a  member  12,  moment  required  to 

produce  a  unit  rotation  at  the  end  1,  end  2  being  fixed 

s'i2  modified  stiffness 

t  change  in  temperature 

V  vertical  reaction 
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Vo 

w 

Xq 

)'o 
a 

Sx 
Vu 

e 

(p[2 


vertical  reaction  acting  at  the  elastic  center 

elastic  load 

horizontal  displacement  of  elastic  center 

vertical  displacement  of  elastic  center 

temperature  coefficient  of  expansion 

spread  of  arch  abutments 

settlement  of  arch  abutment 

elastic  connection  factor  at  the  end  1  of  an  elastically  restrained  member  12 

angle  of  rotation 

relative  rotation  between  an  elastically  connected  beam  and  column  at 

the  end  1  of  beam  12 


6.1     Introduction 

The  elastic  center  method  provides  a  rapid  means  for  the  solution  of  the  two- 
hinged  polygonal  arch  and  for  the  determination  of  influence  lines  for  the 
fixed-ended  arch.  The  method  is  applied  here  to  symmetrical  structures  only 
but  may  be  readily  extended  to  unsymmetrical  frames  and  arches1. 

The  column  analogy  method  provides  the  most  useful  means  for  the  deter- 
mination of  fixed-end  moments,  stiffness,  and  carry-over  factors  for  non- 
prismatic  members.  The  method  is  derived  here  from  the  elastic  center  method, 
but  may  be  derived  independently2  if  required. 


6.2     Elastic  center  method 

The  symmetrical  fixed-ended  frame  shown  in  Figure  6.1  (i)  is  three  degrees 
redundant,  and  these  redundants  may  be  regarded  as  the  restraints  Mls  Hi,  Vi 
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at  end  1.  An  analogous  frame,  known  as  the  elastic  frame,  is  shown  in  Figure 
6.1  (ii)  and  consists  of  members  with  a  width  at  any  section  of  1/EI,  where  E 
and  I  are  the  modulus  of  elasticity  and  the  second  moment  of  area  at  the  cor- 
responding section  in  the  real  frame.  The  area  of  the  elastic  frame  is: 


A  =  Jds/EI 

The  centroid  O  of  the  elastic  area  is  known  as  the  elastic  center  and  must  lie 
on  the  vertical  axis  of  symmetry  at  a  distance  y  from  the  base,  given  by: 

Ay  =  J  y1  ds/EI 

The  second  moment  of  the  elastic  area  about  the  x-axis  through  O  is: 

Ix  =  Jy2  ds/EI 
The  second  moment  of  the  elastic  area  about  the  y-axis  through  O  is: 

Iy  =  Jx2  ds/EI 

The  symmetrical  fixed-ended  frame  shown  in  Figure  6.2  may  be  replaced 
by  systems  (i)  and  (ii).  The  cut-back  structure  is  produced  by  releasing  end  1. 
An  infinitely  rigid  arm,  with  its  free  end  at  the  elastic  center,  is  attached  to  1. 
Since  the  arm  is  infinitely  rigid,  it  has  no  effect  on  the  flexural  properties  of 
the  real  frame  or  on  the  elastic  area,  as  its  Jds/EI  value  is  zero.  To  the  cut-back 
structure  is  applied  the  external  load  in  system  (i)  and  the  redundants  MQ,  Hq, 
Vo  in  system  (ii).  Displacement  of  the  elastic  center  in  systems  (i)  and  (ii)  is 
transferred  through  the  rigid  arm  and  causes  a  corresponding  displacement 
at  1.  The  bending  moment  at  any  point  in  the  frame  in  system  (i)  is  M,  with 
moment  producing  tension  on  the  inside  of  the  frame  regarded  as  positive. 


2 
7777 


7777 
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Figure  6.3 


The  elastic  frame  is  placed  in  a  horizontal  plane  as  shown  in  Figure  6.3  and 
loaded  with  an  elastic  load  of: 


W  =  jMds/EI 

where  M  is  the  bending  moment  in  the  cut-back  structure  at  a  given  section  and 
E  and  I  are  the  modulus  of  elasticity  and  the  second  moment  of  area  at  the  same 
section.  A  positive  moment  in  the  cut-back  structure  produces  a  vertically  down- 
ward load  on  the  elastic  frame.  The  moment  of  W  about  the  x-axis  through  O  is: 

Mx  =  My  ds/EI 
=  Wex 

The  moment  of  W  about  the  y-axis  through  O  is: 

My  =  J  Mx  ds/EI 
=  Wey 

The  horizontal  displacement  of  the  elastic  center  in  system  (i)  is: 

x'a  =   f  Mm  ds/EI 

where  m  is  the  bending  moment  at  any  section  due  to  a  unit  virtual  load  acting 
horizontally  to  the  right  at  O  and  m  =  1  X  y. 
Thus: 

x'0  =  J  My  ds/EI 
=  MX 

The  horizontal  displacement  of  the  elastic  center  in  system  (ii)  is: 

x£  =  -MQJy  ds/EI  -HQJy2  ds/EI  -V0Jxy  ds/EI 
=  0  -  H0IX  -  0 
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In  the  original  structure  the  displacement  of  end  1  is  zero  and  thus: 

Hence: 

H0  =  Mx/Ix 

The  vertical  displacement  of  the  elastic  center  in  system  (i)  is: 

y'0  =  jMmds/EI 

where  m  is  the  bending  moment  at  any  section  due  to  a  unit  virtual  load  acting 
vertically  downward  at  O  and  m  =  1  X  x. 
Thus: 

y'Q  =  jMxds/EI 

=  My 

The  vertical  displacement  of  the  elastic  center  in  system  (ii)  is: 

yS  =  -M0Jx  ds/EI  -HQJxy  ds/EI  ~V0Jx2  ds/EI 
=  -0  -  0  -  VGIy 

In  the  original  structure  the  displacement  of  end  1  is  zero  and  thus: 

o  =  y'o  +  y'o 

Hence: 

V0  =My/Iy 

The  rotation  of  the  elastic  center  in  system  (i)  is: 
0'o  =  J  Mm  ds/EI 

where  m  is  the  bending  moment  at  any  section  due  to  a  unit  virtual  anticlock- 
wise moment  acting  at  O  and  m  =  1. 
Thus: 

6'0=  JM  ds/EI 
=  W 


256  Structural  Analysis:  In  Theory  and  Practice 

The  rotation  of  the  elastic  center  in  system  (ii)  is: 

9£  =  -MQJds/EI  ~H0fy  ds/EI  ~V0Jx  ds/EI 
=  -M0A  -0~0 

In  the  original  structure  the  displacement  of  end  1  is  zero  and  thus: 

o  =  e'0  +  9& 

Hence: 

M0  =  W/A 

The  bending  moment  at  any  point  in  the  original  structure  with  coordinates 
x  and  y  is  given  by: 

M-  MQ~  HQy  -  VQx  =  M  -  W/A  -  Mxy/Ix  -  Myx/Iy 

Allowing  for  rib-shortening  effects,  spread  of  the  abutments,  and  tempera- 
ture rise,  the  horizontal  displacements  of  the  elastic  center  in  the  original  struc- 
ture in  system  (i)  and  system  (ii)  are: 

*o  =  8X 

where  6X  is  the  spread  of  the  abutments: 

x'0  =  Mx  +  atl 

where  a  is  the  temperature  coefficient  of  expansion,  t  is  the  rise  in  temperature 

and  /  is  the  span  of  the  arch. 

And: 

x'i  =  -H0IX  -  HJ/AE 

where  H0l/AE  is  the  approximate  allowance  for  rib  shortening  derived  in 
Section  3.6: 

xo  =  xo  +  xo 
and: 

H0  =  (Mx  +  atl  -  6X)/(IX  +  II AE) 
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Allowing  for  vertical  settlement  of  one  abutment,  the  vertical  displacements 
of  the  elastic  center  in  the  original  structure  in  system  (i)  and  in  system  (ii)  are: 

To  =  Sy 

where  6,,  is  the  settlement  of  the  abutment: 


To=My 


and: 


y'i  =  -v0i, 


Thus: 


V0  =(M-6y)/l 


i      y   y 


Allowing  for  a  clockwise  rotation  of  9  at  end  1  of  the  frame  shown  in  Figure 
6.4,  the  displacements  of  the  elastic  center  are: 

xQ  =  9y  ^ 
yQ  =  -Ox 
9o=-0 


i 
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r 

Figure  6.4 


The  values  of  the  redundants  at  the  elastic  center  are,  then: 


H0  =  (Mx  -  9y)/lx 
VQ  =  (My  +  9x)/ly 
MQ  =  (W  +  0)/A 
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6.3     Two-hinged  polygonal  arch 

The  symmetrical,  two-hinged  polygonal  arch  shown  in  Figure  6.5  (i)  is  one 
degree  redundant,  the  redundant  being  the  horizontal  restraint  H.  The  two 
hinges  have  zero  stiffness,  and  the  elastic  arch  has  two  infinite  areas  concen- 
trated at  the  foot  of  the  columns,  as  shown  at  (ii).  The  elastic  center  lies  cen- 
trally between  the  two  feet,  and  the  elastic  area  and  the  second  moment  of  the 
elastic  area  about  the  y-axis  are  infinite. 


H 
~V/f?777~ 


H 


<y 


~T7?y7?7~ 


(i) 


(ii) 


Figure  6.5 


Hence: 


Vo 

=  MQ 
=  0 

and: 

Ho 

=  Mx/Ix 

=  H 

Example 

6.1 

Determine  the  horizontal  reaction  at  the  hinges  of  the  two-hinged  arch  shown 
in  Figure  6.6.  The  section  is  uniform  throughout,  and  deformations  due  to 
axial  effects  and  shear  may  be  neglected. 


Figure  6.6 
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Solution 

The  cut-back  structure  is  produced  by  replacing  one  hinge  with  a  roller,  and 
the  elastic  load  on  the  elastic  arch  is  shown  at  (i).  The  value  of  1/EI  may  be 
taken  as  unity. 
Then: 


Wt 

=  10X48/2 

=  240 

W7 

=  4  X 120/2 

=  240 

ws 

=  10  X 104/2 

=  520 

w4 

=  10x32/2 

=  160 

Mx 

=  4  X  240  +  6  x  760  +  4  X  160 

=  6160 

K 

=  14  X  62  +  2  x  10  X  62  x  1/3 

=  744 

and: 


H  =  Mx/Ix 

=  8.28  kips 


6.4    Influence  lines  for  fixed-ended  arches 

The  influence  lines  for  the  restraints  at  the  end  of  1  of  the  fixed-ended  symmet- 
rical arch  shown  in  Figure  6.7  may  be  most  readily  obtained  from  the  influence 
lines  for  MQ,  HQ,  and  Vq.  The  arch  is  divided  into  short  segments  of  length  s, 
and  the  second  moment  of  area  is  regarded  as  constant  over  the  length  of  each 


Figure  6.7 
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segment,  as  indicated  in  the  figure.  The  elastic  area  and  the  height  of  the  elastic 
center  above  the  base  of  the  arch  are  given  by: 

A  =  Es/7 
y  =  Ey's/I  X  1/A 

where  I  is  the  second  moment  of  area  at  the  center  of  a  given  segment  and  y'  is 
its  height  above  the  base. 

The  cut-back  structure  is  produced  by  introducing  a  cut  in  the  crown  of  the 
arch  to  form  two  identical  cantilevers,  one  of  which  is  shown  in  Figure  6.8 
(i).  The  reactions  at  the  elastic  center  for  the  other  cantilever  are  equal  and 
opposite  to  those  shown.  To  determine  the  influence  line  for  Hq,  a  unit  load 
is  applied  in  place  of  H0,  as  shown  at  (ii).  The  bending  moment  at  the  center 
of  each  segment  is  given  by  M  =  —  y  and  is  regarded  as  constant  over  the 
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Figure  6.8 
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length  of  each  segment.  The  elastic  loads  on  the  conjugate  beam  are  given  by 
W  =  —ys/EI  and  are  considered  as  concentrated  at  the  center  of  each  segment, 
as  shown  at  (iii).  The  ordinates  of  the  elastic  curve  of  the  cut-back  structure, 
with  a  unit  load  applied  in  place  of  H0,  are  given  by  bending  moments  at  the 
corresponding  section  in  the  conjugate  beam  and  are  shown  at  (iv).  These  ordi- 
nates, when  divided  throughout  by  the  total  horizontal  displacement  between 
the  two  cantilevers  at  O  due  to  the  unit  load,  are  the  influence  line  ordinates 
for  H0.  The  horizontal  displacement  of  O  due  to  the  unit  load  is: 


/: 


ds/EI 


To  determine  the  influence  line  for  Vo,  a  unit  load  is  applied  in  place  of  Vq, 
as  shown  at  (v).  The  bending  moment  at  the  center  of  each  segment  is  given  by 
M  =  x  and  is  regarded  as  constant  over  the  length  of  each  segment.  The  elastic 
loads  on  the  conjugate  beam  are  given  by  W  =  xs/EI  and  are  considered  as 
concentrated  at  the  center  of  each  segment,  as  shown  at  (vi).  The  ordinates  of 
the  elastic  curve  of  the  cut-back  structure  are  given  by  the  bending  moments  at 
the  corresponding  section  in  the  conjugate  beam  and  are  shown  at  (vii).  These 
ordinates,  when  divided  throughout  by  yo,  the  total  vertical  displacement 
between  the  two  cantilevers  at  O,  are  the  influence  line  ordinates  for  Vo-  The 
influence  line  for  Vq  over  the  left  half  of  the  span  is  the  inverted  mirror  image 
of  the  influence  line  over  the  right  half. 

To  determine  the  influence  line  for  MQ,  a  unit  moment  is  applied  in  place  of 
M0,  as  shown  at  (viii).  The  bending  moment  at  the  center  of  each  segment  is  given 
by  M  =  1.  The  elastic  loads  on  the  conjugate  beam  are  given  by  W  =  s/EI  and 
are  considered  as  concentrated  at  the  center  of  each  segment,  as  shown  at  (ix).  The 
ordinates  of  the  elastic  curve  of  the  cut-back  structure  are  given  by  the  bending 
moments  at  the  corresponding  section  in  the  conjugate  beam  and  are  shown  at  (x). 
These  ordinates,  when  divided  throughout  by  9Q,  the  total  rotation  at  O  due  to  the 
unit  load,  are  the  influence  line  ordinates  for  MQ.  The  rotation  of  O  is  given  by: 


J ds/EI 


=  A 

The  influence  line  ordinates  for  Hj  are  given  by: 


Ht  -  HQ 


The  influence  line  ordinates  for  Vj  are  given  by: 


V,  =  ~V0  ...  left  half 
V1=1-VQ  ...  right  half 
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The  influence  line  ordinates  for  Mc  are  given  by: 

Mc  =  MQ  —  HQ(h  —  y)  with  tension  in  the  bottom  fiber  positive 

The  influence  line  ordinates  for  Mi  are  given  by: 

Mt=M0+  HQy  +  V0//2  ...  left  half 

M1  =  -x"  +  MQ+  HQy  +  V0//2  ...  right  half 

where  x"  is  the  horizontal  distance  of  the  unit  load  from  1,  and  tension  in  the 
bottom  fiber  is  positive. 

Example  6.2 

Determine  the  influence  line  ordinates  for  the  elastic  center  reactions,  the 
springing  reactions,  and  the  bending  moment  at  the  crown  of  the  arch  shown 
in  Figure  6.9.  The  equation  of  the  arch  is: 

y  =  x  -  0.0133*2 

and  the  second  moment  of  area  varies  as  indicated  in  Table  6.1. 


Figure  6.9 


Table  6.1  Properties  of  elastic  arch  for  Example  6.2 


Segment 

1 

2 

3 

4 

5 

2  X  E 

Length  s 

8.60 

8.60 

8.60 

8.60 

8.60 

Relative  EI 

5.10 

3.07 

2.03 

1.45 

1.11 

y' 

2.95 

8.45 

13.05 

16.50 

18.50 

s/EI 

1.69 

2.80 

4.24 

5.94 

7.75 

44.84 

y's/EI 

5.00 

23.70 

55.30 

98.00 

139.50 

643.00 

y 

-11.55 

-6.05 

-1.35 

2.15 

4.15 

yh/El 

225.00 

102.50 

7.70 

27.40 

133.60 

992.40 
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Solution 

The  properties  of  the  elastic  arch  are  obtained  in  Table  6.1.  The  elastic  area,  the 
height  of  the  elastic  center,  and  the  second  moment  of  the  elastic  area  about  the 
x-axis  are: 

A  =  44.84 

y  =  643.0/44.84 


L 


14.4  ft 
992.4 


The  influence  line  ordinates  for  the  elastic  center  reactions  are  derived  in 
Table  6.2  and  plotted  in  Figure  6.10.  The  influence  line  ordinates  for  Vo  over 
the  left  half  of  the  span  are  —  1  X  the  corresponding  ordinate  over  the  right 
half  of  the  span. 

Table  6.2  Influence  line  ordinates  for  Example  6.2 


1 

Segment 

1 

2 

3 

4 

5 

Crown 

2 

y 

-11.55 

-6.05 

-1.35 

2.15 

4.15 

4.35 

3 

-ys/EI 

19.50 

16.95 

5.72 

-12.75 

-32.20 

- 

4 

x' 

6.60 

7.25 

7.80 

8.40 

4.35 

- 

5 

M'  for  H0  =  1 

0 

129 

393 

723 

970 

957 

6 

(5)  X  1/992.4  =  H0 

0 

0.13 

0.40 

0.73 

0.98 

0.97 

7 

X 

34.40 

27.80 

20.55 

12.75 

4.35 

0 

8 

xs/EI 

58.20 

78.00 

87.00 

75.70 

33.70 

- 

9 

M'  for  V0  =  1 

0 

384 

1372 

3122 

5632 

7082 

10 

(9)  X  1/(2  X  7082)  =  V0 

0 

0.027 

0.097 

0.221 

0.398 

0.500 

11 

s/EI 

1.69 

2.80 

4.24 

5.94 

7.75 

- 

12 

M'  for  M0  =  1 

0 

11.20 

43.70 

112 

235 

333 

13 

(12)  X  1/44.84  =  MD 

0 

0.25 

0.97 

2.50 

5.25 

7.43 

14 

Mc 

0 

-0.32 

-0.77 

-0.67 

0.99 

3.08 

15 

Vi  left  half 

0 

0.027 

0.097 

0.221 

0.398 

0.500 

16 

V|  right  half 

1 

0.973 

0.903 

0.779 

0.602 

0.500 

17 

Mi  left  half 

0 

1.11 

3.09 

4.70 

4.35 

3.08 

18 

Mi  right  half 

-3.10 

-6.57 

-6.58 

-3.45 

1.20 

3.08 

The  influence  line  ordinates  for  Mc  are  given  by: 

Mc  =  M0  —  4.35  H0  ...  tension  in  the  bottom  fiber  positive 

The  influence  line  ordinates  for  M±  are  given  by: 

Mi  =  MQ+  14.4H0  +  37.5V0  ...  left  half 

Mx  =  -x"  +  MQ+  14.4  H0  +  37.5V0  ...  right  half 
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where  x"  is  the  horizontal  distance  of  the  unit  load  from   1   and  bending 
moment  producing  tension  in  the  bottom  fiber  is  positive. 

The  influence  line  ordinates  for  Mc,  Ml5  and  V\  are  derived  in  Table  6.2  and 
plotted  in  Figure  6.11. 


Figure  6.10 


Figure  6.11 
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6.5     Column  analogy  method 

The  fixed-ended  beam  shown  in  Figure  6.12  may  be  replaced  by  systems  (i) 
and  (ii),  the  cut-back  structure  being  produced  by  introducing  a  moment 
release  at  1  and  2.  For  a  beam  with  a  straight  axis,  the  elastic  center  O  is  on 
the  beam  axis  and  Mx  =  HQ  =  0.  Then,  the  bending  moment  at  any  section, 
with  coordinates  x  in  the  original  beam  is  given  by: 


M 


(M0  +  V0x)  =  M  -  (W/A  +  Weyx/Iy 


where  M  is  the  bending  moment  in  the  cut-back  structure  and  the  expression 
in  brackets  is  the  bending  moment  due  to  the  elastic  center  reactions,  with 
bending  moment  producing  tension  in  the  bottom  fiber  regarded  as  positive. 


(i) 
Figure  6.12 


The  analogous  column  shown  in  Figure  6.13  consists  of  a  short  column  with 
a  width  at  any  section  of  1/EI  subjected  to  an  applied  knife-edge  load  W  with  an 
intensity  at  that  section  of  M/EI,  where  E  and  I  are  the  modulus  of  elasticity  and 
the  second  moment  of  area  at  the  corresponding  section  in  the  real  beam.  That 
is,  the  cross-section  of  the  column  consists  of  the  elastic  area  A,  with  its  centroid 
at  O,  loaded  with  the  elastic  load  W.  A  positive  moment  in  the  cut-back  structure 


Figure  6.13 
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produces  a  vertically  downward  load  on  the  analogous  column.  Then,  the  stress  at 
any  section,  with  coordinates  x  in  the  analogous  column,  is  given  by: 

W/A  +  Weyx/ly 

with  compressive  stress  regarded  as  positive. 

This  expression  for  stress  in  the  analogous  column  is  identical  to  that  for 
moment  in  the  cut-back  structure  due  to  the  elastic  center  reactions.  Thus,  a 
value  for  the  stress  at  any  section  in  the  analogous  column  is  equivalent  to  the 
moment  at  the  corresponding  section  in  the  cut-back  structure  due  to  the  elas- 
tic center  reactions. 

While  the  column  analogy  method  has  been  restricted  here  to  straight  beams, 
it  may  be  readily  extended,  in  the  same  manner  as  the  elastic  center  method,  to 
frames  and  arches,  which  may  be  symmetrical  or  unsymmetrical. 

A  vertical  displacement  Sy  of  end  1  of  the  fixed-ended  beam  shown  in  Figure 
6.14  produces  an  equal  displacement  of  the  elastic  center,  which  is  given  by: 

Sy  =  jMxds/EI 
=  M„ 


(ii) 


Figure  6.14 

Thus,  the  effect  of  a  vertical  displacement  on  the  real  beam  is  equivalent  to 
the  effect  of  a  bending  moment  applied  to  the  y-axis  of  the  analogous  column. 
The  displacement  produces  positive  moment  at  1  and  negative  moment  at  2, 
and  the  equivalent  stresses  in  the  analogous  column  are  tension  at  1  and  com- 
pression at  2.  For  cases  (i)  and  (ii)  the  sense  of  My  is  as  indicated. 

A  rotation  9  at  end  1  of  the  fixed-ended  beam  shown  in  Figure  6.15  pro- 
duces a  rotation  and  displacement  of  the  elastic  center,  which  are  given  by: 


jMds/EI 
W 


)'o 


We,, 
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UEI 


"      0 


w  =  e    w- 


(i) 


do 


Figure  6.15 

Thus,  the  effect  of  a  rotation  8  at  1  is  equivalent  to  the  effect  of  a  concen- 
trated load  W  applied  to  the  analogous  column  at  1.  The  rotation  produces  a 
negative  moment  at  1  and  a  positive  moment  at  2,  and  the  equivalent  stresses 
in  the  analogous  column  are  compression  at  1  and  tension  at  2.  For  cases  (i) 
and  (ii)  the  sense  of  W  is  as  indicated. 

The  column  analogy  method  may  be  readily  extended3  to  the  solution  of 
frames  and  continuous  beams  in  which  there  are  displacements  and  rotations 
of  the  supports. 


6.6     Fixed-end  moments 

Example  6.3 

Determine  the  bending  moments  in  the  column  shown  in  Figure  6.16.  The  rela- 
tive EI  values  are  shown  ringed. 


l 
////// 


0 

-  2 

© 


■2' 


////// 


Figure  6.16 
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Solution 

The  analogous  column  is  shown  at  (i),  where  1/EI  for  member  12  is  taken  as 
4  units.  The  cut-back  structure  is  produced  by  releasing  3.  The  intensity  of 
loading  on  the  analogous  column  is,  then: 

5  X  2  X  4  =  40  units 

and: 

W  =  400 

The  properties  of  the  analogous  column  are: 

A  =  10X4  + 20  XI 

=  60 
x  =  (40  X  25  +  20  X  10)/60 

=  20  ft 
Iy  =  40  X  100/3  +  20  x  400/3 

=  4000 
ey  =  5  ft 

The  moments  in  the  real  column  are: 

M12  =         10        -        (W/A       +       10Wgy/Iy) 

=  10  -  (400/60  +  20,000/4000) 

=  10-6.67-5 

=  —1.67  kip-ft ...  tension  on  left  side 
M21  =  10  -  W/A 

=  3.33  kip-ft ...  tension  on  right  side 
M23  =  0  -  W/A 

=  —6.67  kip-ft ...  tension  on  left  side 
M32  =  0  -  (W/A  -  20Wey/Iy) 

=  0  -  (400/60  -  40,000/4000) 

=  0-6.67  +  10 

=  3.33  kip-ft ...  tension  on  right  side 


Example  6.4 

Determine  the  fixed-end  moments  in  the  non-prismatic  beam  shown  in  Figure 
6.17.  The  relative  EI  values  are  shown  ringed. 
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\<-. 


6*      |  5* 
3 


©        ©      ©         © 
6'       I    4'    I    4'     I       6' 


^5 


Figure  6.17 


Solution 

The  analogous  column  is  shown  at  (i),  where  1/EI  for  member  12  is  taken  as 
2  units.  The  cut-back  structure  is  produced  by  releasing  5,  and  the  column 
loads,  eccentricities,  and  moments  about  the  y-axis  are: 


M, 
W, 


M2 


=  40 

2.67 
■■  107 
:  240 
■■  7 

1680 
=  396 


e3  =8 


M, 


3168 


The  properties  of  the  analogous  column  are: 

A  =  20X2-8X1 
=  32 

Iy  =  40  X  400/12  -  8  x  64/12 
=  1290 

The  fixed-end  moments  in  the  real  beam  are: 


M12  =  -86 


-W/A  -  10Wey/Iy) 


M 


54 


-86  -  (-676/32  -  10  x  4955/1290) 

—26.5  kip-ft ...  tension  in  the  top  fiber 

0-(-W/A  +  10Wey/Iy) 

0  -  (-676/32  +  10  X  4955/1290) 

—  17.3  kip-ft ...  tension  in  the  top  fiber 
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Example  6.5 

Determine  the  fixed-end  moments  in  the  non-prismatic  beam  shown  in  Figure 
6.18.  The  relative  EI  values  are  shown  ringed. 


1/ 


©       © 

10'      I    6' 


16* 


© 
16' 


Figure  6.18 


Solution 

The  analogous  column  is  shown  at  (i),  where  1IEI  for  member  12  is  taken  as 
6  units.  The  cut-back  structure  is  produced  by  releasing  1,  and  the  column 
properties  are: 

A  =  60  +  12  +  48 

=  120 
x  =  (60  x  5  +  12  x  13  +  48  x  24)/120 

=  13.4  ft 
Iy  =  60  X  100/12  +  60  x  (8.4)2  +  12  X  36/12  +  12  X  (0.4)2  +  48  X 

256/12  + 48  x(10.6)2 

=  11190 
W  =  384  X  16/3 

=  2050 
ey  =  18.6-4 

=  14.6  ft 

The  fixed-end  moments  in  the  real  beam  are: 
M 


I12 


M 


43 


0  -  (-2050/120  +  13.4  x  2050  X  14.6/11,190) 

—  18.7  kip-ft ...  tension  in  the  top  fiber 

-128  -  (-2050/120  -  18.6  X  2050  X  14.6/11,190) 

—  61.3  kip-ft ...  tension  in  the  top  fiber 


Example  6.6 

Determine  the  fixed-end  moments  in  the  non-prismatic  beam  shown  in  Figure 
6.19  due  to  support  2  settling  a  distance  6.  The  EI  values  are  shown  ringed. 
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l£ 


{EI) 


^2 


4' 


Figure  6.19 


Solution 

The  analogous  column  is  shown  at  (i),  and  the  settlement  of  2  is  equivalent  to  a 
moment  6  acting  on  the  analogous  column  as  shown.  The  column  properties  are: 

A  =  2/EI  +  4/EI 

=  6/EI 
x  =  (2x4  +  4x  10)16 

=  8  ft 
Iy  =  2IEI  x  64/3  +  4/EI  x  16/3 

=  64/EI 

The  fixed-end  moments  in  the  real  beam  are: 
M12  =  0  -  8S/1 


EI6/8  ...  tension  in  the  top  fiber 
+  4My 
EIS/16  ...  tension  in  the  bottom  fiber 


M21  =  0  +  4S/ly 


6.7     Stiffness  and  carry-over  factors 

(a)  Prismatic  members 

The  restrained  stiffness  S12  at  the  end  1  of  a  member  12,  which  is  fixed  at  2, 
as  shown  in  Figure  6.20,  is  defined  as  the  bending  moment  required  at  1  to 
produce  a  rotation  there  of  one  radian.  The  carry-over  factor  is  defined  as  the 
ratio  of  the  moment  induced  at  2  to  the  moment  required  at  1. 

The  analogous  column  is  shown  at  (i),  and  the  unit  rotation  of  1  is  equiv- 
alent to  a  unit  load  acting  on  the  analogous  column  as  shown.  The  column 
properties  are: 


A 
L 


l/EI 

P/12EI 
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9  =  1 


M,, 


_£_ 


UEI       0  ' 


~7~ 


to 


Figure  6.20 
The  moments  in  the  real  beam  are: 


M 


12 


M 


21 


0-(l/A  +  /2/4Iy) 

—4EI/1  ...  tension  in  the  top  fiber 

0-(l/A-/2/4Iv) 


=  2EI/1  ...  tension  in  the  bottom  fiber 
Thus,  the  restrained  stiffness  and  carry-over  factors  are: 

«12  =  M12 

=  4  EIll  ...  clockwise  positive 


hi  =  M2l/M12 


w=i 


For  a  beam  hinged  at  2,  as  shown  in  Figure  6.21,  the  analogous  column  is 
shown  at  (i)  and  has  an  infinite  area  concentrated  at  2'.  The  column  properties  are: 


Iy  =  P/3EI 


Figure  6.21 

The  moments  in  the  real  beam  are: 


M 


12 


0  -  (l/oo  -  l2l\y) 

—3EI/1  ...  tension  in  the  top  fiber 


M21  =  0  -  (l/oo  +  0) 
=  0 


w=  1 
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Thus,  the  stiffness  and  carry-over  factors  are: 


hi  =  M12 


=  3EI/1  ...  clockwise  positive 
c[2  =  M21/M12 
=  0 


(b)  Non-prismatic  members 

Stiffness  and  carry-over  factors  have  been  tabulated  for  a  large  range  of  non- 
prismatic  beams  with  parabolic  and  straight  haunches4'5,  and  for  beams  with 
discontinuous  flanges6.  The  characteristics  of  members  for  which  tabulated 
values  are  not  available  may  be  obtained  by  the  methods  detailed  in  Examples 
6.7  and  6.8. 


Example  6.7 

Determine  the  stiffness  s2i  and  the  carry-over  factor  c2\  for  the  non-prismatic 
beam  shown  in  Figure  6.22.  The  EI  values  are  shown  ringed. 


j<_ 


(EI 


1/4EI 


^2 


4' 


/ 

/" 

Figure  6.22 


Solution 

The  analogous  column  is  shown  at  (i),  and  the  unit  rotation  of  2  is  equivalent 
to  a  unit  load  acting  on  the  analogous  column  as  shown.  The  column  proper- 
ties are: 


A  =  2/EI  +  4/EI 

=  6/EI 
X  =  (2X4  +  4X  10)/6 

=  8  ft 
Iy  =  2  X  64/3EI  +  4  X  16/3EI 

=  64/EI 
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The  moments  in  the  real  beam  are: 

M21  =  0-(l/A  +  4x4xl/Iy) 

=  —  5 EI/12  ...  tension  in  the  top  fiber 
M12  =0-(l/A-8x4xl/Iy) 

=  EI/3  ...  tension  in  the  bottom  fiber 
Thus  the  stiffness  and  carry-over  factors  are: 

4i  =  M21 

=  5EI/12  ...  clockwise  positive 
4i  =  M12/M21 

=  4/5 


Example  6.8 

Determine  the  stiffness,  carry-over  factor,  and  influence  line  for  the  fixed-end 
moment  at  the  end  1  of  the  steel  beam  shown  in  Figure  6.23.  The  modulus  of 
elasticity  may  be  taken  as  30,000  kips/in2. 
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Figure  6.23 


Solution 

The  properties  of  the  analogous  column  are  obtained  in  Table  6.3  with  E  =  1 
and  I  in  ft  units: 

A  =  27.80 

x  =  330.5/27.8 

=  11.9  ft 
Iy  =  676  +  18 

=  694 
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Table  6.3  Properties  of  analogous  column  for  Example  6.8 

Segment               1              234567              8 

E 

Length,  s,  ft 

3 

3 

3 

3 

2 

2 

2 

2 

Ut4 

0.56 

0.56 

0.56 

0.56 

0.73 

1.16 

1.7 

2.37 

x' 

18.50 

15.5 

12.5 

9.5 

7 

5 

3 

1 

sll 

5.33 

5.33 

5.33 

5.33 

2.73 

1.73 

1.18 

0.84 

27.8 

x's/I 

98.6 

82.6 

66.6 

50.6 

19.1 

8.7 

3.5 

0.8 

330.5 

X 

-6.60 

-3.60 

-0.60 

2.4 

4.9 

6.9 

8.9 

10.9 

xhll 

232 

69 

2 

31 

65 

82 

94 

101 

676 

x3/l2I 

4 

4 

4 

4 

1 

0.6 

0.4 

0 

18 

The  influence  line  for  Mj  is  given  by  the  elastic  curve  produced  by  a  unit 
rotation  at  1  and  is  equivalent  to  a  unit  load  at  1'  on  the  analogous  column. 
The  bending  moment  at  the  center  of  each  segment  is  given  by: 

M  =  0  -  (1/A  +  xx/Iy) 

and  is  regarded  as  constant  over  the  length  of  each  segment.  The  ordinates  of 
the  elastic  curve  are  given  by  the  bending  moments  at  the  corresponding  sec- 
tions in  the  conjugate  beam,  and  the  load  on  the  conjugate  beam  is: 

W'  =  sM/I 

where  s  is  the  length  of  the  segment.  The  influence  line  ordinates  for  Ma  are 
obtained  in  Table  6.4  and  shown  in  Figure  6.24. 


Table  6.4  Influence  line  ordinates  for  Example  6.8 


Segment 

1 

2 

3 

4 

5 

6 

7 

8 

M 

0.077 

0.026 

-0.026 

-0.077 

-0.120 

-0.154 

-0.189 

-0.223 

W 

0.415 

0.138 

-0.138 

-0.415 

-0.322 

-0.267 

-0.223 

-0.188 

Influence 

0 

1.25 

2.9 

4.15 

4.15 

3.51 

2.33 

0.7 

ordinates 

Figure  6.24 
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The  moments  in  the  real  beam  due  to  a  unit  rotation  at  1  are: 


M 


12 


M 


21 


0-(l/A  +  x2/Iy) 

-(0.036  +  0.204) 

-0.240 

0  -  (1/A  -  x(/  -  x)/Iy 

-(0.036-0.139) 

0.103 


Thus,  the  stiffness  and  carry-over  factors  are: 
0.240E 


512 


=  0.240  x  30,000  X  144 
=  1360  kip-ft 
c'21  =  0.103/0.240 
=  0.430 


(c)  Curved  members 

In  addition  to  rotational  stiffness  and  carry-over  factors,  the  translational 
stiffness  of  curved  members  is  also  required.  The  translational  stiffness  is  the 
horizontal  force  required  to  produce  unit  translation  at  one  end  of  a  curved 
member,  all  other  displacements  being  prevented.  The  characteristics  of  a  large 
range  of  symmetrical  segmental,  parabolic,  and  elliptical  members  are  avail- 
able1'7. The  characteristics  of  unsymmetrical  curved  members  may  be  deter- 
mined in  a  similar  manner  to  that  detailed  in  Example  6.2. 

Example  6.9 

The  parabolic  arch  shown  in  Figure  6.25  has  a  second  moment  of  area  that 
varies  directly  as  the  secant  of  the  slope  of  the  arch  axis.  Determine  (i)  the 
rotational  stiffness  and  carry-over  factor,  (ii)  the  translational  stiffness,  (iii)  the 
fixed-end  moments  and  thrust  due  to  a  unit  load  at  the  crown. 


Figure  6.25 
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The  second  moment  of  area  of  the  arch  at  any  section  is: 

I  =  I0  sec  a 

=  IQ  ds/dx 

where  Iq  is  the  second  moment  of  area  at  the  crown. 
The  equation  of  the  arch  axis  is: 

y  =  4hx(l  -  x)/l2 

The  properties  of  the  analogous  column  are: 

A  =  Jds/EI 


Jodx/EI° 


l/EI0 


Ay  =  Jy  ds/EI 
=  fQ  y  dx/EIQ 

=  4hj\xl  -  x2)dx/l2EI0 

=  2lh/3EIQ 
y  =  2h/3 
Ix  =  J  (y  -  y)2  ds/EI 

=  4b2/EIQ  j\4x4/l4  -  8x3//3  +  16x2/3l2  -  4x131  +  U9)dx 


4b2ll  45 Elc 


Iy  =  f(x  -  l/2)2ds/EI 

=  J\x2  -lx  +  l2/4)dx/EIQ 


=  P/12EI0 

(i)  The  rotational  stiffness  s12  at  the  end  1  of  the  arch  is  the  bending  moment 
required  at  1  to  produce  unit  rotation  there,  as  shown  in  Figure  6.26.  This  is 
equivalent  to  a  unit  load  acting  on  the  analogous  column  in  the  sense  indicated 
for  case  (i)  and  (ii).  Using  the  convention  of  clockwise  moments  positive,  the 
moments  in  the  arch  are: 

s12  =  1/A  +  x2/Iy  +  y2/Ix 
=  EIQ(l/l  +  3/1  +  5/1) 
=  9EIJI 
cnsu  =~l/A  +  x2/Iy-y2/Ix 
=  -3EIJI 
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(0 


(ii) 


Figure  6.26 


Thus: 


c12  =  -1/3 
The  horizontal  thrust  associated  with  the  unit  rotation  is  given  by  Section  6.2  as: 

=  15EIQ/2hl 

and  has  the  sense  indicated  for  case  (i)  and  (ii). 

(ii)  The  translational  stiffness  Hd=1  at  the  end  1  of  the  arch  is  the  thrust 
required  at  1  to  produce  unit  translation  there,  as  shown  in  Figure  6.27  and  is 
given  by  Section  6.2  as: 

H'=*  =  H0 
=  1/IX 
=  45EI0/4h2l 

and  has  the  sense  indicated  for  case  (i)  and  (ii). 


jjd-1  i   /  Hs- 


i<5=li 


(0 


Figure  6.27 
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The  fixed-end  moment  associated  with  the  unit  translation  is  given  by 
Section  6.2  as: 

M*=1  =  yH0 

=  15EIQ/2hl 

and  has  the  sense  indicated  for  case  (i)  and  (ii). 

(iii)  The  cut-back  structure  is  shown  in  Figure  6.28,  and  the  elastic  load  is: 


-in 
0 

■,112 

,.    i . .  / 7 7  ; 

l2/8EIr 


W  =  2  f     M  ds/EI 

Jo 

r"2 
=   I      x  dx/EI, 


'o 


Figure  6.28 
The  moment  of  W  about  a  vertical  axis  through  O  is: 

My  =   0 
The  moment  of  W  about  a  horizontal  axis  through  O  is: 

■,1/2  _ 


Mx  =  2/Q    M(y  -  y)ds/EI 

111 

=  2hJ    (2x2l  -  2x3  -  l2x/3)dx/l2EI0 
=  bl2/48EIQ 

The  moments  in  the  arch  are: 


Mn  =  M2i  =  °  _  (W/A  "  2fcMx/3Ix) 
=  -M  +  51/32 
=  1/32  ...  tension  in  the  bottom  fiber 

The  horizontal  thrust  is  given  by  Section  6.2  as: 

HF  =  Hr 


0 

15l/64h  ...  inwards 


Mx/Ix 
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(d)  Elastically  restrained  members 

A  bending  moment  transmitted  through  a  riveted  or  bolted  beam-column  con- 
nection causes  a  relative  angular  displacement  between  the  beam  and  the  col- 
umn. A  linear  relationship  may  be  assumed  between  the  transmitted  moment 
and  the  relative  rotation  and  is: 

<t>'  =  77M 

where  77  is  the  elastic  connection  factor.  Expressions  for  determining  the  value 
of  77  have  been  derived8  for  a  number  of  different  types  of  connections.  For  a 
fully  restrained  connection  77  =  0  and  for  a  hinge  77  =  °°. 

The  beam  12  shown  in  Figure  6.29  is  attached  to  columns  at  1  and  2  by 
means  of  elastic  connections  with  factors  of  7?12  and  7?21.  The  stiffness  of  the 
beam  at  1  is  the  bending  moment,  s12  required  to  produce  a  unit  rotation  of 
the  column  there,  the  column  at  2  being  clamped  in  position.  The  relative  rota- 
tions between  the  beam  and  the  columns  at  1  and  2  are: 


y12 


1    _         /    / 
21  ~~  Vnci2sn 


■4ei 


l£_ 


T 


$ 


(i-'?  12S12) 


(1) 


Figure  6.29 

The  analogous  column  and  its  loading  is  shown  at  (i),  and  the  column  prop- 
erties are: 

A  =  UEI 
Iy  =  P/12EI 

Using  the  convention  of  clockwise  moments  positive,  the  moments  in  the 
real  beam  are: 


5i2  =  (1  -  »7i25i2  +  V2ic'i2s'n)EI/l  +  (1  -  Vns'i2  ~  Vuc'u.s'^EIll 

c12512    =  -  (1  -  ?7l2512  +  V2\c'ns12)EI/l  +  (1  _  Vl2s'\2  ~  %1C12512)3£M 

Thus:  s'n  =12£ZL21/(4L12L21-/2) 
and:  c[2  =  //2L21 
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where  the  equivalent  lengths  of  the  elastically  restrained  member  are: 

L12  =  /  +  3EIr]n 

and:  L21  =  /  +  3EIr]21 

When  the  connection  at  end  2  is  fully  rigid: 

s[2  =  4Ell(l  +  4Ehll2) 

I 

and:  c[2  =  — 

When  the  connection  at  end  2  is  hinged: 

s[2  =  3EI/{1  +  3Ehln) 

and:  c[2  =  0 

When  the  connection  at  end  1  is  fully  rigid: 

s[2  =  4EI(l  +  3Ehl21)ll{l  +  4EIil2l) 

and:  c[2  =  1/2(1  +  3EIr]21) 

and  these  two  values  also  apply  to  a  column  12  with  an  elastically  restrained 
base  at  2. 

The  fixed-end  moments  due  to  a  unit  lateral  translation  of  the  end  1  of 
column  12  shown  in  Figure  6.30  may  be  obtained  from  the  analogous  col- 
umn shown  at  (i).  Using  the  convention  of  clockwise  moments  positive,  the 
moments  in  the  real  column  are: 

M2i   =  -tiling/I  -  3EIrj2iMF2fll  +  6EI/12 

=  6EIIl(l  +  4EIr]21) 
Mff  =  EIr)21M™ II  +  3Ehl21MF2fll  -  6EI/12 

=  6EI(l  +  2Ehlu/l2(l  +  4EIri21) 

When  lateral  loads  are  applied  to  a  member  that  is  elastically  restrained  at 
its  ends,  as  shown  in  Figure  6.31,  the  ends  of  the  member  rotate,  and  this  pro- 
duces the  modified  fixed-end  moments  shown.  These  may  be  obtained  in  any 
particular  instance  from  the  analogous  column  shown  at  (i). 
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6  =  1 


uFE 
VllM2l 


1/E/ 


2' 


T 


to 


CU  =  i 


|»?2iA*2i  ,      y 


Figure  6.30 
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Figure  6.31 


6.8     Closed  rings 

The  distribution  of  bending  moment  in  closed  rings  is  readily  obtained  by  the 
column  analogy  method. 

Displacements  in  a  closed  ring  are  given  by  the  moment  of  the  elastic  load 
about  an  axis  through  the  elastic  center  parallel  to  the  displacement.  Since  this 
requires  the  determination  of  the  position  of  the  elastic  center,  displacements 
are  more  conveniently  determined  by  the  conjugate  structure  method  given  in 
Examples  6.10  and  6.13. 

Example  6.10 

Determine  the  distribution  of  bending  moment  and  the  extension  of  the  hori- 
zontal diameter  for  the  uniform  circular  ring  shown  in  Figure  6.32. 

Solution 

The  cut-back  structure  is  shown  at  (i),  and  the  bending  moment  at  any  section 
defined  by  the  angle  6  is: 

M  =  PR(1  -  cos  6)12 

with  moment  producing  tension  on  the  inside  of  the  ring  regarded  as  positive. 
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Figure  6.32 


The  elastic  load  on  half  the  analogous  column  is  shown  at  (ii)  and  is 
given  by: 


W  =  4/EI  f     Mds 
Jo 

=  2PR2  fW/2(l  -  cos  0)d0/EI 

Jo 


=  PR2(k  -  2)/EI 

The  elastic  load  is  symmetrical  and  Mx  =  My  =  0. 
The  area  of  the  analogous  column  is: 

A  =  IttRIEI 
The  moments  in  the  ring  are: 

Mi  =  0  -  W/A 

=  -PR(n  -  2)/2tt 
Me  =  PR(1-  cos  9)12  -  W/A 

=  PR(2  ~  tt  cos  0)/2ir 
M2  =  PR/2  -  W/A 

=  PR/ir 
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The  extension  of  diameter  1 1  is  given  by  1/EI  X  the  moment  of  the  bending 
moment  in  the  real  structure  about  axis  l'l'  in  the  conjugate  structure  shown 
at  (iii).  This  is: 


^11 


6  =  2/E1  f      Mey  ds 

Jo 

=  PR3         sin  0(2  -  7T  cos  9)d9frEI 


PR3 (4  -  tt)/2ttEI 


Example  6.11 

Determine  the  distribution  of  bending  moment,  thrust,  and  shear  force  in  the 
uniform  circular  ring  shown  in  Figure  6.33.  The  ring  is  subjected  to  a  uni- 
formly distributed  load  of  intensity  w  in  plan. 


2wR 

I TTTTTTI 


2wR 

I I TTTTTTI 


I TTTTm 

2wR 


lllllllllllllllllllll 
2wR 


Figure  6.33 


Solution 


The  cut-back  structure  is  shown  at  (i),  and  the  bending  moment  at  any  section 
defined  by  the  angle  9  is: 

M  =  wR2{l  ~  cos  9)  -  wR2(l  -  cos  9)2/2 
=  (wR2/2)sin29 

The  elastic  load  is  given  by: 


,7i72 


W  =  4  f     M  ds/EI 

r*n/2 

=  2wRi\       sin2  9  &9  /EI 


ttwR3/2EI 
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The  elastic  load  is  symmetrical  and  Mx  =  My  =  0. 
The  area  of  the  analogous  column  is: 

A  =  2irR/EI 

The  moment  in  the  ring  is: 

Me  =  (wR2/2)sin2  9  -  W/A 
=  (wR2/2)sin2  9  -  wR2/4 
=  -{wR2  /4)cos(20) 

The  shear  in  the  ring  is: 

Q0  =  sin  9{wR  -  wR(l  -  cos  6)} 
=  wR  sin  9  cos  9 

The  thrust  in  the  ring  is: 

P0  =   cos  9{wR  -wR(l-  cos  9)} 
=  wR  cos2  9 


Example  6.12 

The  uniform  square  culvert  shown  in  Figure  6.34  is  filled  with  water  of  density  w 
and  stands  on  a  rigid  foundation.  Determine  the  terminal  moments  in  the  culvert. 


wh2/6        wh2/6 


II 14      1 

// AVW/  /\\\v//aw  //  x^y/^^ 


wh2/2 


wh2/3      wh2/3 


(i) 


Figure  6.34 
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Solution 

The  properties  of  the  analogous  column,  with  1/EI  =  1,  are: 

A  =  4h 

Ix  =  2(h3/12  +  h3/4) 
=  2P/3 

The  pressure  distribution  on  the  cut-back  structure  is  shown  at  (i),  and  the 
elastic  load  on  the  analogous  column  is: 


W  =  2  f  Mdz 

Jo 

=  2  J    (-wzh2/6  +  wzJ/6)dz 


=  -wh4/12 

Wz  =  2  f  Mzdz 
Jo 

=  2J    (-wz2h2/6  +  wz4/6)dz 

=  -2wh5/45 
z  =  Sh/15 
ex  =  8^/15  -  h/2  =  h/30 

The  elastic  load  is  symmetrical  about  the  y-axis  as  shown  at  (ii). 
The  moments  in  the  culvert  are: 

Mj  =  0  -  W/A  -  We^/2IX 

=  wk3/48  +  wh3/4S0 

=  llwh3/480 
M2  =  0  -  W/A  +  Wexh/2lx 

=  9wh3/480 

Example  6.13 

Determine  the  distribution  of  bending  moment  and  the  extension  of  the  hori- 
zontal diameter  for  the  uniform  link  shown  in  Figure  6.35. 

Solution 

The  area  of  the  analogous  column,  with  1/EI  =  1,  is: 

A  =  2ttR  +  4b 

The  cut-back  structure  is  shown  at  (i),  and  the  bending  moment  at  any  sec- 
tion defined  by  the  angle  9  is: 

M  =  -PR(1  -  cos  6)12 
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2i h h 


2R 


Figure  6.35 


The  elastic  load  on  half  the  analogous  column  is  shown  at  (ii)  and  is  given  by: 

null 

W  =  4  /      Mds 

Jo 

„    nix  12 

=  -pR2L  d 


cos 


-PR2{n  -  2) 


The  elastic  load  is  symmetrical,  and  Mx  =  My  =  0. 
The  moments  in  the  link  are: 

M1  =  M2 

=  0  -  W/A 

=  PR{tt  -  2)/2(tt  +  2) 
Mg  =  -PR(1  -  cos  9)12  -  W/A 

=  PR/2{cos  6  -  4/(tt  +  2)} 
M3  =  -2PRI{tt  +  2) 

The  extension  of  the  horizontal  axis  is: 


S  =  2RM1/EI  +  2p    Mey  ds/EI 
=  PR3(n  -  2)1  {it  +  2)EI  +  PR3  p'Zcos6i{cos6i  -  4/(tt  +  2)}d6/EI 


•  w/2 


PR3(tt  -  2)1  {-k  +  2)EI  +  PR3{tt2  +  2tt  -  16)/4(tt  +  2)EI 
PR3(tt2  +6tt-  24)/4(tt  +  2)EI 
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Supplementary  problems 

Use  the  column  analogy  method  to  solve  the  following  problems. 

S6.1  Determine  the  fixed-end  moments  produced  by  the  application  of  the 
moment  M  at  point  3  in  the  non-prismatic  beam  shown  in  Figure  S6.1.  The 
relative  EI  values  are  shown  ringed. 


h 


2a 


H^ 
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\  [ 

® 

3    x 

\   ®    t 

_T 

J    M 

Figure  S6.1 

S6.2  Determine  the  fixed-end  moments  produced  by  the  applied  load  indicated 
in  the  non-prismatic  beam  shown  in  Figure  S6.2.  The  relative  EI  values  are 
shown  ringed. 
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Figure  S6.2 

S6.3  Determine  the  bending  moment  at  the  base  of  the  column  shown  in  Figure 
S6.3.  The  relative  EI  values  are  shown  ringed. 
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Figure  S6.3 
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S6.4  Determine  the  fixed-end  moments  produced  by  the  applied  loads  indi- 
cated in  the  non-prismatic  beam  shown  in  Figure  S6.4.  The  relative  EI  values 
are  shown  ringed. 
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Figure  S6.4 

S6.5  Determine  the  fixed-end  moments  produced  by  the  applied  loads  indi- 
cated in  the  non-prismatic  beam  shown  in  Figure  S6.5.  The  relative  EI  values 
are  shown  ringed. 
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Figure  S6.5 


© 


S6.6  Determine  the  fixed-end  moments  produced  by  the  applied  load  indicated 
in  the  prismatic  beam  shown  in  Figure  S6.6. 


/ 

a 

»L 

b 

I  ; 


;  2 


Figure  S6.6 

S6.7  Determine  the  fixed-end  moments  produced  by  the  applied  load  indicated 
in  the  propped  cantilever  shown  in  Figure  S6.7. 


/ 

a 
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Figure  S6.7 
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S6.8  Determine  the  stiffness  s12  and  the  carry-over  factor  c12  for  the  non-pris- 
matic beam  shown  in  Figure  S6.8.  The  relative  EI  values  are  shown  ringed. 
Determine  the  fixed-end  moments  produced  by  the  load  of  10  kips  applied  at 
point  3  as  indicated 
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Figure  S6.8 

S6.9  The  two-hinged  portal  frame  shown  in  Figure  S6.9  is  fabricated  from  a 
uniform  section  with  a  second  moment  of  area  of  280  in  and  a  modulus  of 
elasticity  of  29,000  kips/in2.  Determine  the  horizontal  force  produced  at  the 
hinges  if  the  supports  spread  apart  horizontally  by  0.5  in. 
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Figure  S6.9 


S6.10  The  circular  pipe  shown  in  Figure  S6.10  has  two  concentrated  loads 
applied  as  shown.  Determine  the  bending  moments  produced  at  the  location  of 
the  loads. 


Figure  S6.10 
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S6.ll  Figure  S6.ll  shows  a  monolithic  reinforced  concrete  culvert  of  constant 
section.  Determine  the  bending  moments  produced  at  sections  1  and  2  by  the 
lateral  earth  pressure,  assuming  that  this  is  equivalent  to  the  pressure  of  a  fluid 
having  a  density  of  30  lb/ft3. 
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Figure  S6.ll 
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Notation 

a\i        flexibility  factor  at  the  end  1  of  a  member  12  =  restrained  stiffness  of  the 

member/( ditto  +  adjacent  actual  stiffnesses)  =  sl2l(s12  +£sfn  —  s\2) 
a'12        s12/(s21  +Z,5|n  -  s21) 

fc12  moment  transmission  coefficient,  the  proportion  of  the  out-of-balance 
moment  at  the  joint  1,  which  is  transmitted  to  the  fixed  end  2  of  a 
member  when  joint  1  is  balanced  =  ~^i2cn 

b'12  rotation  transmission  coefficient,  equals  the  proportion  of  the  angle  of 
rotation  imposed  at  the  end  1  of  a  member  12,  which  is  transmitted  to 
the  end  2  =  —  a[  2c12 

C\i  carry-over  factor  for  a  member  12  from  the  end  1  to  the  end  2,  =  Vi  for 
a  straight  prismatic  member 

c'  modified  carry-over  factor 

Cs         left-hand  side  of  sway  equation  after  substituting  Ms  values 

Cw       left-hand  side  of  sway  equation  after  substituting  Mw  values 

d\i        restrained  distribution  factor  at  the  end  1  of  a  member  12  =  s^/Esin 

df2       actual  distribution  factor  at  the  end  1  of  member  12  =  s\2l^2s\n 

E  Young's  modulus 

G  modulus  of  torsional  rigidity 

h  height  of  a  column 

H  horizontal  reaction 

H12       outward  thrust  exerted  at  the  end  1  by  a  curved  member  12 

I  second  moment  of  area  of  a  straight  prismatic  member 

I„  second  moment  of  area  of  a  curved  member  at  its  crown 

/  torsional  inertia 

l\2         length  of  a  member  12 

M  clockwise  moment  of  the  applied  loads  on  a  structure  above  a  particu- 
lar story  about  the  top  of  the  story 

M12      moment  acting  at  the  end  1  of  a  member  12 

Mj2      fixed-end  moment  at  the  end  1  of  a  member  12 

Ms        final  moments  in  a  structure  due  to  an  arbitrary  sway  displacement 

Mw  final  moments  in  a  structure  due  to  the  applied  loads  after  a  non-sway 
distribution 

Q  shear  force,  acting  from  left  to  right  in  a  structure,  due  to  all  the  loads 

applied  above  the  base  of  a  particular  story 

r  ratio  of  distances  between  bottom  of  columns  and  top  of  columns  for  a 

particular  story  in  a  frame  with  inclined  columns 
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s12  restrained  stiffness  at  the  end  1  of  a  member  12,  moment  required  to 
produce  a  unit  rotation  at  the  end  1,  end  2  being  fixed,  =  4EI/l12  for  a 
straight  prismatic  member  12 

s'  modified  stiffness 

sf2  actual  stiffness  at  the  end  1  of  a  member  12  =  moment  required  to 
produce  a  unit  rotation  at  the  end  1,  end  2  having  its  actual  stiffness  = 

$12(1  ~~  a21c12c2l) 

V  vertical  reaction 

W  applied  load 

x  horizontal  sway  displacement 

y  vertical  sway  displacement 

6  deflection 

912  angle  of  rotation  at  the  end  1  of  a  member  12 

cj)i2  angle  of  rotation  at  the  end  1  of  a  member  12  due  to  sway  deformation 

ipi  rotation  at  the  end  1  of  a  curved  member  12 

rj  elastic  connection  factor 


7.1     Introduction 

Since  its  introduction  in  19301  the  moment  distribution  method  has  become 
established  as  the  most  useful  hand-computational  method  in  the  analysis  of  rigid 
frames  and  continuous  beams.  Numerous  developments  have  been  made  to  the 
original  system,  and  these  have  been  recorded  in  comprehensive  textbooks2'3'4. 

Moment  distribution  is  essentially  a  relaxation  technique  where  the  analysis 
proceeds  by  a  series  of  approximations  until  the  desired  degree  of  accuracy  has 
been  obtained.  The  method  may  be  considered  as  an  iterative  form  of  the  more 
recently  developed  stiffness  matrix  method.  The  moment  distribution  method 
provides  a  quantitative  solution  to  a  problem  but  may  also  be  used  to  provide 
a  qualitative  understanding  of  structural  behavior.  In  this  way,  it  may  be  used 
to  develop  a  clearer  perception  of  the  relationship  between  load  and  deforma- 
tion5. Alternative  relaxation  techniques  have  been  developed  on  the  continent 
of  Europe6'7'8  for  the  analysis  of  rigid  frames.  These  will  not  be  considered 
here,  as  moment  distribution  is  the  customary  method  employed  in  English- 
speaking  countries  and  has  a  more  extensive  literature. 


7.2     Sign  convention  and  basic  concepts 

Bending  moments  at  the  ends  of  a  member  are  shown  acting  from  the  sup- 
port to  the  member:  i.e.,  the  support  reactions  are  considered.  These  are  posi- 
tive when  acting  in  a  clockwise  direction,  as  also  are  clockwise  rotations  at  the 
ends  of  a  member.  The  directions  and  sense  of  the  terminal  moments  in  a  con- 
tinuous beam  are  indicated  in  Figure  7.1,  and  it  will  be  noticed  that  the  arrow 
heads  point  towards  the  face  of  the  member,  which  is  in  tension. 
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Figure  7.1 

The  restrained  stiffness  at  the  end  1  of  a  member  12  that  is  fixed  at  2,  as 
shown  in  Figure  7.2,  is  defined  as  the  bending  moment  required  at  1  to  pro- 
duce a  rotation  there  of  one  radian. 


2EI/I 


4EI/1 


Figure  7.2 

The  carry-over  factor  is  defined  as  the  ratio  of  the  moment  induced  at  2  to 
the  moment  required  at  1. 

In  Section  6.7  the  restrained  stiffness  and  carry-over  factors  for  a  straight, 
prismatic  member  were  obtained  as: 

s12  =  4EI/l12 


L12 


1 

2 


Consider  the  clockwise  moment  s0  applied  to  the  rigid  joint  0  of  Figure  7.3, 
causing  the  joint  to  rotate  one  radian.  Then,  sq  is  the  stiffness  of  the  joint.  Since  the 


4- 


Figure  7.3 
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rigid  joint  maintains  fixed  angles  between  the  members,  each  member  at  0  rotates 
through  one  radian,  and  this  requires  the  application  of  moments  s01,  s02,  etc. 
Hence: 

s0    =  s01   +  s02   +  '"  +  s0« 

=  Ss0„ 

The  distribution  factor  for  a  member  is  defined  as  the  ratio  of  the  stiffness  of 
the  member  to  the  stiffness  of  the  joint: 

"01  =  soi'so 
=  s01/Es0n 

and  is  that  proportion  of  the  moment  applied  at  a  joint  that  is  absorbed  by 
the  member.  It  is  clear  that  at  any  joint: 

Zd0„  =  1 

The  fixed-end  moments  for  a  number  of  common  cases  of  loading  applied  to 
straight,  prismatic  members  are  summarized  in  Table  7.1.  These  are  readily 
obtained  by  the  column  analogy  method  given  in  Section  6.6.  A  number  of  hand- 
books9'10'11 provide  a  comprehensive  list  of  fixed-end  moments. 


7.3     Distribution  procedure  for  structures  with  joint 
rotations  and  specified  translations 

The  first  stage  in  the  distribution  procedure  consists  of  considering  the  structure 
as  a  number  of  fixed-ended  members.  Each  member  may  then  be  analyzed  indi- 
vidually and  the  fixed-end  moments  derived  as  shown  in  stage  (i)  of  Figure  7.4. 
In  general,  these  fixed-end  moments  will  not  be  in  equilibrium  at  a  particular 
joint,  and  the  algebraic  sum  of  the  fixed-end  moments  is  the  support  reaction 
required  there  to  prevent  the  rotation  of  the  members.  Applying  a  balancing 
moment  equal  and  opposite  to  this  constraint  produces  equilibrium  at  the  sup- 
port and  is  equivalent  to  allowing  the  joint  to  rotate  to  a  position  of  temporary 
equilibrium,  where  it  is  again  clamped.  The  balancing  moment  is  distributed  to 
each  member  at  the  joint  in  accordance  with  its  distribution  factor. 

The  constraints  at  each  joint  are  balanced  in  turn,  and,  due  to  the  carry-over 
of  moments  to  adjacent  clamped  joints,  previously  balanced  joints  become 
unbalanced.  Hence,  several  cycles  of  the  balancing  procedure  are  required  until 
the  carry-over  moments  are  of  negligible  magnitude.  The  sum  of  all  the  required 
balancing  cycles  is  then  as  shown  in  stage  (ii)  of  Figure  7.4,  where  the  joints 
have  rotated  to  their  positions  of  final  equilibrium,  and  the  terminal  moments 
are  obtained  by  summing  (i)  and  (ii). 
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Table  7.1  Fixed-end  moments 


-Wab1/! 


2/T- 


\\V 


Wa2bll2 


-W//8 


W 


Wl/S 


112 


1/2 


-Wa(3a2-  %al  +  6/2)/12/2 


3o)/12/2 


W 

A  I  I  I  l\ 1 


a 

b 

I 

* 

* 

-Wl/12 


II' 


M/12 


>IIIT\ fllK 


Mfe(2a  -  fc)//2 


M(2fe  -  a)/f 


MIA 


M/4 


+M 


+M 


//2 


//2 


-3EI6/12 


-6EI6/12 


The  magnitudes  of  the  joint  rotations  may  be  readily  obtained  if  required 
once  distribution  is  completed  but  are  not  an  essential  part  of  the  procedure. 
Figure  7.5  shows  prismatic  member  12,  with  a  stiffness  s,  which  forms  part  of 
a  framework.  The  final  terminal  moments  are  given  by: 


M12    =  Mlf2   +  S°l   +  S02I2 

M21  =  Mfj  +  s82  +  s<V  2 


298 


Structural  Analysis:  In  Theory  and  Practice 


-M"n 


(i) 


u 


Ml 


-Mf3 


MFi2 


M\ 

7x 


„„^ 


-m; 


-Afi 


n 


-MI 


Figure  7.5 

and  hence,  #i  and  92  may  be  obtained.  Due  regard  must  be  paid  to  the  signs  of 
the  moments  and  rotations. 


Example  7.1 

Determine  the  bending  moments  in  each  member  of  the  structure  shown  in 
Figure  7.6.  The  relative  EIll  values  are  shown  ringed  alongside  the  members. 
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t2®        J3 

© 
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51       103    -103    157    -157 


-78 


(i) 


f^M 


157 


(ii) 


Figure  7.6 


Solution 

Both  the  propped  frame  and  the  continuous  beam  shown  in  Figure  7.6  are  ana- 
lyzed in  an  identical  manner.  The  relative  EI/l  values  are  also  the  relative  stiff- 
ness values,  and  the  distribution  factors  at  2  are: 


*21 


2/(2  +  3) 
=  2/5 
d2i  =  3/(2  +  3) 
=  3/5 


and  the  distribution  factors  at  3  are: 


d32  =  3/(3  +  4) 

=  3/7 

d34  =  4/(3  +  4) 

=  4/7 
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and  the  distribution  factors  at  1  and  4  are: 


'12 


2/oo 
=  0 

43    =  4/o° 

=  0 


The  fixed-end  moments  are: 


Mf2  =  20  X  80/8 


200  kip-in 


-Mf3 


The  distribution  procedure  is  shown  in  Table  7.2,  and  the  final  moments  for 
the  continuous  beam  are  shown  at  (i)  on  Figure  7.6. 

The  reactions  at  1  and  4  are  obtained  by  taking  moments  about  2  and  3  for 
members  12  and  43,  respectively.  Then: 


H1=V1=  (M 


12+M21)//12 


=  154/80 
=  1.93kips 

H4=V4 

=  (M43  +  M34)//34 
=  235/100 
=  2.35kips 

and  act  in  the  direction  shown. 


Table  7.2  Distribution  of  moments  in  Example  7.1 


Joint 

1 

2 

3 

4 

Member 

12 

21 

23 

32 

34 

43 

Relative  EIll 

2 

2 

3 

3 

4 

4 

Distribution  factor 

0 

y, 

3A 

V? 

4/ 
n 

0 

Carry-over  factor 

<_ 

Vi 

Vi 

Vi 

Vi 

_> 

Fixed-end  moments 

-200 

200 

Distribution 

80 

120 

-86 

-114 

Carry-over 

40 

-43 

60 

-57 

Distribution 

17 

26 

-26 

-34 

Carry-over 

8 

-13 

13 

-17 

Distribution 

5 

8 

-6 

-7 

Carry-over 

3 

-3 

4 

-3 

Distribution  and  carry-over 

1 

2 

-2 

-2 

-1 

Final  moments,  kip-in 

51 

103 

-103 

157 

-157 

-78 
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The  bending  moment  diagram  for  the  continuous  beam,  drawn  on  the  ten- 
sion side  of  the  structure,  is  shown  at  (ii)  on  Figure  7.6  and  is  obtained  by 
combining  the  diagram  for  the  fixing  moments  and  the  free  moments. 


7.4    Abbreviated  methods 

(a)  Hinged  ends 

When  the  end  2  of  a  prismatic  member  12  is  hinged,  it  is  possible  to  derive  a 
modified  value  for  the  stiffness  at  1  that  eliminates  the  carry-over  of  moment 
to  end  2.  Referring  to  Figure  7.7,  where  the  restrained  stiffness  of  12  is  denoted 
by  s,  it  is  seen  that  the  modified  stiffness  at  1  is  given  by: 

s'n   =s(l-c2) 
=  4EI/1  X  3/4 
=  3EI/1 


sil-c1) 


Figure  7.7 


Example  7.2 

Determine  the  bending  moments  in  each  member  of  the  structure  shown  in 
Figure  7.8.  The  relative  EI/l  values  are  shown  ringed  alongside  the  members. 
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Figure  7.8 


So/ut/on 

The  distribution  procedure  is  shown  in  Table  7.3  and  is  identical  for  both  the 
propped  frame  and  the  continuous  beam. 


Table  7.3  Distribution  of  moments  in  Example  7.2 


Joint 

1 

2 

3 

4 

Member 

12 

21 

23 

32 

34 

43 

Relative  EI/l 

2 

2 

3 

3 

4 

4 

Modified  stiffness 

8 

6 

12 

12 

12 

16 

Distribution  factor 

1 

v3 

2/3 

Vi 

Vi 

1 

Carry-over  factor 

Vx 

0 

J/2 

Vi 

0 

Vi 

Fixed-end  moments 

-200 

200 

Distribution 

200 

-67 

-133 

Carry-over 

100 

-66 

Distribution 

-33 

-67 

33 

33 

Carry-over 

16 

-34 

Distribution 

-5 

-11 

17 

17 

Carry-over 

9 

-6 

Distribution 

-3 

-6 

3 

3 

Carry-over 

2 

-3 

Distribution 

-1 

-1 

2 

1 

Final  moments,  kip-in 

0 

191 

-191 

-54 

54 

0 

(^  Cantilevers 

The  stiffness  Sj2,  of  a  cantilever  12  with  the  free  end  2  not  restrained  in  posi- 
tion or  direction  is  clearly  zero.  Hence,  the  distribution  factor,  #  12,  is  also  zero. 
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Example  7.3 

Determine  the  bending  moments  in  each  member  of  the  propped  frame  shown 
in  Figure  7.9.  The  relative  Ell  I  values  are  shown  ringed  alongside  the  members. 
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Figure  7.9 


p 


Solution 

The  distribution  procedure  is  shown  in  Table  7.4. 


Table  7.4  Distribution  of  moments  in  Example  7.3 


Joint 

1 

2 

3 

4 

Member 

12 

21 

23 

32 

30 

34 

43 

Relative  stiffness 

2 

2 

3 

3 

0 

4 

4 

Distribution  factor 

0 

2A 

Vs 

3// 

0 

% 

0 

Carry-over  factor 

<- 

!/2 

«- 

Vi 

Vi 

-» 

Vi 

-» 

Fixed-end  moments 

-200 

200 

-100 

Distribution 

80 

120 

-43 

-57 

Carry-over 

40 

-22 

60 

-29 

Distribution 

9 

13 

-26 

-34 

Carry-over 

4 

-13 

6 

-17 

Distribution 

5 

8 

-2 

-4 

Carry-over 

3 

-1 

4 

-2 

Distribution  and 

1 

0 

-2 

-2 

-1 

carry-over 

Final  moments, 

47 

95 

-95 

197 

-100 

-97 

-49 

kip-in 
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Example  7.4 

Determine  the  bending  moments  in  each  member  of  the  continuous  beam  shown 
in  Figure  7.10.  The  relative  Ell  I  values  are  shown  ringed  alongside  the  members. 
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Figure  7.10 


Solution 


The  stiffness  s'21  is  3EI/1  since  1  is  a  hinged  end.  The  distribution  procedure  is 
shown  in  Table  7.5. 

Table  7.5  Distribution  of  moments  in  Example  7.4 


Joint 

1 

2 

1 

4 

Member 

10 

12 

21 

23 

32 

34 

43 

EI/l 

2 

2 

3 

3 

4 

4 

Modified  stiffness 

0 

8 

6 

12 

12 

12 

16 

Distribution  factor 

0 

1 

v, 

% 

Vi 

Vz 

1 

Carry-over  factor 

Vi 

0 

Vi 

Vi 

0 

Vi 

Fixed-end  moments 

100 

-200 

200 

Distribution 

100 

-67 

-133 

Carry-over 
Distribution 

50 

-17 

-33 

-66 

33 

33 

Carry-over 
Distribution 

-5 

16 
-11 

-16 

8 

8 

Carry-over 
Distribution 

-1 

4 
-3 

-6 
3 

3 

Carry-over 
Distribution 

-1 

2 
-1 

-2 
1 

1 

Final  moments,  kip-in 

100 

-100 

159 

-159 

-45 

45 

0 

(c)  Symmetry  in  structure  and  applied  loading 

In  a  symmetrical  structure  subjected  to  symmetrical  loading,  the  bending 
moments  and  rotations  at  corresponding  points  in  the  structure  are  equal  and 
of  opposite  sense. 
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For  the  continuous  beam  shown  at  (i)  in  Figure  7.11,  which  has  an  even 
number  of  spans,  there  is  zero  rotation  at  the  center  support  and  the  members 
meeting  there  can  be  considered  fixed-ended.  Hence,  distribution  is  required  in 
only  half  the  structure,  there  is  no  carry-over  between  the  two  halves,  and  the 
modified  stiffnesses  are  as  shown  on  the  figure. 


3EI/1 


4EI/I 


4EI/I 


3EI/I 


3EI/I 


4EI/I 


2EI/I 


4EI/I 


3EI/1 


Figure  7.11 

The  modified  stiffnesses  for  a  continuous  beam  with  an  odd  number  of 
spans  are  shown  at  (ii)  in  Figure  7.11.  The  modified  stiffness  for  the  central 
span  is  derived  as  shown  in  Figure  7.12  and  is  given  by: 
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5(1  "  C) 
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Figure  7.12 
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Again,  distribution  is  required  in  only  half  the  structure,  there  is  no  carry- 
over between  the  two  halves,  and  the  usual  values  of  the  initial  fixed-end 
moments  apply  in  all  members. 

Example  7.5 

A  longitudinal  beam  11',  which  is  under  the  action  of  a  vertical  load  W  applied 
at  the  center  3,  lies  on  five  simply  supported  transverse  beams,  arranged  in 
a  horizontal  plane  as  shown  in  Figure  7.13.  All  the  beams  have  the  same 
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second  moment  of  area.  Draw  the  bending  moment  diagram  for  the  longitudi- 
nal beam. 

Solution 

The  deflection  of  the  longitudinal  beam  is  shown  at  (i)  in  Figure  7.13,  and  the 
relationship  between  deflection  of  the  transverse  beams  and  support  reaction  is: 

y  =  y/3/48£J 
=  500V/3EJ 

Due  to  these  deflections,  the  fixed-end  moments  for  the  longitudinal  beam  are: 

Mfj  =  -3EI(y2  -  yx)l25 
=  -20(V2-V1) 

Mf3  =  Mf2 

=  -6EI(y3  -  y2)/25 
=  -40(V3-V2) 

and  the  distribution  procedure  is  shown  in  Table  7.6. 
Considering  clockwise  moments  at  2  for  member  12: 

35 Vt  +  80VX  -  200V2  +  120 V3  =  0 
115VJ-200V2+120V3  =0 


Table  7.6  Distribution  of  moments  in  Example  7.5 


Joint 
Member 

Modified  stiffness 
Distribution  factor 
Carry-over  factor 

2 
21 
3 

y7 

23 
4 

% 

Vi 

3 

32 
4 
0 

Fixed-end  moments 
Distribution  and 
carry-over 

-20(V2  -  Vi) 

60(2V3  - 

V2  -  Vj)/7 

-40(V3  -  V2) 
80(2V3  - 

V2  -  V0/7 

-40(V3  -  V2) 

40(2V3  - 

V2  -  VO/7 

Final  moments 

40(2 Vi  -  5 

V2  +  3V3)/7 

-40(2Va  - 

5V2  -  3V3)/7 

40(-V!  + 

6V2  -  5V3)/7 

Considering  clockwise  moments  at  3  for  member  13: 

70VX  +  35V2  -  40^  +  240V2  -  200V3  =  0 
30Vj  +  275V2  -  200V3  =  0 
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Considering  the  equilibrium  of  the  longitudinal  beam: 


2Vi  +2V2+V3=W 
Solving  these  three  equations  simultaneously,  we  obtain: 

V1  =  0.067W 
V2  =  0.253W 
V3  =  0.36W 

and  the  bending  moment  diagram  may  be  drawn  as  shown  at  (ii)  in  Figure  7.13. 

Example  7.6 

Determine  the  bending  moments  for  all  the  members  of  the  two-story  frame 
shown  in  Figure  7.14.  The  second  moments  of  area  of  the  beams  are  160  in4 
and  of  the  columns  100  in4. 
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Figure  7.14 


Solution 

The  fixed-end  moments  are: 


MF17,  =  24  X  24/12 
=  48  kip-ft 

The  distribution  procedure  for  the  left  half  of  the  frame  is  shown  in  Table 
7.7,  and  the  final  moments  in  the  right  half  of  the  frame  are  equal  and  of 
opposite  sense  to  those  obtained  for  the  left  half.  Because  of  the  symmetry  of 
the  structure  and  the  loading,  no  relative  displacements  occur  between  the  ends 
of  the  members  and  only  joint  rotations  need  be  considered. 
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Table  7.7  Distribution  of 

moments  in 

Example 

7.6 

Joint 

1 

2 

3 

Member 

12 

21 

22' 

23 

32 

33' 

III 

100/15 

100/15 

160/24 

100/15 

100/15 

160/24 

Relative  EI/l 

1 

1 

1 

1 

1 

1 

Modified  stiffness 

4 

4 

2 

4 

4 

2 

Distribution  factor 

0 

2/5 

V* 

2/j 

2/3 

x/3 

Carry-over  factor 

0 

Vi 

Vi 

!/2 

Fixed-end  moments 

-48 

Distribution  and 

9 

19 

10 

19 

9 

carry-over 

Distribution  and 

-3 

-6 

-3 

carry-over 

Distribution  and 

1 

1 

1 

1 

1 

-1 

carry-over 

Final  moments, 

10 

20 

-37 

17 

4 

-4 

kip-ft 

(d)  Skew  symmetry 

A  symmetrical  structure  subjected  to  loading  that  is  of  opposite  sense  at  cor- 
responding points  undergoes  skew  symmetrical  deformation.  The  bending 
moments  and  rotations  at  corresponding  points  in  the  structure  are  equal  and 
of  the  same  sense,  and  a  point  of  contraflexure,  which  is  equivalent  to  a  hinge, 
occurs  at  the  center  of  the  structure. 

For  a  continuous  beam  with  an  even  number  of  spans,  both  members  at  the 
central  support  can  be  considered  hinged,  and  the  modified  stiffnesses  are  as 
shown  at  (i)  in  Figure  7.15.  For  a  continuous  beam  with  an  odd  number  of 
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Figure  7.15 
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spans,  the  central  member  can  be  considered  as  two  hinged  members  each  of 
length  1/2,  which  results  in  the  modified  stiffness  shown  at  (ii)  in  Figure  7.15. 

As  in  the  case  of  symmetrical  loading,  distribution  is  required  in  only  half 
the  structure,  there  is  no  carry-over  between  halves,  and  the  usual  values  of  the 
fixed-end  moments  apply  in  all  members. 


7.5     Illustrative  examples 

Example  7.7 

Determine  the  reactions  at  the  support  3  of  the  rigid  frame  shown  in  Figure 
7.16.  The  relative  EI  values  are  shown  ringed. 


Id 10* 2 

m 
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(i) 


ft, 


(ii) 
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Figure  7.16 


Solution 

The  fixed-end  moments  are: 


M2i  =  ~Mu  =  10  X  120/12 


100  kip-in 
10X4X3< 
173  kip-in 
-10X6X 
—  115  kip-in 


MFM  =  10  x  4  X  36  X  12/100 


M£6  =  -10  X  6  X  16  X  12/100 


and  the  distribution  procedure  is  shown  in  Table  7.8.  Distribution  to  the 
tops  of  the  columns  is  unnecessary,  as  the  moments  there  may  be  obtained 
after  completion  of  the  distribution  by  considering  the  algebraic  sum  of  the 
moments  at  joints  2  and  4.  The  moment  at  the  foot  of  column  23  is  half  the 
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Table 

7.8  Distribution  of 

moments  in  Example  7.7 

Joint 

1 

2 

4 

6 

Member 

12 

21 

23 

24 

42 

45 

46 

64 

Relative  EIll 

1/10 

1/10 

3/10 

2/15 

2/15 

6/15 

1/10 

1/10 

Modified 

4/10 

4/10 

12/10 

8/15 

8/15 

18/15 

3/10 

4/10 

stiffness 

Distribution 

1 

9/61 

36/61 

16/61 

16/61 

36/61 

9/61 

1 

factor 

Carry-over 

% 

-> 

Vi 

-> 

<- 

Vi 

factor 

<_ 

0 

<_ 

Yi 

0 

-^ 

Fixed-end 

-100 

100 

-115 

173 

moments 

Distribution 

100 

-15 

-26 

30 

17 

-173 

Carry-over 

50 

15 

-13 

-86 

Distribution 

-10 

-17 

26 

15 

Carry-over 

13 

-9 

Distribution 

-2 

-3 

2 

1 

Carry-over  and 

1 

-1 

distribution 

Final  moments, 

0 

123 

-106 

-17 

35 

133 

-168 

0 

kip-in 

moment  at  the  top  since  the  carry-over  factor  is  Vi  and  there  are  no  sway  or 
initial  fixed-end  moments. 

The  reaction  H3  is  obtained  by  taking  moments  about  2  for  member  23,  as 
shown  at  (i)  in  Figure  7.16.  Then: 


H3  =  (106  +  53)/120 
=  1.33  kips 


The  reaction  V3  is  obtained  by  considering  the  vertical  reaction  at  2  due  to 
the  fixing  moments  on  spans  12  and  24,  due  to  the  distributed  load  on  span  12 
treated  as  a  simply  supported  beam.  Then,  referring  to  (ii)  in  Figure  7.16,  the 
vertical  reaction  is  given  by: 

V,  =5  +  123/120-18/180 


5.92  kips 


Example  7.8 

Determine  the  slope  of  the  beam  at  2  and  the  final  moments  in  the  continuous 
beam  shown  in  Figure  7.17  when  the  support  2  sinks  by  Vi  in  and  the  support 
3  sinks  by  lin.  The  second  moment  of  area  of  the  beam  is  120  in4,  and  the 
modulus  of  elasticity  is  29,000  kips/in2. 


312 


Structural  Analysis:  In  Theory  and  Practice 


12* 

10*                        t 

1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1 

1 

4' 

6' 

"2                                             3    t 
10' 

"  1 

Solution 

Due  to  the  applied  loading: 


Figure  7.17 


M£  =  12  X  6  X  16  x  12/100 


138  kip -in 


Mf2  =  -12  x  4  x  36  x  12/100 


Mf2 


—207  kip-in 

-Mf3 

10  X^IO  X  12/12 

100  kip-in 


Due  to  the  sinking  of  the  supports: 

Mf2  =  M* 

=  M|3 

=  Mf2 

=  -6  x  29,000  X  120  X  1/2  X  1/14,400 

=  —725  kip-in 

The  distribution  procedure  is  shown  in  Table  7.9. 


Table  7.9  Distribution  of  moments  in  Example  7.8 


Joint 

1 

2 

3 

Member 

12 

21 

23 

32 

Relative  EI/l 

1 

1 

1 

1 

Distribution  factor 

0 

Vi 

Vi 

0 

Carry-over  factor 

< 

Vi 

% 

— >- 

Fixed-end  moments  —932  —587  —825  —625 

Distribution  and  353  706  706  353 

carry-over 


Final  moments,  kip-in 


-579 


119 


-119 


-272 
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Since  there  is  no  rotation  at  the  fixed  ends,  we  have: 


M21  =  Mfj  +  s92 

119  =  -587  +  62  X  4  X  29,000  x  120/120 


and         92  =  0.00609  radians,  clockwise 


7.6    Secondary  effects 

Triangulated  trusses  are  normally  analyzed  as  if  they  are  pin -jointed,  although 
the  members  are  invariably  rigidly  connected.  The  direct  stresses  obtained  in 
this  analysis  are  referred  to  as  the  primary  stresses.  These  direct  stresses  cause 
axial  deformations  in  the  members,  which  produce  relative  lateral  displace- 
ments of  the  ends  of  each  member.  The  bending  moments  caused  by  these  lat- 
eral displacements  produce  additional  or  secondary  stresses  in  the  members. 
It  is  customary  to  neglect  the  secondary  stresses  in  light  trusses  with  flexible 
members,  but  in  heavy  trusses  the  secondary  stresses  may  be  considerable. 

The  procedure  of  allowing  for  secondary  effects  consists  of  determining  the 
primary  stresses  and,  from  a  Williot-Mohr  diagram,  the  lateral  displacements 
of  the  ends  of  each  member.  The  fixed-end  moments  due  to  these  displace- 
ments are  then  distributed  in  the  normal  way,  and  the  secondary  stresses  are 
obtained  from  the  final  moments. 

The  reactions  due  to  the  final  moments  may  be  obtained  at  the  ends  of  each 
member.  In  general,  these  reactions  will  not  be  in  equilibrium  at  a  particular  joint, 
and  the  algebraic  sum  of  the  reactions  is  equivalent  to  a  constraint  required  at  the 
joint  to  prevent  its  displacement.  Applying  a  force  equal  and  opposite  to  the  con- 
straint produces  equilibrium.  This  causes  additional  axial  forces  and  deformations 
in  the  members  and  additional  secondary  moments.  The  magnitude  of  the  con- 
straints is  usually  small  compared  with  the  applied  loads  and  may  be  neglected. 

Example  7.9 

Determine  the  secondary  bending  moments  in  the  members  of  the  rigidly  jointed 
truss  shown  in  Figure  7.18.  The  second  moment  of  area  of  members  14,  34,  and 
24  is  30  in4,  and  that  of  members  12  and  23  is  40  in4.  The  cross-sectional  area 
of  members  14,  34,  and  24  is  4  in2,  and  that  of  members  12  and  23  is  5  in2. 

Solution 

The  primary  structure  is  shown  at  (i)  in  Figure  7.18,  and  the  axial  forces  and 
deformations  are  listed  in  Table  7.10.  The  Williot-Mohr  diagram  is  shown  at 
(iii)  in  Figure  7.18,  and  the  relative  lateral  displacement  of  the  ends  of  mem- 
bers 12  and  14  is  indicated;  no  lateral  displacement  is  produced  in  member  24 
due  to  the  symmetry  of  the  structure. 
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Table  7.10  Determination  of  forces  and  displacements  in  Example  7.9 


Member 

I 

A 

Z 

P 

Pl/A 

5XE 

12 

40 

5 

116 

7 

162 

584 

14 

30 

4 

100 

6.07 

152 

658.5 

24 

30 

4 

58 

5 

72.5 

0 

Due  to  these  displacements,  the  fixed-end  moments  are: 


Mf2  =  Ml, 


-6EI6/12 

-6x40x584/13,300 
-10.5  kip-in 


Mf4  =  M\, 


-6x30x658.5/10,000 
-11.8  kip-in 
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Due  to  symmetry,  member  pairs  21  and  23  and  41  and  43  can  be  considered 
fixed-ended  at  2  and  4,  respectively;  member  24  carries  no  moment;  and  the 
distribution  procedure  is  shown  in  Table  7.11. 


Table  7.11  Distribution  of  moments  in  Example  7.9 


Joint 

2 

1 

4 

Member 

21 

12 

14 

41 

Relative  EI/l 

346 

300 

Distribution  factor 

0 

0.535 

0.465 

0 

Carry-over  factor 

<- 

Vi 

Vi 

-> 

Fixed-end  moments  —10.5  —10.5 

Distribution  and  carry-over  6  12.1 


-11.8 
10.4 


11.8 

5.2 


Final  moments,  kip-in 


-4.5 


1.4 


-1.4 


-6.6 


The  final  moments,  together  with  the  forces  required  to  maintain  equilib- 
rium at  the  joints,  are  shown  at  (ii)  in  Figure  7.18.  These  forces  are  approxi- 
mately 3%  of  the  applied  loads  and  may  be  neglected. 


7.7     Non-prismatic  members 

The  methods  of  obtaining  the  stiffness,  carry-over  factors,  and  fixed-end 
moments  for  non-prismatic  members  were  given  in  Sections  6.6  and  6.7.  In 
addition,  tabulated  functions  are  available  for  a  large  range  of  non-prismatic 
members2'  '''. 


Example  7.10 

Determine  the  bending  moments  in  the  frame  shown  in  Figure  7.19.  The  sec- 
ond moments  of  area  of  the  members  are  shown  ringed. 
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Figure  7.19 
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Solution 

The  stiffness  and  carry-over  factors  for  member  21  have  been  obtained  in 
Example  6.7  and  are: 

s'21    =  5EI/12 
4i    =4/5 

The  fixed-end  moments  are: 

M32    =  _M23 

=  24  X  12/12 
=  24  kip-ft 

The  distribution  procedure  is  shown  in  Table  7.12. 

Table  7.12  Distribution  of  moments  in  Example  7.10 


Joint 

1 

2 

3 

Member 

12 

21 

23 

32 

Stiffness 

5EI/12 

8EI/12 

Distribution  factor 

0 

5/13 

8/13 

0 

Carry-over  factor 

<- 

% 

Vi 

-> 

Fixed-end  moments 

-24 

24 

Distribution  and 

7.4 

9.25 

14.75 

7.38 

carry-over 

Final  moments,  kip-ft 

7.4 

9.25 

-9.25 

31.38 

7.8     Distribution  procedure  for  structures  subjected  to 
unspecified  joint  translation 

(a)  Introduction 

All  frames  subjected  to  lateral  loads  and  frames  unsymmetrical  in  shape  or 
loading  will  deflect  laterally,  as  shown  in  Figure  7.20.  The  horizontal  displace- 
ment, denoted  by  x  in  the  figure,  is  termed  the  side  sway.  In  a  similar  man- 
ner, vertical  sway  displacements,  y,  are  produced  in  the  structures  shown  in 
Figure  7.21. 

The  sway  produces  relative  lateral  displacement  of  the  ends  of  some  of 
the  frame  members,  which  causes  moments  in  addition  to  those  due  to  joint 
rotations.  The  final  moments  are  obtained  by  superposition,  as  shown  in 
Figure  7.22,  the  magnitude  of  the  sway  being  obtained  from  equations  of  static 
equilibrium  known  as  the  sway  equations. 
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Figure  7.20 


Figure  7.21 


11 


11 


Figure  7.22 


(b)  The  sway  equations 

The  frame  shown  at  (i)  in  Figure  7.23  may  be  considered  to  deform  as  the 
mechanism  indicated  under  the  action  of  the  applied  loads.  Applying  the  equa- 
tion of  virtual  work  to  the  small  displacements  involved,  the  external  work 
done  by  the  applied  loads  equals  the  internal  work  done  by  the  terminal 
moments  in  the  columns  rotating  through  an  angle  <f>.  Due  to  the  sign  con- 
vention adopted  (clockwise  moments  positive)  these  terminal  moments  are  all 
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It', 


IV, 


(.) 


(u) 

Figure  7.23 


negative,  and  a  change  of  sign  must  be  introduced  to  satisfy  the  virtual  work 
equation.  Then: 


-(M12  +  M2l)cj)  -  (M34  +  M43)^  =  \vW  +  W2hl(j)  - 
-M12  -  M21  -  M34  -  M43  =  Wtht  +  W2b2  -  W3h3 


W3b3<i 


and  the  final  terminal  moments  in  the  frame  must  satisfy  this  sway  equation. 
Similarly,  for  the  frame  shown  at  (ii)  in  Figure  7.23,  the  sway  equation  is: 

-(M12  +  M21)01  -  (M34  +  M43)04  =  WxVi 

Since  the  sway  displacements  at  the  tops  of  the  columns  are  equal: 

bxXc\>x=h2x  (f>4 

and: 

-(M12  +  M21)  -  h1(Mu  +  M43)/b2  =  WA 

In  the  case  of  a  frame  with  inclined  columns,  as  shown  in  Figure  7.24,  the 
beam  also  rotates,  and  it  is  necessary  to  construct  the  displacement  diagram, 
shown  at  (i),  to  establish  the  sway  equation.  Since  axial  deformations  in  the 
members  of  the  frame  are  negligible,  the  points  1,  2,  3,  and  4  coincide.  A  unit 
horizontal  displacement  is  imposed  on  2,  and,  as  2  must  move  perpendicularly 
to  the  original  direction  of  12,  the  point  2'  is  obtained.  Similarly,  3  must  move 
perpendicularly  to  23  and  34,  and  the  point  3'  is  obtained.  The  member  rota- 
tions are  obtained  from  the  diagram  as: 


227/ 
2'37 
337/ 


12 

23 
34 


where  4>2  is  anticlockwise  and  produces  clockwise  moments  M23  and  M32. 
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Figure  7.24 

The  vertical  displacement  of  5  is  05'  where  5'  divides  2 '3'  in  the  ratio  5 
divides  23.  The  sway  equation  is: 

-(M12  +  M21)^  +  (M23  +  M32)(j}2  -  (M34  +  M43)04  =  W1  x  1  -  W2  X  (05') 

and  the  rotations  may  be  eliminated  by  using  the  expressions  obtained  from 
the  displacement  diagram. 

The  two-story  frame  shown  in  Figure  7.25  has  two  degrees  of  sway  freedom, 
as  shown  at  (i)  and  (ii),  corresponding  to  the  different  translations  possible  at 
the  beam  levels.  Considering  sway  (1)  and  (2)  in  turn,  the  sway  equations  are: 

-(M32  +  M23)  -  (M45  +  M54)  =  W2h2 
-(M21  +  M12)  -  (M56  +  M65)  =  (Wi  +  W2)ht 
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(i)        Sway(l) 


(ii)        Sway  (2) 


Figure  7.25 


and  the  terminal  moments  in  the  frame  must  satisfy  both  these  equations. 
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The  two-bay  frame  shown  in  Figure  7.26  has  the  two  degrees  of  sway  free- 
dom shown  at  (i)  and  (ii).  The  sway  equations  are: 

-(M12  +  M21)0j  -  (M34  +  M43)^2  =  Wl12^>i 

-(M45  +  Ms4)</>4  -  (M34  +  M43)(f>5  -  (M67  +  M76)4>3  =  0 
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4 
5 

6 

1 
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llllll  TTf 


llllll  llllll 

(i)  Sway(l)  (ii)  Sway  (2) 

Figure  7.26 


and  the  rotations   may  be  eliminated  by  considering  the  geometry  of  the 
structure. 

The  ridged  portal  shown  in  Figure  7.27  has  the  two  degrees  of  sway  freedom 
shown  at  (i)  and  (ii).  Considering  sway  (1)  and  (2)  in  turn,  the  sway  equations  are: 

-(M12  +  M21)  -  (MJ4  +  M45)  =  W,ll2 
-(M12  +  M21)</>1  -  (M54  +  M45)^  -  (M23  +  M32)cj)2 
-(M34  +  M43)02  -  (M43  +  M34)(j)2  =  W2  X  1  -  Wi/12^ 

and  the  rotations  in  the  second  equation  may  be  eliminated  using  expressions 
obtained  from  a  displacement  diagram. 


(i)  Sway(l) 

Figure  7.27 


Unit  sway 


(ii)  Sway  (2) 
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In  all  cases,  the  sway  equations  can  be  considered  as  consisting  of  a  left- 
hand  side  involving  moments  in  the  structure  and  a  right-hand  side  involving 
the  loads  applied  to  the  structure. 

(c)  Sway  procedure 

The  analysis  of  structures  subjected  to  sway  proceeds  in  two  stages  as  shown 
at  (i)  and  (ii)  in  Figure  7.28.  The  first  stage  consists  of  a  non-sway  distribu- 
tion with  the  external  loads  applied  to  the  structure,  which  is  prevented  from 
displacing  laterally.  The  fixed-end  moments  are  obtained,  and  the  distribution 
proceeds  normally  to  give  the  final  moments  Mw.  The  second  stage  consists  of 
determining  the  moments  produced  by  a  unit  sway  displacement.  The  fixed- 
end  moments  due  to  the  unit  displacement  are  obtained,  and  the  distribution 
proceeds  normally  to  give  the  final  moments  Ms.  The  actual  moments  in  the 
structure  are: 

M  =  Mw  +  xMs 


11 


11 


+  x    X 


Unit  sway 


777777 


mill  i)))n 

(i)  Non-sway  (ii)        Sway 


Figure  7.28 


and  these  moments  satisfy  the  sway  equation.  Hence,  if  substituting  the 
moments  Mw  and  Ms  in  the  left-hand  side  of  the  sway  equation  produces  the 
values  Cw  and  Cs,  respectively,  then: 


Cw  +  xCs  =  right-hand  side  of  sway  equation 


and  the  value  of  x  may  be  obtained. 

The  analysis  of  a  structure  with  two  degrees  of  sway  freedom  proceeds  in 
three  stages  as  shown  at  (i),  (ii),  and  (iii)  of  Figure  7.29.  The  moments  pro- 
duced by  the  non-sway,  sway  (1),  and  sway  (2)  stages  are  Mw,  MS1,  and  MS2, 
and  these,  when  substituted  in  turn  in  the  left-hand  side  of  sway  equation 
(1)  and  sway  equation  (2),  give  the  values  C^Cf^Gp  and  C^GpjGp 
respectively. 
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HM 


(i)  Non-sway 


(ii)        Sway(l) 
Figure  7.29 


H 


*2- 


■*-  Unit  sway 


(iii)    Sway  (2) 


Then       Cf  +  x-^Cf1  +  x2C^2  =  right-hand  side  of  sway  equation  (1) 

and         CY  +  XjCf1  +  x2C22  =  right-hand  side  of  sway  equation  (2) 

The  values  of  x\  and  x2  are  obtained  by  solving  these  two  equations  simulta- 
neously, and  the  actual  moments  in  the  structure  are: 

M  =  Mw  +  x^Msl  +  x2MS2 

In  a  similar  fashion,  structures  having  more  than  two  degrees  of  freedom 
may  be  analyzed. 

In  practice,  it  is  not  necessary  to  impose  unit  displacement  on  the  structure; 
any  arbitrary  displacement  may  be  imposed  that  produces  convenient  values 
for  the  initial  fixed-end  moments.  The  value  obtained  for  x  will  thus  not  be 
the  actual  displacement  of  the  structure,  but  this  in  any  case  is  generally  not 
required. 

When  the  external  loads  are  applied  to  the  joints  of  the  structure,  the  non- 
sway  distribution  is  not  required,  since  the  loading  produces  no  fixed-end 
moments. 
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(d)  Illustrative  examples 

Example  7.11 

Determine  the  bending  moments  in  the  frame  shown  in  Figure  7.30.  The  sec- 
ond moments  of  area  of  the  members  are  shown  ringed. 
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Figure  7.30 


Solution 

The  sway  equation  is  derived  in  a  manner  similar  to  that  used  for  the  frame 
shown  at  (ii)  in  Figure  7.23  and  is: 

M12  +  M21  +  3(M34  +  M43)/2  =  0 
The  fixed-end  moments  due  to  the  applied  loads  are: 

Mf3  =  -10  X  8  x  16  x  16  x  12/(24  x  24) 

=  -427  kip-in 
Mf2  =  10  x  16  x  8  x  8  x  12/(24  x  24) 

=  213  kip-in 

The  fixed-end  moments  due  to  an  arbitrary  sway  displacement  are: 


Mf2  =  Ml, 


-6E6  x  48/242 

-6ES/12 

-400% 


Mf4  =  M*3 


-6E6  x  16/162 

-6E6/16 

-300% 


324  Structural  Analysis:  In  Theory  and  Practice 

The  distribution  procedure  for  the  sway  and  non-sway  stages  is  shown  in 
Table  7.13. 

Table  7.13  Distribution  of  moments  in  Example  7.11 


Joint 

1 

2 

3 

4 

Member 

12 

21 

23 

32 

34 

43 

Relative  EI/l 

2 

2 

8 

8 

1 

1 

Distribution 

0 

1/5 

4/5 

8/9 

1/9 

0 

factor 

Carry-over 

<- 

Vi 

<- 

Vi 

factor 

Vi 

-» 

Vi 

-> 

MF,  sway 

-400 

-400 

-300 

-300 

Distribution 

80 

320 

267 

33 

Carry-over 

40 

134 

160 

16 

Distribution 

-27 

-107 

-142 

-18 

Carry-over 

-14 

-71 

-54 

-9 

Distribution 

14 

57 

48 

6 

Carry-over 

7 

24 

28 

3 

Distribution 

-5 

-19 

-25 

-3 

Carry-over 

-2 

-12 

-9 

-1 

Distribution 

2 

10 

8 

1 

Carry-over 

1 

4 

5 

Distribution 

-1 

-3 

-4 

-1 

Ms 

-368 

-337 

337 

282 

-282 

-291 

MF,  non-sway 

-427 

213 

Distribution 

85 

342 

-189 

-24 

Carry-over 

42 

-95 

171 

-12 

Distribution 

19 

76 

-152 

-19 

Carry-over 

10 

-76 

38 

-10 

Distribution 

15 

61 

-34 

-4 

Carry-over 

8 

-17 

30 

-2 

Distribution 

3 

14 

-27 

-3 

Carry-over 

2 

-13 

7 

-2 

Distribution 

3 

10 

-6 

-1 

Carry-over 

1 

-3 

5 

Distribution 

1 

2 

-4 

-1 

Mw 

63 

126 

-126 

52 

-52 

-26 

0.046  X  Ms 

-17 

-16 

16 

13 

-13 

-13 

M  kip-in 

46 

110 

-110 

65 

-65 

-39 

Substituting  the  final  non-sway  moments  in  the  left-hand  side  of  the  sway 
equation  gives: 

189  -  3  x  78/2  =  72 
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Substituting  the  final  sway  moments  in  the  left-hand  side  of  the  sway  equa- 
tion gives: 


-705  -  3  x  573/2 


-1565 


Then:  72  -  1565x  =  0 
And:  x  =  0.046 

The  actual  moments  are  obtained  by  adding  the  final  non-sway  moments  to 
x  X  the  final  sway  moments. 

Example  7.12 

Determine  the  position  on  the  beam,  for  the  frame  shown  in  Figure  7.31,  at 
which  a  unit  load  may  be  applied  without  causing  sway.  All  the  members  are 
of  uniform  cross-section. 


Solution 

The  sway  equation  is: 


M12  +  M21  +  M34 


20' 


Figure  7.31 


4 
ttQtt 


and  a  sway  distribution  is  not  required  since  there  is  no  sway. 
The  fixed-end  moments  due  to  the  applied  loads  are: 

Mf3  =  -ab2/400 
M$2  =  ba2/ 400 


and  these  are  in  the  ratio  — 300b:300a. 

The  distribution  procedure  is  shown  in  Table  7.14;  substituting  the  final 
moments  in  the  sway  equation  gives: 

27%  -  125a  =  0 
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Table  7.14  Distribution  of 

moments  in 

Example  7.12 

Joint 

1 

2 

3 

4 

Member 

12 

21 

23 

32 

34 

43 

Relative  EI/l 

2 

2 

1 

1 

2 

2 

Modified  stiffness 

4 

2 

2 

3 

Distribution  factor 

0 

2/3 

1/3 

2/5 

3/5 

1 

Carry-over  factor 

*- 

Vi 

Vi 

Vi 

0 

_> 

MF,  non-sway 

-300b 

300a 

Distribution 

200b 

100b 

-120b 

-180a 

Carry-over 

100b 

-60a 

50b 

Distribution 

40a 

20a 

-20b 

-30b 

Carry-over 

20a 

-10b 

10a 

Distribution 

7b 

3  b 

-4a 

-6a 

Carry-over 

3b 

-2a 

2b 

Distribution 

a 

a 

-b 

-b 

Mw 

20a 

41a 

-41a 

186a 

-186a 

0 

+  103b 

+207b 

-207b 

+  31b 

-31b 

Also: 

b  +  a  =  20 
Solving  these  equations  simultaneously,  we  obtain: 
a  =  13.8ft 

Example  7.13 

Determine  the  bending  moments  in  the  frame  shown  in  Figure  7.32.  All  the 
members  of  the  frame  have  the  same  second  moment  of  area. 


Figure  7.32 
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Solution 

The  displacement  diagram,  for  a  horizontal  displacement  of  4  ft  units  imposed 
at  2  is  shown  at  (i),  and  the  sway  equation  is: 


-(M12  +  M21)  X  22716  +  (M23  +  M32) 
X  2 '3 715  -  (M34  +  M43)  X  33720  =  2  x  22'  -  5  X  2'3' 
-  (M12  +  M21)  x  4/16  +  (M23  +  M32)  x  3/15 

2X4-5X3 

140 


-(M34  +M43)x5/20 


5(M12+M21) 


4(M23+M32) 


+  5(M34  +M43) 


The  fixed-end  moments  due  to  the  sway  displacements  are: 


M12  =  M21 


-6£7  X  (22')/162 

-6EI  X  4/162  =  -750% 


M23  =  M32 


6EI  X  (2'3')/152 
6£7  x  3/152 
640% 


M34  =  M43 


-6EI  X  (32')/202 
-6£7  x  5/202 
-600x 


Table  7.15  Distribution  of  moments  in  Example  7.13 


Joint 

1 

2 

3 

4 

Member 

12 

21 

23 

32 

34 

43 

Relative  EI/l 

1/16 

1/16 

1/15 

1/15 

1/20 

1/20 

Distribution 

0 

15/31 

16/31 

4/7 

3/7 

0 

factor 

Carry-over  factor 

«- 

Vi 

<- 

Vi 

y2 

->■ 

Vz 

->■ 

Ms,  sway 

-750 

-750 

640 

640 

-600 

-600 

Distribution 

53 

57 

-24 

-16 

Carry-over 

26 

-12 

28 

-8 

Distribution 

6 

6 

-16 

-12 

Carry-over 

3 

-8 

3 

-6 

Distribution  and 

2 

4 

4 

-2 

-1 

0 

carry-over 

Ms 

-719 

-687 

687 

629 

-629 

-614 

-0.00757  X  Ms 

5.4 

5.2 

-5.2 

-4.8 

4.8 

4.7 
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The  distribution  procedure  is  shown  in  Table  7.15,  and  substituting  the  final 
sway  moments  in  the  sway  equation  gives: 

(-7030  -  5264  -  6215)%  =  140 

x  =  -0.00757 

The  final  moments  are  shown  in  the  table. 


Example  7.14 

Determine  the  bending  moments  in  the  symmetrical  ridged  portal  frame  shown 
in  Figure  7.33,  which  carries  a  uniformly  distributed  load  of  1  kip/ft  on  plan. 
All  the  members  have  the  same  cross-section. 


48* 

m 


48' 


1,2,3 


(i) 


Figure  7.33 


Solution 

Due  to  symmetry  of  the  structure  and  the  loading  only  one  mode  of  sway, 
shown  at  (i)  in  Figure  7.27,  is  possible.  The  displacement  diagram  for  a  vertical 
displacement  of  24ft  units  imposed  at  3  is  shown  at  (i)  in  Figure  7.33,  and  the 
sway  equation  is: 

(M12  +  M21)  X  10/14  -  (M23  +  M32)  x  26/26  +  (M34  +  M43)  X  26/26 
-  (M45  +  M54)  x  10/14  =  48  x  12  x  24/2 

Since  the  bending  moments  at  corresponding  points  of  the  symmetrical 
frame  are  equal  and  of  opposite  sense,  this  reduces  to: 


-5(M12  +  M21)  -  7(M23  +  M32)  =  7  X  24  X  12  X  24/2  =  24,190  kip-in 
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The  fixed-end  moments  due  to  the  applied  loads  are: 


M%2  =  -Mf3 


=  24  X  24  x  12/12 
=  576  kip-in 

The  fixed-end  moments  due  to  the  sway  displacement  are: 


Mf2 

=  M$x 

=  6EI  x  10/142 

=  6EI  x  10/196 

=  260y 

K. 

=  M|3 

=  -6EI  X  26/262 

=  -6EI  X  1/26 

=  -196y 

The  distribution  procedure  for  the  sway  and  non-sway  stages  is  shown 
in  Table  7.16,  where  joint  3  is  considered  fixed  and  there  is  no  carry-over 
between  the  two  halves  of  the  frame.  Substituting  the  final  moments  for  these 
two  stages  in  the  left-hand  side  of  the  sway  equation  gives: 

5X457  +  7X425  =  5260 

Table  7.16  Distribution  of  moments  in  Example  7.14 


Joint 

1 

2 

3 

Member 

12 

21 

23 

32 

Relative  EI/l 

1/14 

1/14 

1/26 

1/26 

Distribution  factor 

0 

13/20 

7/20 

0 

Carry-over  factor 

<- 

Vi 

Vi 

-> 

MF,  sway 

Distribution  and  carry-over 

260 
-21 

260 
-42 

-196 

-22 

-196 
-11 

Ms 

239 

218 

-218 

-207 

MF,  non-sway 
Distribution  and  carry-over 

187 

374 

-576 
202 

576 
101 

Mw 

4.48  X  Ms 

187 
1065 

374 
975 

-374 
-975 

677 
-930 

M  kip-in 

1252 

1349 

-1349 

-253 

and:        5x561-7x303  =  684 


Then:      684  +  5260y  =  24,190 
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y  =  4.48 
and  the  final  moments  are  shown  in  the  table. 

Example  7.15 

Determine  the  bending  moments  in  the  two  bay  frame  shown  in  Figure  7.34. 
The  relative  EI/l  values  are  shown  ringed. 


10* 

© 

3 

2 

© 
© 

© 

4 

i 

o 

6  " 

I 

r 

1 

% 

5 

J 

o 
7     1 

TU 

r 

\2<p 


10'      |     10' 


TUTU        TT 

(i)  Sway(l) 
Figure  7.34 


TU        TUTU        TUTU 


(ii)  Sway  (2) 


Solution 

The  two  sway  equations  are: 

sway  (1),     -(M12  +  M21)  -  2(M34  +  M43)  =  200  kip-ft 
sway  (2),     -(M34  +  M43)  -  (M45  +  M54)  -  (M67  +  M76) 

The  fixed-end  moments  due  to  sway  (1)  are: 


Mfl 

=  Mfi 

=  66  X  4/20 

=  -lOOxj 

MF43 

=  Mf4 

=  -65  X  2/10 

=  -100%! 

The  fixed-end  moments  due  to  sway  (2)  are: 


M&  =  Mf4 

=  -MF45 


"Mf4 

-66  X  2/10 
-100x, 


Table  7.17  Distribution  of  moments  in  Example  7.15 


Joint  1 

1 

2 

3 

4 

6 

7 

5 

Member 

12 

21 

23 

32 

34 

43 

45 

46 

64 

67 

76 

54 

Relative  EI/l 

4 

4 

1 

1 

2 

2 

2 

1 

1 

4 

4 

2 

Distribution 

0 

4/5 

1/5 

1/3 

2/3 

2/5 

2/5 

1/5 

1/5 

4/5 

0 

0 

factor 

Carry-over  factor 

<- 

Vi 

«- 

Vi 

<- 

Vi 

<- 

Vi 

Vi 

— > 

% 

"* 

Vi 

Vi 

~* 

Vz 

~* 

_> 

MF,  sway  (1) 

-100 

-100 

-100 

-100 

Distribution 

80 

20 

33 

67 

40 

40 

20 

Carry-over 

40 

17 

10 

20 

34 

10 

20 

Distribution 

-13 

-4 

-10 

-20 

-13 

-13 

-8 

-2 

-8 

Carry-over 

-7 

-5 

-2 

-7 

-10 

-1 

-4 

-4 

-7 

Distribution 

4 

1 

3 

6 

4 

4 

3 

1 

3 

Carry-over 

2 

2 

2 

3 

2 

2 

2 

Distribution 

-1 

-1 

-1 

-1 

-1 

-1 

-1 

-1 

-1 

MS1 

-65 

-30 

-30 

33 

-33 

-43 

30 

13 

6 

-6 

-2 

15 

MF,  sway  (2) 

100 

100 

-100 

-200 

-200 

-100 

Distribution 

-33 

-67 

0 

0 

0 

40 

160 

Carry-over 

-17 

-34 

20 

80 

Distribution 

14 

13 

5 

5 

4 

Carry-over 

7 

2 

3 

2 

3 

Distribution 

-2 

-3 

-2 

MS1 

7 

14 

-14 

-33 

33 

71 

-95 

24 

42 

-42 

-120 

-97 

1.05  X  MS1 
0.26  X  MS2 

-68 

2 

-32 
4 

32 

-4 

35 
-9 

-35 
9 

-45 

18 

31 
-24 

14 
6 

6 
11 

-6 
-11 

-2 
-31 

16 

-25 

M  kip-ft 

-66 

-28 

28 

26 

-26 

-27 

7 

20 

17 

-17 

-33 

-9 
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=  -66  X  4/10 
=  -200%2 

The  distribution  procedure  for  the  two  sway  stages  is  shown  in  Table  7.17. 
Substituting  the  final  sway  (1)  and  sway  (2)  moments  in  the  left-hand  side 
of  sway  equation  (1)  gives  247  and  -  229,  respectively.  Substituting  the  final 
sway  (1)  and  sway  (2)  moments  in  the  left-hand  side  of  sway  equation  (2)  gives 
-113  and  458,  respectively.  Then: 

247*!  -  229%2  =  200 
and:        -113*!  + 458x2  =0 

Solving  these  two  equations  simultaneously,  we  obtain: 

xx  =  1.05 
x2  =  0.26 

and  the  actual  moments  are  obtained  as  shown  in  the  table. 


7.9     Symmetrical  multi-story  frames  with  vertical  columns 

The  analysis  of  a  single  bay  frame  with  lateral  loads  at  the  joints  and  vertical 
loads  on  the  beams  proceeds  in  two  stages,  as  shown  at  (i)  and  (ii)  in  Figure  7.35. 

The  first  stage  consists  of  a  symmetrically  loaded  frame,  which  is  readily 
analyzed  as  there  is  no  sway.  Only  the  left  half  of  the  frame  need  be  consid- 
ered, with  a  modified  stiffness  of  2EI/1  applied  to  the  beams  and  no  carry-over 
between  the  two  halves.  The  final  moments  in  the  right  half  are  equal  and  of 
opposite  sense  to  the  corresponding  moments  in  the  left  half. 

The  second  stage  consists  of  a  skew  symmetrical  distribution.  Again,  only 
the  left  half  of  the  frame  need  be  considered,  with  a  modified  stiffness  of  6EI/1 
applied  to  the  beams  and  no  carry-over  between  the  two  halves.  In  addition,  it 
is  possible  to  impose  initial  lateral  displacements  causing  fixed-end  moments  in 
the  columns,  which  satisfy  the  sway  equations  for  each  story,  and  to  use  modi- 
fied stiffness  and  carry-over  factors  for  the  columns,  which  will  ensure  that  the 
sway  equations  remain  balanced  throughout  the  distribution.  Since  the  struc- 
ture is  symmetrical,  the  sway  equation  for  the  second  story  is: 

-2(Mn+M21)  =  (2W3+2W2)h2 

For  symmetrical  columns,  the  fixed-end  moments  produced  by  a  sway  dis- 
placement are  equal  at  the  top  and  bottom  of  each  column.  Then,  the  initial 
fixed-end  moments  required  to  satisfy  the  sway  equation  are: 


Mf2  =  Mf a 


-(2W3  +  2W2)h2/4 
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Figure  7.35 

The  out  of  balance  moment  at  joint  1  is  distributed  while  allowing  joint  2  to 
translate  laterally  without  rotation  so  that  the  sway  equation  remains  satisfied. 
Then,  the  distribution  and  carry-over  moments  in  column  12  must  sum  to  zero. 

From  Figure  7.36,  where  s'  and  c'  refer  to  the  modified  stiffness  of  12  and 
the  modified  carry-over  factor  from  1  to  2: 

s'  +  s'c'  =  0 


,  a  =  jc  , 


s  =  ii 


+  x    X 


i(l  +  c)ll 


s(\  +  c)ll 


and 


Figure  7.36 


c'  =  -1 

s'  =  s  —  xs(l  +  c)ll 
s'c'  =  s' 

=  sc  —  xs(l  +  c)ll 
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Hence:  x  =  111 


and: 


s  -  s(l  +  c)l2 
s/4  =  EI/l 


for  a  straight  prismatic  column.  Similarly,  the  modified  stiffness  of  21  and  the 
modified  carry-over  factor  from  2  to  1  are  EI/l  and  —  1,  respectively. 

In  the  bottom  story  the  stiffness  and  carry-over  factor  from  1  to  0  are  EI/l 
and  —1,  as  before,  but  there  is  no  carry-over  from  0  to  1. 

Should  the  column  feet  be  hinged  at  the  foundation,  the  initial  fixed-end 
moment  required  to  satisfy  the  sway  equation  is: 


K 


-(2W3  +2W2  +2W1)h1/2 


For  the  sway  equation  to  remain  satisfied,  there  can  be  no  distribution  to 
member  10,  and  the  modified  stiffness  of  member  10  is  zero. 

Any  lateral  loads  applied  to  the  columns  in  the  skew  symmetrical  case,  as 
shown  in  Figure  7.37,  will  produce  fixed-end  moments  in  the  columns.  The 
initial  fixed-end  moments  due  to  sway  must  now  be  adjusted  so  that,  when 
added  to  the  fixed-end  moments  due  to  the  applied  loading,  the  combined 
fixed-end  moments  in  the  columns  satisfy  the  sway  equations  for  each  story. 


Figure  7.37 

The  Vierendeel  girder,  shown  in  Figure  7.38,  in  which  the  top  and  bottom 
chords  in  each  panel  are  parallel  and  of  equal  stiffness,  may  be  analyzed  in  a  simi- 
lar manner.  For  the  skew  symmetrical  distribution,  the  stiffness  of  the  vertical  posts 
is  6EI/1,  and  the  stiffnesses  and  carry-over  factors  for  the  chords  are  EI/l  and  —  1, 
respectively.  The  sway  equations  are  derived  as  shown  at  (i),  (ii),  and  (iii)  and  are: 


2(M12+M21) 

=  -2 

2(M23+M32) 

=  Wl 

2(M34  +M43) 

=  Wl 

for  panels  1,  2,  and  3,  respectively. 
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Figure  7.38 


Multi-bay  frames  of  the  type  shown  in  Figure  7.39  can  be  replaced  by  the 
two  substitute  frames  at  (i)  and  (ii).  The  ratio  of  applied  load  to  member  stiff- 
ness is  the  same  for  frame  (i)  and  frame  (ii),  and  the  joint  rotations  and  sway 
displacements  are  identical  in  frame  (i),  frame  (ii),  and  the  original  frame.  Such 
a  frame  is  said  to  satisfy  the  principle  of  multiples,  and  the  moments  obtained 
in  the  analysis  of  the  two  substitute  frames  sum  to  give  the  moments  in  the 
original  structure. 
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Example  7.16 

Determine  the  bending  moments  in  the  symmetrical  frame  shown  in  Figure 
7.40.  The  relative  EIll  values  are  shown  ringed. 
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Figure  7.40 


Solution 


The  sway  equations  and  the  initial  fixed-end  moments  due  to  sway  are: 
top  story: 


2(M43  +  M34)  =  -2  X  12  X  12 
M*3  =  Mf4 

=  —  72  kip-in 

third  story: 

2(M23  +  M32)  =  -6X12X12 
Mf3  =  Mf2 

=  —216  kip-in 

second  story: 

2(M12  +  M21)  =  -10  x  12  x  12 
Mf2  =  Mf x 

=  —360  kip-in 

bottom  story: 


2XM10  =  -14X12X12 


ML  =  -1008  kip-in 


Table  7.18  Distribution  of  moments  in  Example  7.16 


Joint 

0 

1 

2 

3 

4 

Member 

1 

10 

11' 

12 

21 

22' 

23 

32 

33' 

34 

43 

44' 

Relative  EI/l 

8 

8 

3 

5 

5 

2 

3 

3 

2 

1 

1 

1 

Modified 

24 

6 

20 

10 

2 

6 

6 

2 

2 

2 

1 

stiffness 

Distribution 

1 

12/25 

3/25 

2/5 

5/9 

1/9 

1/3 

3/5 

1/5 

1/5 

2/3 

1/3 

factor 

Carry-over  factor 

*- 

0 

Vi 

Vi 

Vi 

Vi 

V2 

% 

M  ,  non-sway 

-576 

-576 

-576 

-288 

Distribution 

276 

69 

231 

320 

64 

192 

346 

115 

115 

192 

96 

Carry-over 

160 

115 

173 

96 

96 

57 

Distribution 

-77 

-19 

-64 

-160 

-32 

-96 

-116 

-38 

-38 

-38 

-19 

Carry-over 

-80 

-32 

-58 

-48 

-19 

-19 

Distribution 

38 

10 

32 

50 

10 

30 

40 

13 

14 

12 

7 

Carry-over 

25 

16 

20 

15 

-6 

7 

Distribution 

-12 

-3 

-10 

-20 

-4 

-12 

-12 

-5 

-4 

-4 

-3 

Carry-over 

-10 

-5 

-6 

-6 

-2 

-2 

Distribution 

5 

1 

4 

6 

1 

4 

4 

2 

2 

1 

1 

Carry-over 

3 

2 

2 

2 

1 

Distribution 

-1 

-1 

-1 

-2 

-2 

-2 

-1 

Mw 

0 

229 

-519 

290 

290 

-537 

247 

319 

-489 

170 

206 

-206 

Modified 

stiffness 
Distribution 

factor 


0  18 

0        18/23 


5/23 


1/4 


12 

3/5 


3/20 


3/16 


12 

3/4 


1 
1/16 


1  6 

1/7  6/7 

(Continued) 


Table  7.18  (Continued) 


Joint 

0 

1 

2 

3 

4 

Carry-over  factor 

- * 

0 

-1 

-1 

-1 

-1 

-1 

-1 

Mp,  sway  -1008 

Distribution  1070  29S  144  )46  86  54  216  IS  10  62 

Carry-over 

Distribution  113  31  88  211  53  IS  :2  6  5  IS 

Carry-over 

Distribution  69  19  12  30  7  II  42 

Carry-over 

Distribution  9 

Carry-over 

Distribution  6 


360 

-360 

-216 

-216 

298 

144 

346 

86 

54 

144 

-298 

-54 

-86 

31 

88 

211 

53 

18 

-88 

-31 

-18 

-53 

19 

12 

30 

7 

11 

-12 

-19 

-11 

-7 

3 

7 

18 

5 

1 

-7 

-3 

-1 

-5 

1 

1 

2 

1 

1 

72 

-72 

18 

10 

10 

-18 

6 

3 

-3 

-6 

3 

1 

-1 

-3 

1 

0 

-1 

0 

0 

Ms 

0 

-1008 

1267 

-259 

-459 

607 

-148 

-282 

340 

-58 

-86 

86 

M  kip-in 

0 

-779 

748 

31 

-169 

70 

99 

37 

-149 

112 

120 

-120 

Member 
M  kip-in 

0'1' 
0 

1'0' 

-1237 

l'l 
1786 

1'2' 
-549 

2'V 

-749 

2'2 
1144 

2'3' 
-395 

3'2' 

-601 

3'3 

829 

3'4' 
-228 

4'3' 
-292 

4'4 
292 
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The  fixed-end  moments  due  to  the  applied  loads  are: 


ML, 

=  -12x24x12/12 

=  -288  kip-in 

M?v 

=  Mf2, 

=  Mf3, 

=  -24X24X12/12 

=  —  576  kip-in 

The  distribution  procedure  for  the  non-sway  and  sway  cases  is  tabulated  in 
Table  7.18,  and  the  final  moments  are  obtained  as  shown. 

Example  7.17 

Determine  the  bending  moments  in  the  Vierendeel  girder  shown  in  Figure  7.41. 
All  the  members  are  of  uniform  cross-section. 


2' 


3' 


1 

2 

3 

40/3*                1 

no*            i 

i 

r  20* 

50/3* 


3  x  12'  =  36' 


Figure  7.41 

Solution 

The  sway  equations  and  the  initial  fixed-end  moments  due  to  sway  are: 
panel  1: 


2(M12  +  M21)  =  -40  x  12  x  12/3 
M[2  =  Mfj 

=  -480  kip-in 

panel  2: 

2(M23  +  M32)  =  -10  x  12  x  12/3 


Mf 3  =  Mf2 


120  kip-in 


Table  7.19  Distribution  of  moments  in  Example  7.17 


Joint 

1 

2 

3 

4 

Member 

11' 

12 

21 

22' 

23 

32 

33' 

34 

43 

44' 

Relative  EI/l 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

Modified 

6 

1 

1 

6 

1 

1 

6 

1 

1 

6 

stiffness 

Distribution 

6/7 

1/7 

1/8 

3/4 

1/8 

1/8 

3/4 

1/8 

1/7 

6/7 

factor 

Carry-over 

<- 

-1 

<- 

-1 

<- 

-1 

factor 

-  1 

-» 

-  1 

-> 

-  1 

-> 

MF,  sway 

-480 

-480 

-120 

-120 

600 

600 

Distribution 

411 

69 

75 

450 

75 

-60 

360 

-60 

-86 

-514 

Carry-over 

-75 

-69 

60 

-75 

86 

60 

Distribution 

64 

11 

1 

7 

1 

-1 

-9 

-1 

-9 

-51 

Carry-over 

-1 

-11 

1 

-1 

9 

1 

Distribution 

1 

0 

1 

8 

1 

-1 

-6 

-1 

0 

-1 

M  kip-in 

476 

-476 

-483 

465 

18 

-258 

-375 

633 

566 

-566 

Member 

l'l 

1'2' 

2'1' 

2'2 

2'3' 

3'2' 

3'3 

3'4' 

4'3' 

4'4 

M  kip-in 

476 

-476 

-483 

465 

18 

-258 

-375 

633 

566 

-566 
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panel  3: 

2(M34  +  M43)  =  50  x  12  x  12/3 

600  kip-in 


M*3  =  Mf4 


There  are  no  fixed-end  moments  due  to  applied  loading,  and  the  sway  distri- 
bution procedure  is  shown  in  Table  7.19. 

Example  7.18 

Determine  the  bending  moments  in  the  symmetrical  two-bay  frame  shown  in 
Figure  7.42.  The  relative  Ell  I  values  are  shown  ringed. 
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Figure  7.42 

Solution 

The  original  structure  and  loading  are  equivalent  to  the  two  cases  shown  at  (i) 
and  (ii).  Case  (i)  consists  of  a  symmetrical  structure  subjected  to  symmetrical 
loads.  The  moments  at  corresponding  points  are  equal  and  of  opposite  sign, 
and  there  are  no  moments  in  the  interior  column.  This  can  be  replaced  by  the 
two  identical  substitute  frames  shown  at  (iii)  and  (iv).  The  fixed-end  moments 
due  to  the  applied  loading  are: 


Mf.3 

=  "Mf3. 

=  10X20X12/12 

=  200  kip-in 

Mi-2 

=  -Mp2r 

=  15x20x12/12 

=  300  kip-in 

Table  7.20  Distribution  of  moments  in  Example  7.18 


Joint 

1 

2 

3 

3' 

2' 

1 

Member 

12 

21 

22' 

23 

32 

33' 

3'3 

3'2' 

2'2 

2'3'         2'1' 

1'2' 

Relative  EI/l 

2 

2 

3 

1 

1 

2 

2 

Distribution 

0 

1/3 

1/2 

1/6 

1/3 

2/3 

0 

0 

factor 

< 

Vi 

<_ 

Vz 

Carry-over  factor 

Vi 

Vi 

-* 

Vi 

— > 

_> 

M  ,  non-sway 

-300 

-200 

200 

300 

Distribution 

100 

150 

50 

66 

134 

Carry-over 

50 

33 

25 

67 

75 

Distribution 

-11 

-17 

-5 

-8 

-17 

Carry-over 

-5 

-4 

-2 

-8 

-8 

Distribution  and 

1 

2 

1 

1 

1 

1 

carry-over 

Mw 

45 

90 

-165 

75 

82 

-82 

259 

0 

368 

0             0 

0 

EI/l,  substitute 

2 

2 

3 

1 

1 

2 

frame 

Modified  stiffness 

0 

2 

18 

1 

1 

12 

Distribution 

2/21 

6/7 

1/21 

1/13 

12/13 

factor 

Carry-over  factor 

*~ 

-1 

-1 

-1 

MF,  sway 

-72 

-72 

-60 

-60 

Distribution 

12 

114 

6 

5 

55 

Carry-over 

-12 

-5 

-6 

Distribution 

0 

5 

0 

0 

6 

Ms 

-84 

-60 

119 

-59 

-61 

61 

61 

-122 

119 

-118 

-120 

-168 

M  kip-in 

-39 

30 

-46 

16 

21 

-21 

320 

-122 

487 

-118 

-120 

-168 

Member 
M  kip-in 

1"2" 
-129 

2"1" 
-150 

2"2' 
284 

2"3" 
-134 

3"2" 
-143 

3"3' 
143 

3 '3" 
-198 

2 '2" 
-249 
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Case  (ii)  consists  of  a  frame  that  satisfies  the  principle  of  multiples  and 
is  subjected  to  lateral  loading  at  the  joints.  This  can  be  replaced  by  the  two 
identical  substitute  frames  shown  at  (v)  and  (vi).  The  moments  in  the  interior 
columns  of  the  actual  frame  are  equal  to  twice  the  moments  in  the  columns 
of  the  substitute  frame,  and  the  remaining  moments  in  thes  actual  frame  are 
equal  and  of  the  same  sense  as  the  corresponding  moments  in  the  substitute 
frames.  The  sway  equations  for  each  substitute  frame  and  the  initial  fixed-end 
moments  du  to  sway  are: 

top  story: 


2(M32+M23) 
MFi2 


-2X10X12 

ML 

—60  kip-in 


bottom  story: 


2(M12  +M21)  =  -2X12X12 
Mf2  =  M* 

=  —  72  kip-in 


The  distribution  procedure  for  the  non-sway  and  sway  cases  is  tabulated  in 
Table  7.20,  and  the  final  moments  are  obtained  as  shown. 


Example  7.19 

Determine  the  sway  displacement  of  the  tops  of  the  columns  of  the  multi-bay 
frame  shown  in  Figure  7.43. 
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Figure  7.43 


344 


Structural  Analysis:  In  Theory  and  Practice 


Solution 

The  frame  satisfies  the  principle  of  multiples  and  can  be  replaced  by  the  three 
identical  substitute  frames  shown.  The  sway  equation  for  each  substitute  frame 
and  the  initial  fixed-end  moments  due  to  sway  are: 


-2WL 


Mil 


2(M12  +  Mn) 

Mf2  =  1 

=  -WLIl 

The  distribution  procedure  is  in  Table  7.21. 


Table  7.21  Distribution  of  moments  in  Example  7.1 


Joint 
Member 
Relative  EI/L 
Modified  stiffness 
Distribution  factor 
Carry-over  factor 

1 

12 
6 

0 

21 
6 

6 

Vi 

-1 

I 

IT 
1 
6 

Vi 

MF,  sway 

Distribution  and  carry-over 

-WLIl 
-WL/4 

-WLIl 
WL/4 

WL/4 

M 

-3  WL/4 

-WL/4 

WL/4 

The  sway  displacement  may  be  obtained  from  the  final  moments  as  shown 
at  (i)  and  (ii)  in  Figure  7.44.  Then: 


M21  =  24EI8/L  -  36EI6/L1 
=  -WL/4 


M12  =  12EI9/L  -  36EI6/L2 


and 


-3WL/4 


S  =  5WL2/144EI 


Example  7.20 

Determine  the  bending  moments  in  the  symmetrical  frame  shown  in  Figure 
7.45.  The  relative  EI/L  values  are  shown  ringed. 


Solution 

The  original  structure  and  loading  are  equivalent  to  the  two  cases  shown  at  (i) 
and  (ii).  Case  (i)  consists  of  a  symmetrical  structure  subjected  to  symmetrical 
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Figure  7.45 


loads  and  may  be  replaced  by  the  two  identical  substitute  frames  shown  at  (iii) 
and  (iv).  The  fixed-end  moments  due  to  the  applied  loading  are: 


Mf,3  =  -Mf3, 


-25x25x12/12 
-625  kip-in 
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Case  (ii)  does  not  satisfy  the  principle  of  multiples,  but  an  approximate  solu- 
tion may  be  obtained  by  means  of  the  two  identical  substitute  frames  shown 
at  (v)  and  (vi).  The  sum  of  the  second  moments  of  area  for  the  columns  of  the 
two  substitute  frames  equals  the  sum  of  the  second  moments  of  area  for  the 
columns  of  the  real  frame.  The  sway  equations  for  each  substitute  frame  and 
the  initial  fixed-end  moments  due  to  sway  are: 

top  story: 


2(M32+M23) 
Mf2 

=  -3X10X12/2 

=  M|3 

=  —45  kip-in 

)m  story: 

2(M12+M21) 
Mf2 

=  -3X15X12 

=  M2i  =  -135  kip-in 

These  sway  moments  are  distributed  as  shown  in  Table  7.22.  The  column 
moments  obtained  are  multiplied  by  the  ratio  (stiffness  of  actual  column)/ 
(stiffness  of  substitute  column)  to  give  the  actual  column  moments  since,  if  the 
columns  in  the  actual  structure  undergo  identical  deformations,  the  moments 
must  be  proportional  to  the  actual  column  stiffnesses.  In  this  case,  the  multi- 
plying ratio  for  both  the  external  and  interior  columns  in  the  top  and  bottom 
stories  is  4/3. 

The  moments  at  the  joints  are  now  unbalanced,  as  shown  in  Figure  7.46,  and 
must  be  distributed.  An  approximate  solution  may  be  obtained  from  the  pre- 
vious substitute  frames  as  shown  at  (i)  and  (ii).  The  unbalanced  moments  are 
equivalent  to  symmetrical  loads  on  the  symmetrical  substitute  frames,  and  distri- 
bution proceeds  as  shown  in  the  table  with  a  modified  stiffness  of  2EIII  for  the 
beams.  The  correcting  moments  so  obtained  are  small,  and  it  is  unnecessary  to 
multiply  the  correcting  moments  for  the  columns  by  the  stiffness  ratios. 

The  final  moments  in  the  frame  are  obtained  by  adding  the  non-sway, 
proportioned,  and  correcting  moments. 


7.10    Symmetrical  multi-story  frames  with 
inclined  columns 

The  analysis  of  a  single  bay  frame,  with  all  beams  parallel  to  the  base  and 
with  the  two  columns  in  each  story  of  equal  stiffness  and  subjected  to  lateral 
loads  at  the  joints,  consists  of  a  skew  symmetrical  distribution.  The  frame  need 
not  necessarily  satisfy  conditions  of  geometrical  symmetry  but  must  be  sym- 
metrical as  regards  stiffness  of  the  columns.  Only  the  left  half  of  the  frame 


Table  7.22  Distribution  of  moments  in  Example  7.20 


Joint 

1 

2 

3 

3' 

2' 

V 

Member 

12 

21 

22' 

23 

32 

33' 

3'3 

3'2' 

3 '3" 

2'2 

2'3' 

2'V 

2'2" 

1'2' 

Relative  EI/l 

5 

5 

1 

3 

3 

1 

1 

3 

1 

1 

3 

5 

1 

5 

Distribution  factor 

0 

5/9 

1/9 

1/3 

3/4 

1/4 

0 

0 

Carry-over  factor 

Vi 

*- 

V2 

_> 

MF,  non-sway 

-625 

625 

Distribution  and 

234 

469 

156 

78 

carry-over 

Distribution  and 

-65 

-130 

-26 

-78 

-39 

-13 

carry-over 

Distribution  and 

15 

29 

10 

5 

carry-over 

Distribution  and 

-4 

-8 

-2 

-5 

-1 

1 

-1 

carry-over 

Mw 

-69 

-138 

-28 

166 

458 

-458 

708 

0 

-708 

-14 

0 

0 

14 

0 

EI/l,  substitute  frame 

15/4 

1 

9/4 

9/4 

1 

Modified  stiffness 

15 

24 

9 

9 

24 

(skew) 

Distribution  factor 

0 

5/16 
-1 

1/2 

3/16 
-1 

3/11 

8/11 

Carry-over  factor 

<- 

-1 

M^sway  -135     -135                      -45          -45 

Distribution  56          90           34             12              33 

Carry-over  —56                                   —12—34 

Distribution  4            6              2               9              25 

Carry-over  —4                                     —9             —2 

Distribution  3            4              2                1                 1 

Carry-over  and  —3                          1           —1             —2                2 
distribution 

( Continued) 


Table  7.22  (Continued) 


Joint 

Ms 


1 
-198 


-72 


2 
101 


-29 


-61 


3 

61 


3' 


2' 


1' 


Proportioned 

-264 

-96 

101 

-39 

-81 

61 

moments 

Modified  stiffness 

15 

2 

9 

9 

2 

(symm.) 

Distribution  factor 

0 

15/26 

-Vi 

1/13 

9/26 

9/11 

2/11 

Carry-over  factor 

Vi 

-> 

Distribution 

20 

2 

12 

16 

4 

Carry-over 

10 

8 

6 

Distribution 

-5 

0 

-3 

-5 

-1 

Carry-over 

-3 

-3 

-1 

Distribution  and 

1 

2 

1 

1 

carry-over 

61 


n        6i     ioi 


-39        -96     101 


-264 


Correcting 
moments 

8 

17 

2 

15 

17 

3 

-3 

-35 

-3 

-2 

-30 

-33 

-2 

-16 

M  kip-in 

-325 

-217 

75 

142 

394 

-394 

766 

-116 

-650 

85 

-69 

-129 

113 

-280 

Member 
M  kip-in 

1"2" 
-187 

2"1" 
59 

2"2' 
131 

2"3" 
-190 

3"2" 
-522 

3"3' 
522 
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Figure  7.46 


is  considered,  with  a  modified  stiffness  of  6EI/1  applied  to  the  beams  and  no 
carry-over  between  the  two  halves.  As  in  the  analysis  of  frames  with  vertical 
columns,  fixed-end  moments  that  satisfy  the  sway  equations  are  imposed  on 
the  columns,  and  modified  stiffness  and  carry-over  factors  are  applied  to  the 
columns,  which  will  ensure  that  the  sway  equations  remain  balanced  through- 
out the  distribution. 

The  sway  mechanism  for  panel  1234  of  the  frame  shown  in  Figure  7.47 
is  shown  at  (i).  The  displacement  diagram,  for  a  horizontal  displacement  of 
(/>£?!  units  imposed  at  2,  is  shown  at  (ii),  and,  since  2  must  move  perpendicu- 
larly to  the  original  direction  of  12,  the  point  2'  is  obtained.  Similarly  4  moves 
perpendicularly  to  24  and  34,  and  the  point  4'  is  obtained.  The  member  rota- 
tions are: 


h  =  227/12 

=  4> 
h  =  447/34 


63  =  -2'47/24 


-cf>(rl24  -  l24)/li4 

-ir  -  m 
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Figure  7.47 


During  the  sway  displacement,  beams  13  and  24  are  held  infinitely  rigid 
so  that  no  deformations  and  no  moments  occur  in  them.  Hence,  as  shown  in 
Figure  7.48,  the  columns  rotate  through  a  sway  angle  <j>  at  their  bases  and  a 
sway  angle  r<j>  at  their  tops,  and  the  frame  above  24  rotates  through  an  angle  - 
(r  —  l)</>  and  translates  a  distance  <j>h\  to  the  right.  The  sway  equation  for  panel 
1234  is: 

-(M12  +  M34)0  -  r(M21  +  M43)<j>  =  (W,  +W2+  W3)#j 

-{W3(&3+Mr-l)0  +  WA(r-l)0} 


and 


M12  +  M34  +  r(M21  +  M43)  =  M(r  -  1)  -  Qbx 


where  M  is  the  clockwise  moment  of  the  external  loads  above  the  story  about 
the  top  of  the  story  and  Q  is  the  shear  to  the  right  due  to  all  external  forces 


Moment  distribution  methods 


351 


above  the  bottom  of  the  story.  The  columns  are  of  equal  stiffness,  and  the  ini- 
tial fixed-end  moments  required  to  satisfy  the  sway  equation  are: 

2M[2  +  2rMfj  =  M(r  -  1)  -  Qbx 

From  Figure  7.48,  the  fixed-end  moments  due  to  an  arbitrary  rotation  cf>  of  the 
columns,  while  the  beams  are  maintained  infinitely  rigid,  are: 

MiVM2i  =  S^(!  +  rc)ls<j){r  +  c) 


Figure  7.48 

Hence: 

2Mfx(l  +  rc)l(r  +  c)  +  2rMF11  =  M{r  -  1)  -  Qhx 
and: 

Mfj  =  {M(r  - 1)  -  Qht}{r  +  c)/2(l  +  2r  +  r2) 

Mf2  =  {M(r  - 1)  -  Q^}(1  +  re) 1 2(1  +  2rc  +  r2) 
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For  straight,  prismatic  columns  these  values  reduce  to: 

Mf2  =  {M(r  -  1)  -  Qhx}{2  +  r)/4(l  +  r  +  r2) 
Mfj  =  [M(r  -  1)  -  Q^}(1  +  2r)/4(l  +  r  +  r2) 

The  out  of  balance  moment  at  joint  1  is  distributed  while  allowing  joint  2  to 
translate  laterally  and  maintaining  the  beams  as  infinitely  rigid.  This  procedure 
is  shown  in  Figure  7.49,  where  s'12  and  c'u  refer  to  the  modified  stiffness  of 
12  and  the  modified  carry-over  factor  from  1  to  2  required  to  leave  the  sway 
equation  is  left  undisturbed.  Then,  substituting  in  the  sway  equation  with  the 
right-hand  side  set  at  zero: 


s'12  +  rs'l2  c\2   =  0 


and 


c'n   =  -Mr 


+    x    X 


1  -s12 


s(r+c)ll 


s(\+rc)ll 


From  Figure  7.49: 


Figure  7.49 


s'12  =  s  —  xs(l  +  re)  1 1 
rs'l2c'12  =  ~ s'i2  =  rsc  ~  rxs(r  +  c)/l 


Hence: 

x  =  l(l  +  rc)/(l  +  2rc  +  r2) 
and 


s'      =  sr2(l-c2)/(l  +  2rc  +  r2) 
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For  straight  prismatic  columns  this  reduces  to: 
s'n  =3EIr2/l{l  +  r  +  r2) 

Expressions  for  s'21  and  c'21   may  be  obtained  by  substituting  r  =  \lr  in  the 
expressions  for  s'12  and  c't2  ■ 
Then: 


s'2l    =3EI/l(l  +  r  +  r2) 


and 


"21 


— r 


In  the  bottom  story  of  the  frame,  the  stiffness  and  carry-over  factor  at  the 
top  of  the  column  are  as  above,  but  there  is  no  carry-over  from  the  fixed  base. 

Should  the  column  feet  be  hinged  at  the  foundations,  the  initial  fixed-end 
moment  required  at  the  top  of  the  column  to  satisfy  the  sway  equation  is: 

Mf0  =[M(r-l)-Qh1}/2r 

and  the  modified  stiffness  of  10  is  zero. 

The  Vierendeel  girder  shown  in  Figure  7.50,  which  has  inclined  top  chords 
and  the  two  chords  in  any  panel  of  equal  stiffness,  may  be  analyzed  in  a  simi- 
lar manner.  The  end  panel  012  has  a  value  of  infinity  for  r.  Then: 


Mfo 


M0f! 


"10 


and 


'[o 


3EI/1 


Figure  7.50 
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Example  7.21 

Determine  the  bending  moments  in  the  frame  shown  in  Figure  7.51.  All  mem- 
bers have  the  same  second  moment  of  area. 


Figure  7.51 

Solution 

For  the  top  story: 

r  =  18/6  =  3 
M(r  -1)-Qht  =0-32 
=  -32 
Mf3  =  -32(2  +  3)/4(l  +  3  +  9) 

"    =  -3.08 
Mf2  =  -32(1  +  6)/4(l  +  3  +  9) 
"  =  -4.31 
-1/3 


'23 


-0.333 


-32 
S'l3 


27 EI 710(1  +  3  +  9) 
=  0.207E7 
s'i2   =  3£J/10(1  +  3  +  9) 
=  0.023E7 


For  the  bottom  story: 

r  =  30/18 
=  1.67 
M(r  -  1)  -  Qhx  =  32  X  0.67  -  32 
=  -10.67 
Mf2  =  -10.67  x  3.67/4(1  +  1.67  +  2.80) 
=  -1.80 
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Mfl 

=  -10.67  X  4.33/4(1  +  1.67  +  2.80) 

=  -2.12 

cn 

=  -1.67 

c' 

*21 

=  3£I/10(1  +  1.67  +  2.80) 

=  0.055EI 

r  the  beams: 

S33' 

=  6EI/6 

=  EI 

S22' 

=  6EI/18 

=  0.333EI 

The  distribution  procedure  and  the  final  moments  are  shown  in  Table  7.23. 


Table  7.23  Distribution  of  moments  in  Example  7.21 


Joint 

1 

2 

3 

Member 

12 

21 

22' 

23 

32 

33' 

Modified  stiffness 

0.055 

0.333 

0.207 

0.023 

1 

Distribution  factor 

0 

0.092 

0.56 

0.348 

0.023 

0.977 

Carry-over  factor 

"- 

-1.670 

*- 

-3.000 
-0.333 

_» 

MF  X  100  kip-ft 

-180 

-212 

-308 

-431 

Distribution 

48 

291 

181 

10 

421 

Carry-over 

-80 

-30 

-60 

Distribution 

3 

17 

10 

1 

59 

Carry-over 

-5 

-3 

-3 

Distribution 

0 

2 

1 

0 

3 

Carry-over  and 

0 

0 

-1 

1 

distribution 

Final  moments  X 

-265 

-161 

310 

-149 

-484 

484 

100  kip-ft 

7.11     Frames  with  non-prismatic  members  subjected  to  sway 

The  fixed-end  moments  produced  in  non-prismatic  members  by  a  unit  dis- 
placement are  determined  by  the  column  analogy  method  given  in  Section  6.5. 
In  addition,  the  stiffness,  carry-over  factors,  and  fixed-end  moments  due  to  lat- 
eral loads  on  the  members  are  required  and  are  also  determined  by  the  column 
analogy  method. 
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Example  7.22 

Determine  the  bending  moments  in  the  frame  shown  in  Figure  7.52.  The  sec- 
ond moments  of  area  of  the  members  are  shown  ringed. 


10* 


© 


® 


///// 


© 


12' 


© 


© 


2'        A 


1' 
///// 


Figure  7.52 


Solution 

The  stiffness,  carry-over  factors,  and  fixed-end  moments  due  to  an  arbitrary  dis- 
placement have  been  obtained  for  member  21  in  Examples  6.6  and  6.1  and  are: 

s21    =  5EI/12 
4i    =4/5 

Mil 


M?2 


-EI6/16 

-170* 

-EI6/8 

-340x 


The  sway  equation  is: 

-M12  -  M21  =  1440/2 

=  720  kip-in 

Due  to  the  skew  symmetry,  the  modified  stiffness  of  member  22'  is: 


^22' 


6E(27)/12 
EI 


The  distribution  procedure  is  shown  in  Table  7.24,  and  substituting  the  final 
sway  moments  in  the  sway  equation  gives: 

(300  +  120)*  =  720 
x  =  1.71 


The  final  moments  are  shown  in  Table  7.24. 
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Table  7.24  Distribution  of  moments  in  Example  7.22 


Joint 

1 

2 

Member 

12 

21 

22' 

Modified  stiffness 

5/12 

1 

Distribution  factor 

0 

5/17 

12/17 

Carry-over  factor 

<- 

4/5 

MF,  sway 
Distribution  and 
carry-over 


-340 
40 


170 
50 


120 


Ms 

M  =  1.71  X  Ms 


-300 
-513 


-120 
-207 


120 

207 


7.12     Frames  with  curved  members 

A  single  bay  frame  with  the  two  columns  connected  by  means  of  a  straight 
beam  has  one  degree  of  sway  freedom.  The  single  bay  frame  with  a  curved 
beam,  shown  in  Figure  7.53,  has  the  two  degrees  of  sway  freedom  shown  at 
(ii)  and  (iii),  corresponding  to  the  different  translations  that  occur  at  the  top  of 
each  column.  The  analysis  proceeds  in  the  three  stages  as  shown  at  (i),  (ii),  and 
(iii),  and  the  two  sway  equations  required  are  obtained  by  considering  a  unit 


77777 


4 
77777 


+  x,   X 


///>//  77777 

Nonsway 

(i) 


/////  77777 

Sway  (2) 


Figure  7.53 
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horizontal  displacement  at  the  top  of  each  column.  Considering  sway  (1)  and 
(2)  in  turn,  the  sway  equations  are: 

-(M12+M2l)/ll2+H23=W 
-(M34+M43)/l34-H32  =  0 

where  H23  and  H32  are  the  outward  thrusts  of  the  arch  at  2  and  3.  The  out- 
ward thrusts  are  determined  by  considering  the  arch  to  be  initially  fixed- 
end  and  subjected  to  the  applied  loads  and  translations  and  allowing  for  the 
change  in  thrust  produced  as  the  ends  of  the  arch  rotate  to  their  positions  of 
final  equilibrium.  Then: 

H23  =  H32 

=  HF  +  HS2=1  -  H"=1  +  i<2Hei=1  -  ^3H0i=1 

where  HF  is  the  initial  thrust  due  to  the  applied  loads,  H62=i  and  HS3=1  are 
the  initial  thrusts  due  to  unit  translations  to  the  right  at  2  and  3,  Hel=1  and 
H63"1  are  the  thrusts  produced  by  unit  rotations  at  2  and  3,  and  ip2  and  ip3 
are  the  final  clockwise  rotations  of  2  and  3.  The  final  rotations  are  given  by: 

V>2  =  £Mf3/s 


23,;,23 


and 


V>3  =  EMf2/s32 

where  EM|3  is  the  sum  of  the  balancing  moments  distributed  to  joint  23  from 
its  initial  to  its  final  equilibrium  position  and  s23  is  the  rotational  stiffness  of 
the  arch. 

Example  7.23 

Determine  the  bending  moments  in  the  frame  shown  in  Figure  7.54.  The 
curved  beam  is  parabolic  in  shape,  and  its  second  moment  of  area  varies 
directly  as  the  secant  of  the  slope,  with  a  value  at  the  crown  of  I„.  The  second 
moment  of  area  of  the  columns  is  270. 

Solution 

The  characteristics  of  the  arch,  which  were  determined  in  Example  6.9,  are: 

s23    =  s32 

=  9EI0/l 

=  EI0/5  kip-ft 

c23    =  c32 

=  -1/3 
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/  =  45' 


Figure  7.54 


HB=1  =  15EI0/2h2l 


0.0167EI0  kip/rad 


Hs=1  =  45  EIJ4h2l 


0.0025£J0  X  12-3  kip/in 


Ms=1  =  15EI0/2hl 


=  0.0167EI0  X  12~2  kip-in/in 

Mf3  =  -Mf2 
=  WU  32 
=  337  kip-in 

HF  =  15Wl/64h 

=  21.10  kip  outward 


S  ii 


The  stiffness  and  carry-over  factors  for  the  columns  are: 


s2i  _  '34 


=  4E(2I0)/20 
=  2£70/5kip-ft 

c21    =  c34 

=  1/2 

The  distribution  procedure  for  the  non-sway  stage  is  shown  in  Table  7.25. 
The  initial  fixed-end  moments  due  to  sway  ( 1 )  are: 


Mf3  =  -Mf2 


0.0167EIoS  x  12-2 
0.0167EIo5  X  12-2  kip-in 
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Mf2  =  Ml, 

=  -6E{2I0)6I {20  X  12)2 

=  0.0300E7o<S  X  12-2  kip-in 

and  the  corresponding  thrust  is: 

Hs=s  =  0.0025EI06  x  12"3 

=  0.000208EI06  X  12-2  kip 

The  distribution  procedure  for  the  sway  (1)  stage  is  shown  in  Table  7.25.  The 
distribution  procedure  for  sway  (2)  is  similar,  and  the  final  moments  are  shown 
in  the  table. 

Table  7.25  Distribution  of  moments  in  Example  7.23 


Joint 

1 

2 

3 

4 

Member 

12 

21 

23 

32 

34 

43 

Relative  stiffness 

2 

2 

1 

1 

2 

2 

Distribution 

0 

2/3 

1/3 

1/3 

2/3 

0 

factor 

Carry-over  factor 

<— 

Vi 

-1/3 

1/3 

Vi 

-* 

M  ,  non-sway 

337 

-337 

Distribution 

-225 

-112 

112 

225 

Carry-over 

-112 

-37 

37 

112 

Distribution 

25 

12 

-12 

-25 

Carry-over 

12 

4 

-4 

-12 

Distribution  and 

-2 

-3 

-1 

1 

3 

2 

carry-over 

Mw  -102           -203             203  -203             203              102 

£MB  -101  101 

MF,  sway  (1)  -300 

Distribution  89                44  56              111 

Carry-over  44                                 -19  -15                                    56 


300 

167 

-167 

89 

44 

56 

-19 

-15 

13 

6 

5 

-2 

-2 

1 

1 

1 

Distribution  13  6  5  10 

Carry-over  6 

Distribution 


MS1 
£MB 

-250 

-197 

197 
51 

-122 
62 

122 

61 

Msz 
£MB 

61 

122 

-122 
62 

197 
51 

-197 

-250 

Final  moments 

-213 

223 

-223 

905 

-905 

-1506 
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Substituting  the  final  non-sway,  sway  (1),  and  sway  (2)  moments  in  sway 
equation  (1)  gives: 

Cf  =  -(M12  +  M21)//12  +  (HF  +  ^2Hei=l  -  ^3He3=1) 
=  305/240  +  21.10  ~  2  x  5  x  0.0167  x  101/12 
=  20.97 


Cf  =  -(M12  +  M21)//12  +  (H*2=1  +  V2W2=1  -  V3He3=1) 
=  447/240  +  2.08  +  5  X  0.0167(51  -  62)/12 
=  3.86 

CP  =  -(M12  +  M21)//12  +  (H*3=1  +  V2We2=1  -  V3H93=1) 
=  -183/240  -  2.08  +  5  x  0.0167(62  -  51)/12 
=  -2.76 

Then: 

20.97  + 3.86%! -2.76x2  =10 

Substituting  the  final  non-sway,  sway  (1),  and  sway  (2)  moments  in  sway 
equation  (2)  gives: 

-20.97 -2.76*! +3.86x2  =0 

Solving  these  two  equations  simultaneously: 

x1  =  2.14 
x2  =  6.95 

and  the  final  moments  are  given  by: 
Mw  +  XlMsl  +  x2MS2 

7.13     Rectangular  grids 

Rectangular  grids,  which  have  a  large  number  of  degrees  of  sway  freedom,  are 
most  readily  analyzed  by  a  method  of  successive  sway  corrections13. 

The  load  W,  applied  to  the  grid  shown  in  Figure  7.55,  produces  bending 
moments  and  torsion  in  all  the  members.  The  sign  convention  adopted  is  that, 
in  a  member  parallel  to  the  x-axis,  bending  moment  is  positive  if  clockwise 
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Figure  7.55 

when  viewed  in  the  positive  direction  of  the  y-axis,  and  torsion  is  positive  if 
clockwise  when  viewed  in  the  positive  direction  of  the  x-axis.  Each  unsup- 
ported node  of  the  grid  undergoes  a  vertical  deflection,  and  sway  equations 
must  be  developed  for  each  one.  The  sway  equation  for  node  1  is  obtained  by 
considering  unit  vertical  deflection  of  1  and  is: 

(M12  +  M21)//12  +  (M13  +  M31)//13  -  (M14  +  M41)//14 
-(M15  +M51)//15  -  W  =  0 

Similar  equations  may  be  developed  for  nodes,  2,  3,  4,  5,  6,  and  7. 

An  initial  estimate  is  made  of  the  vertical  deflection  at  each  node,  and 
these  deflections  are  imposed  on  the  grid,  with  no  joint  rotations  permitted. 
The  initial  fixed-end  moments  due  to  all  the  sway  modes  applied  simultane- 
ously are: 

Mf2  =  Ml, 

=  6EI(yi-y2)/(ln)2 


M?s  =  Mf i 


-6EI(yi-y5)/(l15)\  etc 


where  j\,  y2,  Ji,---,  are  the  estimated  deflections  at  nodes  1,  2,  3,.... 

These  initial  fixed-end  moments  are  distributed  and  the  resulting  moments 
substituted  in  the  sway  equations.  Any  residual  that  is  produced  means  that 
the  sway  equation  is  not  satisfied,  as  the  initial  estimate  of  the  deflections  was 
incorrect  and  additional  sway  moments  must  be  applied  and  distributed.  The 
procedure  continues  until  all  the  sway  equations  are  satisfied. 

Distribution  is  required  for  all  beams  in  the  x  and  y  directions,  and  the 
distribution  factor  at  each  node  must  allow  for  the  torsional  stiffness  of  the 
cross-members  framing  into  the  node  from  the  y  and  x  directions.  The  tor- 
sional stiffness  of  a  member  is  GJ/l,  where  G  is  the  modulus  of  torsional  rigid- 
ity, /  is  the  torsional  inertia,  and  /  is  the  length  of  the  member.  The  carry-over 
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factor  for  torsion  is  —1.  Any  out  of  balance  moment  at  node  4  that  is  dis- 
tributed to  cross-member  46  during  the  distribution  of  moments  in  beam  92, 
is  carried  over  to  64  with  the  sign  changed.  This  produces  an  out  of  balance 
moment  at  node  6  during  the  distribution  of  moments  in  beam  1011,  which 
must  be  distributed  to  the  three  members  meeting  there.  Thus,  the  distribution 
of  moments  must  proceed  simultaneously  in  beams  1011,  92,  812,  67,  53,  and 
1112,  and  the  balancing  operation  at  any  node  affects  the  adjacent  nodes  on 
parallel  beams. 

When  loading  is  applied  between  the  nodes,  the  fixed-end  moments  due 
to  this  loading  must  be  distributed  at  the  same  time  as  the  initial  fixed-end 
moments  due  to  the  sway  deflections. 

Example  7.24 

Determine  the  moments  in  the  grid  shown  in  Figure  7.56.  All  members  are  of 
uniform  section,  and  the  flexural  rigidity  is  twice  the  torsional  rigidity. 


100" 


100" 


100" 


Figure  7.56 


Solution 

Due  to  the  symmetry  of  the  structure  and  loading,  equal  deflections  occur  at 
nodes  2  and  there  is  no  torsion  in  members  22.  Distribution  is  required  in  only 
half  of  beam  11,  and  the  flexural  and  torsional  stiffness  of  each  member  is: 


flexural  stiffness  of  12  =  4EIII 

=  8G/// 

flexural  stiffness  of  22  =  2EI/1 

=  4G/// 

torsional  stiffness  of  21'  =  G]  1 1 


364  Structural  Analysis:  In  Theory  and  Practice 

The   sway  equation  is   obtained   by   considering  unit   vertical   deflection 
imposed  simultaneously  at  all  nodes  2  and  is: 

-2(M12  +  M21)/100  -  100  =  0 
-M12  -  M21  -  5000  =  0 

The  initial  sway  moments  are: 

Mf2  =  Mfj  =  -6Ely2  /1000  =  -4000,  say 

Mf2  =  0 

The  distribution  proceeds  as  shown  in  Table  7.26,  and  the  residual  is  indicated 
at  several  stages.  Equal  correcting  moments  M21  and  M^2  are  imposed  at 
each  stage,  and  the  final  moments  are  shown  in  the  table. 

Table  7.26  Distribution  of  moments  in  Example  7.24 


Joint 

1 

2 

Residual 

Member 

12 

21 

21' 

22 

Relative  stiffness 

8 

1 

4 

Distribution  factor 

8/13 

1/13 

4/13 

Carry-over  factor 

*- 

Vi 

-1 

M  ,  sway 

-4000 

-4000 

Distribution 

2460 

310 

1230 

Carry-over 

1230 

-690 

1st  correction 

-600 

-600 

Distribution 

370 

45 

185 

Carry-over 

185 

-45 

2nd  correction 

-43 

-43 

Distribution 

27 

3 

13 

Carry-over 

13 

1 

Final  moments,  kip-in 

-3215 

-1786 
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7.14     Direct  distribution  of  moments  and  deformations 

Direct  moment  distribution  was  introduced  by  Lin14  as  a  means  of  eliminat- 
ing the  iteration  required  in  the  standard  moment  distribution  procedure. 
The  parameters  required  for  the  direct  distribution  of  fixed-end  moments 
require  considerable  preliminary  effort,  but,  once  these  parameters  have  been 
obtained,  alternative  loading  conditions  can  be  quickly  investigated.  To  assist 
in  the  calculation  of  these  parameters,  a  number  of  graphs  and  charts15'16,17 
are  available.  Several  alternative  methods18'19'20  have  been  developed  for  the 
direct  distribution  of  moments  but  will  not  be  considered  here. 
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The  direct  distribution  of  deformation  provides  the  most  convenient  way  of 
determining  influence  lines  for  rigid  frames21.  The  basic  parameters  required 
are  obtained  in  a  similar  manner  to  the  parameters  required  for  the  direct  dis- 
tribution of  moments,  and  both  techniques  may  be  readily  applied  to  a  par- 
ticular structure. 


(a)  Direct  distribution  of  moment 

The  actual  stiffness  at  the  end  1  of  any  member  12  of  a  frame  is  the  moment 
Sj2  required  to  produce  unit  rotation  at  1,  with  all  members  meeting  at  1 
and  2  having  their  actual  stiffnesses.  As  indicated  in  Figure  7.57,  this  may  be 
obtained  as  the  sum  of  the  two  operations  shown  at  (i)  and  (ii).  In  operation 
(i),  unit  rotation  is  imposed  at  1  with  2  clamped.  In  operation  (ii),  joint  2  is 
released  and  allowed  to  rotate  to  its  position  of  final  equilibrium  while  joint  1 
is  clamped.  The  balancing  moment  required  at  2  is  —  C\iS\i,  and  this  is  distrib- 
uted to  each  member  in  accordance  with  its  distribution  factor.  The  stiffness  of 
21  is  the  restrained  stiffness  s2j  since  joint  1  is  clamped,  while  all  the  other  n 
members  meeting  at  2  have  their  actual  stiffnesses.  The  distribution  factor  for 
21  is: 


a2\   ~  s21  '(s21  +  ^S2«         S2 


21' 


where  sfj  is  the  actual  stiffness  of  member  21. 


(.) 


a21c12c21s12 


(li) 

Figure  7.57 

The  balancing  moment  distributed  to  21  is  —  tf2ici2si2>  and  the  moment 
transmitted  to  1  is: 


^21c12c21s12   ~~  ^21c12s12 
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Then  the  actual  stiffness  at  1  is: 

S12   =  S12(l  "~  fl21c12c2l) 

and  the  actual  distribution  factor  for  member  12  is: 

"12         S12/2jSln 

The  proportion  of  the  out-of-balance  moment  at  joint  2  which  is  transmitted 
to  the  fixed-end  1  when  2  is  balanced,  is: 

^21  =  ~ai\ci\ 

For  any  member  12,  the  value  of  an  is  zero  when  joint  1  is  fixed  and  unity 
when  joint  1  is  hinged. 

The  direct  distribution  procedure  may  be  summarized  as: 

determine  the  fixed-end  moments  produced  by  the  applied  loads 

starting  with  the  extreme  left-hand-side  joint  of  the  frame,  transmit  the  out-of-balance 

moments  at  each  joint  to  the  next  joint  on  the  right,  which  is  clamped 

repeat  this  operation  starting  at  the  extreme  right-hand-side  joint  and  transmit  to 

the  left  with  moments  transmitted  previously  not  included  in  the  out-of-balance 

moments 

at  each  joint,  balance  the  fixed-end  moments  and  the  transmitted  moments  using 

the  actual  distribution  factors 


Example  7.25 

Determine  the  bending  moments  in  the  members  of  the  frame  shown  in  Figure 
7.16.  The  relative  EI  values  are  shown  ringed. 


Solution 

The  parameters  required  are  shown  in  Table  7.27  and  are  derived  as  follows: 

au  =  1 
and: 

sfi  =  3(1-1/4) 


2.25 


sf  3  =  9 
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Table  7.27  Distribution  of 

moments  in 

Examp] 

e7.25 

Joint 
Member 

1 
12 

21 

2 

23 

24 

42 

4 

45 

46 

6 

64 

Relative  4EI/1 

3 

3 

9 

4 

4 

12 

3 

3 

sa 

2.25 

9 

3.74 

3.74 

9 

2.25 

a 

1 

0.19 

0.26 

0.26 

0.19 

1 

b 
d" 

-0.50 
1 

-0.10 
0.15 

-0.13 
0.25 

-0.13 
0.25 

-0.10 
0.15 

-0.50 
1 

MF,  kip-in 
Transmission 

-100 

100 
50 

-20 

-115 

173 
13 

LtoR 

Transmission 

-13 

28 

-87 

RtoL 
Distribution 

113 

-27 

-45 

56 

33 

-173 

Final  moments 

0 

123 

-106 

-17 

36 

133 

-169 

0 

and 


a24  =  4/(4  +  9  +  2.25) 
=  0.26 


■>42 


4(1-0.26/4) 
3.74 


^45 


and 


a46  =3/(3  +  9  +  3.74) 
=  0.19 

The  remaining  parameters  are  readily  obtained,  and  the  transmission  and  dis- 
tribution proceeds  as  shown  in  the  table. 


(b)  Direct  distribution  of  deformations 

The  rotation  82\  produced  at  the  end  2  of  member  12  shown  in  Figure  7.57  is 
given  by: 


^21    ~~       C\2S12^(S21  +  ^s2n 


'hi 


*1212 


b[2 
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Thus,  the  final  rotation  at  joint  2  when  a  rotation  912  is  imposed  at  1  is: 


^21    ~~  £>12^12 


For  symmetrical  members: 


'12 

"712 


b\ 


12 


521 

a2l 


y21 


Using  the  principles  of  Section  5.3,  the  direct  distribution  of  deformation 
provides  a  rapid  method  of  determining  influence  lines.  The  influence  line  for 
M23  for  the  frame  shown  in  Figure  7.58  is  obtained  by  imposing  a  unit  clock- 
wise rotation  on  member  23  with  respect  to  members  20  and  21.  The  deflected 
form  of  structure  is,  from  Muller-Breslau's  principle,  the  influence  line  for 
M23.  The  absolute  rotation  of  member  23  is: 

^23    =  (Sf0   +  *fl)/Esf„ 


0 
77777 


0 
77&7- 


0 


Figure  7.58 


The  rotation  of  member  21  is: 


721 


y23         ± 

_sf3/Ss|K 
-da 

"23 


These  two  imposed  rotations  may  be  readily  transmitted  through  the  structure. 
Thus,  the  final  rotations  of  all  the  members  in  the  structure  are  obtained,  and 
the  ordinates  of  the  elastic  curve  are  obtained  from  tabulated  values  of  fixed- 
end  moments. 

A  correction  must  be  applied  to  these  ordinates  because  of  the  sway  that 
occurs  in  the  frame.  A  unit  sway  displacement  is  imposed  on  the  frame,  as 
shown  in  Figure  7.59  (i),  and  the  final  moments  are  determined  by  the  direct 
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Unit  sway 


77777 


W=  1 


Figure  7.59 

distribution  procedure.  The  rotations  9s  at  each  joint  are  readily  obtained  by 
dividing  the  balancing  moment  distributed  to  any  member  at  the  joint  by  its 
actual  stiffness,  and  the  moment  in  member  23  is  M^  ■ 

A  unit  horizontal  load  applied  at  1,  as  shown  at  (ii),  produces  a  sway  dis- 
placement x,  a  vertical  deflection  of  6  at  any  point  4,  and  a  moment  in  mem- 
ber 23  of  xM23.  The  value  of  x  is  determined  by  substituting  the  Ms  values 
obtained  in  system  (i)  in  the  sway  equation.  Thus: 

-x(M{0  +  M&)  -  xMs20  -  x(Mf0  +  Ms03)  =  1 

A  unit  vertical  load  applied  at  4  will,  from  Maxwell's  reciprocal  theorem, 
produce  a  sway  displacement  of  6,  as  shown  at  (iii).  The  moment  in  member 
23,  due  only  to  this  displacement  5,  is  6Mf3 .  This  value,  then,  is  the  sway  cor- 
rection that  must  be  added  to  the  non-sway  moment  at  23  due  to  a  unit  load 
at  any  point  4.  Thus,  the  corrections  are  given  by  the  ordinates  of  the  elastic 
curve,  with  rotations  at  each  joint  of  9s  X  xM^3. 

The  corrections  are  best  applied  to  the  non-sway  rotations,  and  the  true 
influence  line  ordinates  for  M23  are  given  by  the  deflected  form  of  the  structure 
with  joint  rotations  of: 


QNS  +9S  x  xM|3 


where  9NS  is  the  rotation  at  a  joint  due  to  the  imposed  rotation  with  sway  pre- 
vented, 9s  is  the  rotation  at  the  same  joint  due  to  a  unit  sway  displacement, 
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Mf3  is  the  moment  produced  in  member  23  due  to  a  unit  sway  displacement, 
and  x  is  the  sway  displacement  produced  by  a  unit  horizontal  load. 


Example  7.26 

Determine  the  influence  line  ordinates  for  M46  over  span  46  of  the  frame 
shown  in  Figure  7.16. 


Solution 

A  unit  clockwise  rotation  is  imposed  on  46  with  respect  to  members  45  and 
42.  The  absolute  rotation  of  member  42  is  then: 

^42   =  _"46 

=  -0.15 
The  rotation  of  46  is: 

e46  =  i  +  e42 

=  0.85 

These  imposed  rotations  are  transmitted  in  Table  7.28  to  obtain  the  final  rota- 
tions shown. 


Table  7.28  Distribution  of  deformations  in  Example  7.26 


Joint 

1 

2 

4 

6 

Member 

12 

21           24 

42 

46 

64 

V 

-0.50 

-0.13 

-0.50 

Imposed  -0.15  0.85 

deformations 
Transmitted  -0.00975       0.0195  -0.425 

deformations 

Final  rotations       -0.00975       0.0195  -0.15  0.85  -0.425 


The  influence  line  ordinates,  at  intervals  of  0.2  X  the  span  of  10  ft,  are 
obtainable  in  Table  7.29  from: 

M46  =  0.85  X  MF46  -  0.425  X  MF4 
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Table  7 

.29  Influence  line  ordinates  for  Example 

7.26 

Section 
M^6  ft  units 
MF64  ft  units 

4 
0 
0 

4.2 

-1.28 

0.32 

4.4 

-1.44 

0.96 

4.6 

-0.96 

1.44 

4.8 

-0.32 

1.28 

6 

0 
0 

MF46  X  0.85 
MFM  X  -0.425 

0 
0 

-1.09 
-0.14 

-1.22 
-0.41 

-0.82 
-0.61 

-0.27 
-0.54 

0 
0 

Ordinates,  ft  units 

0 

-1.23 

-1.63 

-1.43 

-0.81 

0 

7.15     Elastically  restrained  members 

Modified  stiffness,  carry-over  factors,  and  fixed-end  moments  are  required  for 
members  that  are  elastically  restrained  at  their  ends.  These  may  be  obtained  by 
the  methods  given  in  Section  6.7. 


Example  7.27 

Determine  the  moments  in  the  uniform  beam  shown  in  Figure  7.60.  The  beam 
is  elastically  restrained  at  end  1  with  a  rotation-moment  ratio  of  7y12  =  1/8EI. 


14 

1  w 

2             1 

^3 

/ 

/ 

/ 

T 

\ 

\ 
\ 

/             in       in 

Figure  7.60 

Solution 

The  modified  stiffness  and  carry-over  factor  for  member  21  are: 

s'21   =  4EI(l  +  3EIrin)/l(l  +  4EIiln) 

=  11EI/31 
c'2l   =  1/2(1 +  3EIrjn) 

=  4/11 
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The  initial  fixed-end  moments  are: 

Mf3  =  -Mf2 
=  -W7/8 
=  -100,  say 

The  distribution  proceeds  as  shown  in  Table  7.30. 


Table  7.30  Distribution  of  moments  in  Example  7.27 


Joint 

1 

2 

3 

Member 

12 

21 

23 

32 

Modified  stiffness 

11/3 

4 

Distribution  factor 

11/23 

12/23 

Carry-over  factor 

<- 

4/11 

1/2 

-► 

MF 

-100 

100 

Distribution  and 

17 

48 

52 

26 

carry-over 

Final  moments 

17 

48 

-48 

126 

Supplementary  problems 

Use  the  moment  distribution  technique  to  solve  the  following  problems. 
S7.1  The  continuous  beam  shown  in  Figure  S7.1  has  a  second  moment  of  area 
for  member  34,  which  is  3  X  that  for  members  12  and  23.  Determine  the  reac- 
tions at  supports  2,  3,  and  4. 


2  kips 

'                                        1 

10  kips 
F 

1  kip/ft 

1    1    1    1    1    1 

©       t2 

© 

3t 

©             t 

6'  7' 


11' 


4'     .        6' 


Figure  S7.1 


S7.2  Figure  S7.2  shows  a  propped  rigid  frame  with  the  relative  EI/L  values 
shown  ringed  alongside  the  members.  Determine  the  reactions  at  supports 
1  and  4. 
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Figure  S7.2 


S7.3  The  continuous  beam  shown  in  Figure  S7.3  has  a  second  moment  of  area 
of  376  in4  and  a  modulus  of  elasticity  of  29,000  kips/in2.  Determine  the  bend- 
ing moments  produced  in  the  beam  by  a  settlement  of  support  1  by  1  in,  sup- 
port 2  by  2  in,  and  support  3  by  1  in. 


12' 


12' 


12' 


Figure  S7.3 


S7.4  Determine  the  moments  produced  in  the  members  of  the  rigidly  jointed 
frame  shown  in  Figure  S7.4  by  the  indicated  load  of  10  kips.  The  second 
moment  of  area  of  all  members  is  20  in4.  The  cross-sectional  area  of  all  mem- 
bers is  2  in2.  The  modulus  of  elasticity  is  constant  for  all  members. 
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10  kips 


12' 


Figure  S7.4 


S7.5  Figure  S7.5  indicates  a  sway  frame,  with  pinned  supports,  with  the  rela- 
tive EI/L  values  shown  ringed  alongside  the  members.  Determine  the  bending 
moments  at  joints  2  and  3  caused  by  the  lateral  load. 


10  kips      2 


© 


7&7T- 


© 


4l 


10' 


10' 


20' 


Figure  S7.5 


S7.6  Determine  the  forces  produced  at  the  joints  of  the  rigidly  jointed  frame 
shown  in  Figure  S7.6  by  the  indicated  loads.  The  EI/L  value  is  constant  for  all 
members. 
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1  kip 


I,  I: 


12' 


1 


20' 


20' 


16' 


Figure  S7.6 


S7.7  Determine  the  bending  moments  produced  at  the  joints  of  the  rigidly 
jointed  frame  shown  in  Figure  S7.7  by  the  indicated  loads.  The  relative  EI/L 
values  are  shown  ringed  alongside  the  members. 


20  kips 

n 


I 

L 

' 

~ 

12 

' 

r         ' 

r 

Figure  S7.7 


S7.8  The  dimensions  and  loading  on  a  symmetrical,  single-bay,  two-story 
frame  are  shown  in  Figure  S7.8.  The  relative  second  moment  of  area  values  are 
shown  ringed  alongside  the  members.  Determine  the  bending  moments,  shears, 
and  axial  forces  in  the  members. 
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4  kips 


3 

6 

© 

© 

© 

2 

5 

© 

© 

© 

m 

1 
T 

4 
777 

10' 


10' 


10' 


Figure  S7.8 


S7.9  Determine  the  bending  moments  produced  at  the  joints  of  the  Vierendeel 
girder  shown  in  Figure  S7.9  by  the  indicated  loads.  The  relative  EI/L  values 
are  shown  ringed  alongside  the  members. 


6' 


( 

!             ©          7, 

400  kips 
1              ©              i 

© 

© 

10 

© 

© 

© 

© 

© 

© 

© 

© 

J 

300  kips 

)                              ; 

! 

I 

5" 

4  X  10'  =  40' 


Figure  S7.9 


© 


100  kips 


S7.10  Determine  the  bending  moments  produced  at  the  joints  of  the  rigidly 
jointed  frame  shown  in  Figure  S7.10  by  the  indicated  loads.  The  EI/L  value  is 
constant  for  all  members. 
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5                                         6 

i 

«S 

3 

4 

■1                          : 

100  kips 

> 

300  kips 

j 

3  X  12'  =  36' 


200  kips 


Figure  S7.10 


S7.ll  Determine  the  bending  moments  produced  in  the  left-hand  columns  of 
the  rigidly  jointed  frame  shown  in  Figure  S7.ll  by  the  indicated  loads.  The 
relative  EI/L  values  are  shown  ringed  alongside  the  members. 


lkip 


2  kips 


2  kips 


0 


0 


12 


© 

© 

© 

3 

© 

1 

© 

© 

© 

© 

2 

© 

6 

© 

© 

7* 

£ 

© 

£ 

© 

11  V 


10        v 


9         v 


12' 


12' 


15' 


20' 


20' 


Figure  S7.ll 
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Notation 

a 

area  displaced  by  a  deformed  model 

A 

cross-sectional  area 

d 

depth  of  member 

E 

Young's  modulus 

f 

stress 

g 

gravitational  acceleration 

G 

modulus  of  torsional  rigidity 

H 

horizontal  reaction 

I 

second  moment  of  area 

J 

torsional  inertia 

k 

scale  factor 

I 

length  of  a  member 

L 

dimension  of  length 

m 

model  (used  as  suffix) 

M 

dimension  of  mass 

P 

prototype  (used  as  suffix) 

P 

axial  force 

Q 

shear  force 

rP 

radius  of  gyration  of  prototype  member 

^m 

thickness  of  model  member 

T 

dimension  of  time 

V 

vertical  reaction 

w 

distributed  load 

W 

applied  load 

w 

knife-edge  load 

y 

influence  line  ordinate 

a 

equals  fplfm 

0 

equals  ep/em 

8 

deflection,  displacement  imposed  on  a  model 

e 

strain 

0 

rotation  imposed  on  a  model 

P 

density 

V 

Poisson's  ratio 
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8.1     Introduction 

A  structural  model  is  required  to  reproduce  an  actual  structure  (the  prototype) 
to  some  convenient  scale  and  in  such  a  manner  that  it  is  possible  to  predict  the 
behavior  of  the  prototype  subjected  to  its  applied  loads  from  the  behavior  of 
the  model  subjected  to  a  system  of  proportional  loads.  Model  analysis  may 
be  employed  in  the  design  of  a  complex  structure  for  which  a  mathematical 
analysis  is  not  possible  or  may  be  used  to  check  the  validity  of  a  new  theoreti- 
cal method  of  analysis.  In  addition,  simple  model  techniques  may  be  utilized1'2 
to  develop  an  appreciation  of  structural  behavior  in  young  engineers.  No  sim- 
plifying approximations  are  necessary  for  a  model  analysis,  and  all  secondary 
effects  are  automatically  included  in  the  analysis. 

Model  analysis  may  be  classified  under  the  headings  direct  methods  and 
indirect  methods.  The  loading  applied  to  an  indirect  model  is  unrelated  to 
the  applied  loading  on  the  prototype.  An  arbitrary  deformation  is  applied  to  the 
model,  and  the  deflected  form  obtained  represents,  to  some  scale,  the  influ- 
ence line  for  the  force  corresponding  to  the  applied  deformation.  The  indirect 
method  is  applicable  only  to  linear  structures.  The  loading  applied  to  a  direct 
model  is  similar  to  the  applied  loads  on  the  prototype.  Strains  and  deflec- 
tions of  the  model  are  recorded  and  stresses  and  deflections  of  the  prototype 
deduced.  The  direct  method  is  applicable  to  structures  in  both  the  elastic  and 
inelastic  states.  For  both  direct  and  indirect  methods,  knowledge  of  the  laws  of 
similitude  is  necessary  for  the  correct  proportioning  of  the  model  and  its  loads 
and  the  correct  interpretation  of  results. 

Methods  of  constructing  and  testing  models  will  not  be  considered  here  but 
may  be  referred  to  in  several  comprehensive  textbooks3'4'5'6. 


8.2     Structural  similitude 

The  required  similitude  between  model  and  prototype  quantities  may  be 
obtained  by  the  method  of  dimensional  analysis7.  The  relationship  between 
the  n  fundamental  variables  affecting  structural  behavior  can  be  expressed 
as  a  function  of  (n  —  i)  dimensionless  products,  where  i  is  the  number  of 
dimensions  involved.  The  dimensionless  products  are  referred  to  as  the  pi 
terms. 

The  variables  affecting  structural  behavior  are  given  in  Table  8.1  together 
with  the  exponents  of  their  dimensions  of  mass,  length,  and  time.  Only  the 
first  eight  of  these  variables  are  fundamental;  the  remainder  have  been  included 
in  order  to  derive  their  interdependence.  The  fifteen  variables  contain  three 
dimensions,  and  thus  the  structural  behavior  can  be  expressed  as  the  relation- 
ship between  twelve  pi  terms.  The  pi  terms  are  obtained  by  considering  the 
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Table  8.1  Variables  involved 

in  structural  similitude 

Variable 

e 

/ 

J 

E 

W       p 

w 

g 

J 

f 

if 

W 

A 

/ 

G 

c 

.2       M 

U1 

0 

0 

0 

1 

1        1 

0 

0 

0 

1 

1 

1 

0 

0 

1 

i  i 

5     T 

0 

1 

4 

-1 

1     -3 

0 

1 

1 

-1 

-1 

0 

2 

4 

-1 

0 

0 

0 

-2 

-2       0 

0 

-2 

0 

-2 

-2 

-2 

0 

0 

-2 

exponents  of  the  dimensions  of  the  product  formed  by  g,  W,  I,  and  one  other 
variable  at  a  time.  Thus: 

ttj  =  daWhgc 

=   €l°W°g0 
=  € 
7T2    =   IlaWbgC 

=  Il-4W°g° 

=   III4 
TT3    =   l2E/W 
7T4    =   Ppg/W 

irs  =  v 

7T6    =   611 

=  6EI/W13 
=  6EA/WI 
=  6GJ/WP 
=  6GA/WI 
tt7  =  fl2/W 

7T8    =   Wl2/W 
7T9    =   W'l/W 

AH1 
J/l4 

7T12    =   Gl2/W 

Any  number  of  the  dimensionless  products  may  be  combined  to  give  a  dif- 
ferent expression  for  the  pi  term,  as  shown  by  the  five  different  expressions 
given  for  7r6. 

For  complete  similitude,  each  variable  affecting  the  behavior  of  the  model 
and  the  prototype  must  be  in  a  fixed  ratio,  which  is  dimensionless  and  is 
referred  to  as  the  scale  factor.  In  addition,  the  pi  terms  of  the  model  and  the 
prototype  must  be  in  a  fixed  ratio  and  establish  the  relationships  between  the 
scale  factors.  Thus,  for  geometrical  similarity,  lengths  on  the  model  must  be  in 


'10 
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a  fixed  ratio  to  the  corresponding  lengths  on  the  prototype  and  to  Ulm  =  &/, 
the  linear  scale  factor.  Considering  each  pi  term  in  turn: 


V6m 

=  K 

=  1 

kl 

=  k4 

kw 

=  k  h1 

=  kw/kgkf 

=  1 

h 

=  k 

=  kwkpkEkt 

=  kwklkEkA 

=  kwk?/kGkJ 

=  kwklkGkA 

kf 

=  k    k2 

k 

=  kw/kf 

kw 

=  kw/kt 

kA 

=  H 

kl 

=  kf 

kc 

=  kw/kf 

When  it  is  known  that  some  variables  have  a  negligible  effect  on  the  behav- 
ior of  a  particular  structure,  it  is  unnecessary  to  fulfill  all  the  above  conditions 
of  similitude,  and  a  distorted  model  may  prove  satisfactory  and  be  easier  to 


construct8. 


8.3     Indirect  models 

(a)  Similitude  requirements 

Indirect  model  methods  make  use  of  the  Muller-Breslau  principle  presented  in 
Section  5.2.  The  influence  line  for  any  restraint  in  a  structure  is  the  deformed 
shape  of  the  structure  produced  by  a  unit  displacement  replacing  the  restraint. 
The  displacement  corresponds  to  and  is  applied  in  the  same  direction  as  the 
restraint.  The  influence  line  ordinates  obtained  are  positive  when  the  deforma- 
tion produced  moves  in  opposition  to  the  direction  of  an  applied  load  at  any 
point.  It  is  impracticable  to  apply  the  displacements  to  the  prototype,  and  a 
model  is  constructed  to  a  suitable  linear  scale  such  that  the  deformations  in  the 
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model  and  the  prototype,  due  to  a  given  displacement,  are  in  a  constant  ratio 
at  all  corresponding  points.  Thus: 

=  kwkf/kEkj 
=  kWki/kEkA 
=  kwkf/kGkj 
=  kWk,/kGkA 

If  only  flexural  deformations  are  significant  in  the  prototype,  the  expression 
reduces  to: 

ks  =  kwkf/kEk! 

Since  loads  are  not  measured  or  reproduced,  the  only  requirement  to  be 
observed  is  that  the  ratio  (EI)p/(EI)m  is  maintained  constant  for  all  members.  It 
is  not  essential  for  k[  =  kf  or  kv  =1.  Hence  any  suitable  material  may  be  used 
and  any  shape  of  cross-section  chosen  for  ease  of  fabrication  and  prevention 
of  buckling.  Thus,  the  model  members  may  be  cut  from  a  sheet  of  material  of 
uniform  thickness  such  that  the  ratio  (dm)i/(EI)p  is  constant  for  all  members. 

If  only  axial  deformations  are  significant  in  the  prototype,  the  expression 
reduces  to: 

kg  =  kwktlkEkA 

The  only  requirement  to  be  observed  is  that  the  ratio  (EA)J(EA)m  is  main- 
tained constant  for  all  members.  Thus,  the  model  members  may  be  cut  from  a 
sheet  of  material  of  uniform  thickness  such  that  the  ratio  dml(EA)p  is  constant 
for  all  members. 

If  both  flexural  and  axial  deformations  are  significant  in  the  prototype,  the 
expression  reduces  to: 

kg  =  kwk?/kEkj 

=  kwk,/kEkA 


and: 


kf  =  kj/k 


,1 


Using  rectangular  model  sections,  this  reduces  to: 


ui  _    ,  ,      K     ..  ,    ,    , 

/  p  p        p  mm     mm 

=  12rp2/4 
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Thus,  the  model  members  may  be  of  rectangular  section  with  dm  =  rp(12)°-s/ki 
and  with  the  thickness  adjusted  such  that  the  ratio  dmtml(EA)p  is  constant  for 
all  members. 

If  both  flexural  and  shearing  deformations  are  significant  in  the  prototype, 
the  expression  reduces  to: 

kg  =  kwkf/kEkj 

=  kwk,/kGkA 

using  a  model  material  such  that  kv  =  1,  kE  =  kG.  Thus  kf  =  k{lkA,  as  in  the 
case  of  significant  flexural  and  axial  deformations. 

If  both  flexural  and  torsional  deformations  are  significant  in  the  prototype, 
the  expression  reduces  to: 

kg  =  kwkf/kEkj 
=  kwkf/kGkj 

using  a  model  material  such  that  kv  =1,  kE  =  kG-  Thus,  k[  =  kj,  and  the 
model  and  prototype  member  cross-sections  must  be  geometrically  similar. 
Using  a  model  material  such  that  kv  +  1,  the  model  members  may  be  of  any 
suitable  section  such  that  the  ratio  kEk[/kGkj  is  constant  for  all  members. 

(b)  Testing  technique 

To  determine  the  reactions  H1;  Vi,  M1  of  the  arch  shown  in  Figure  8.1  (i), 
a  model  is  constructed  to  a  suitable  linear  scale  factor,  ki,  with  the  necessary 
similitude  conditions  satisfied.  A  convenient  horizontal  displacement,  6,  is 
imposed  on  the  model  at  1,  as  shown  at  (ii),  and  the  ordinate  y  and  the  area 
a  measured.  Had  the  displacement,  6,  been  applied  to  the  prototype;  the  cor- 
responding area  displaced  would  have  been  ak\.  The  horizontal  reaction  in  the 
prototype  is  given  by: 

Hx  =  Wy/6  +  waktl6 

A  convenient  vertical  displacement,  5,  is  imposed  on  the  model  at  1,  as  shown 
at  (iii),  and  the  ordinate  y  and  the  area  a  measured.  The  vertical  reaction  in  the 
prototype  is  given  by: 

Vt  =  Wy/6  +  wak[/6 

A  convenient  anticlockwise  rotation,  8,  is  imposed  on  the  model  at  1,  as 
shown  at  (iv),  and  the  ordinate  y  and  the  area  a  measured.  Had  the  rotation,  8, 
been  applied  to  the  prototype,  the  corresponding  ordinate  and  displaced  area 
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Figure  8.1 


would  have  been  yk[  and  akf,  respectively.  The  moment  in  the  prototype  is 
given  by: 

Mj  =  Wyki/0  -  wakf/9 

To  determine  the  internal  forces  Pc,  Qc,  Mc  at  the  crown  of  the  arch  shown 
in  Figure  8.2  (i),  the  model  must  be  cut  at  the  crown.  A  convenient  relative 
horizontal  displacement,  5,  is  imposed  on  the  cut  ends,  as  shown  at  (ii),  and 
the  ordinate  y  and  the  area  a  measured.  The  axial  thrust  in  the  prototype  at 
the  crown  is  given  by: 

Pc  =  Wy/S  +  waktl8 


A  convenient  relative  vertical  displacement,  6,  is  imposed  on  the  cut  ends,  as 
shown  at  (iii),  and  the  ordinate  y  and  the  area  a  measured.  The  shear  force  in 
the  prototype  at  the  crown  is  given  by: 

Qc  =  -Wy/S  +  wak[/S 
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(i) 


(11) 


(iii) 


(iv) 


Figure  8.2 


A  convenient  relative  rotation,  9,  is  imposed  on  the  cut  ends,  as  shown  at 
(iv),  and  the  ordinate  y  and  the  area  a  measured.  The  internal  moment  in  the 
prototype  at  the  crown  is  given  by: 


M, 


Wyk,/6  -  wakf/9 


The  technique,  as  described  above,  may  be  readily  applied  to  space  frames9. 

An  alternative  technique  for  obtaining  internal  moments  that  avoids  cut- 
ting members  involves  the  use  of  a  moment  deformeter3'4.  However,  it  may  be 
applied  only  to  members  that  are  initially  straight  and  prismatic.  To  determine 
the  internal  moment,  Mj,  in  the  frame  shown  in  Figure  8.3  (i),  a  model  is  con- 
structed to  a  suitable  linear  scale  factor  with  the  necessary  similitude  condi- 
tions satisfied.  The  moment  deformeter  applies  the  reaction  system  shown  at 
(ii)  to  the  model.  This  is  equivalent  to  applying  equal  and  opposite  moments, 
of  magnitude,  V  6x,  to  two  sections  in  the  model  a  short  distance,  8x,  apart. 
Thus,  as  shown  in  Section  5.2(b),  the  ordinates  of  the  elastic  curve  produced 
by  the  deformeter  represent  the  value: 


V  5x 


V(Sx)2/R 
VMJ6x)VEmI„ 
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tti 


\W 


Mp       r  M\ 


7777 


Sx  i  Sx 


V  V 


(1) 


2V 


7777     7777  7777 

(li) 

Figure  8.3 


(in) 


with  the  exception  of  the  short  length  2  X  Sx.  The  deformed  shape  of 
the  model  is  shown  at  (iii)  and  the  internal  moment  at  1  in  the  prototype  is 
given  by: 

Mx  =  Wyk[EmIJV(6x)2 

This  technique  may  be  readily  modified10  and  used  to  determine  the  influ- 
ence surface  for  the  bending  moment  at  any  point  in  a  slab. 

Example  8.1 

The  value  of  the  horizontal  thrust  at  the  springings  is  required  for  the  two- 
hinged  arch  shown  in  Figure  8.4  (i).  A  model  is  constructed  to  a  suitable  scale 
and  a  horizontal  displacement  of  0.375  in  imposed  on  the  end  1  produces  the 
displacements  shown  at  (ii). 


Figure  8.4 


Solution 

The  linear  scale  factor  is: 
k[  =  2160// 
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The  area  displaced  on  the  model  is: 

a  =  /{0  +  2(0.11  +  0.22  +  0.30  +  0.35)  +  0.37J/20 
=  0.1165/ 

The  distributed  loading  on  the  model  is: 

w  =  2/12 
=  1/6  kip/in 

The  horizontal  thrust  in  the  prototype  is  given  by: 

H  =  wak[l6 

=  2160  x  0.1165/7(6/ x  0.375) 
=  112  kips 


Example  8.2 

The  values  of  the  moments  Mi  and  M2  are  required  for  the  symmetrical 
frame  shown  in  Figure  8.5  (i).  The  column  feet  are  initially  hinged;  an  anti- 
clockwise rotation  of  0.004  radian  imposed  at  1  produces  the  displacements 
shown  at  (ii). 


Ml  — „  Mi 


1  7777  ...  7777  2 

(1) 


Figure  8.5 


Solution 

Because  of  the  symmetry  of  the  structure,  a  clockwise  rotation  of  0.001 
radian  imposed  at  2  will  produce  the  displacements  shown  at  (iii).  Thus,  the 
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displacements  produced  by  a  clockwise  rotation  of  0.00375  radian  at  1  with 
end  2  clamped  are  shown  at  (iv).  The  values  of  the  moments  are  given  by: 


M,  = 

10  X  0.045/0.00375  +  15  X  0.0075/0.00375 

= 

150  kip-in 

M,  = 

15  x  0.045/0.00375  +  10  x  0.0075/0.00375 

= 

200  kip-in 

8.4     Direct  models 

A  direct  model  must  be  true  to  linear  scale  and,  for  complete  similitude,  must 
satisfy  all  the  similitude  conditions  listed  in  Section  8.2.  The  linear  scale  factor 
should  not  be  so  large  that  the  internal  texture  of  the  model  material  affects 
the  results.  Where  a  large  linear  scale  factor  is  essential,  the  existence  of  scale 
effects  can  be  distinguished  by  constructing  several  models  to  different  lin- 
ear scales.  As  with  indirect  models,  complete  geometrical  similitude  of  cross- 
sections  may  often  be  disregarded,  provided  that  the  loading  scale  factor  is 
modified.  Thus,  if  only  flexural  effects  are  significant: 

h  =  k, 

=  kwkflkEkj 

And: 


Hence,  the  modified  loading  scale  factor  is: 

kw  =  kEkj/kf 
If  only  axial  effects  are  significant: 

=  kwkAEkA 
And: 

kA  +  kf 

Hence,  the  modified  loading  scale  factor  is: 


kw  =  kEkA 
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When  the  self  weight  of  the  structure  appreciably  affects  the  behavior  of  the 
prototype,  an  essential  condition  is: 

kp  =  kw/kgkf 
=  kE/kgk[ 

Thus,  the  linear  scale  factor  is  automatically  fixed  by  the  properties  of  the 
model  material.  When  a  linear  scale  factor  larger  than  this  is  required,  the  den- 
sity of  the  model  material  may  be  artificially  increased  by  suspending  weights 
from  the  model,  or  a  centrifuge  may  be  used  to  provide  an  increased  gravita- 
tional field. 

When  torsional  and  shearing  effects  are  significant,  an  essential  condition  is: 


To  investigate  the  elastic  behavior  of  flexible  structures  in  which  deflections 
are  large  and  stress  is  not  proportional  to  the  applied  loads,  the  two  essential 
conditions  are: 

Kw         KEKl 


and: 


kE 


Then: 

K 

And: 


The  condition  kw  =  kEkf  fixes  the  relationship  between  applied  loads  and 
elastic  critical  loads.  If  this  condition  is  ignored  and  an  arbitrary  value  is 
assigned  to  kw,  it  is  possible  to  magnify  model  strains  and  deflections.  However, 
changes  in  geometry  of  the  model  under  load  are  no  longer  similar  to  those  in 
the  prototype,  and  errors  in  predicting  elastic  critical  loads  are  incurred. 

To  investigate  the  elastic  behavior  of  linear  structures  in  which  deflections 
are  small,  stress  is  proportional  to  the  applied  loads,  and  the  principle  of  super- 
position is  valid,  arbitrary  values  may  be  assigned  to  kw  and  kE: 

kw  *  kEkf 
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Then: 


K  =  kf/kE 


And: 


k6  =  kfk,/kE 
since  stress  is  proportional  to  strain  in  both  model  and  prototype. 


Strain 
Figure  8.6 

To  investigate  the  plastic  behavior  of  structures  in  which  the  deformations  at 
failure  have  little  influence  on  the  structural  behavior,  the  stress-strain  curves 
for  the  prototype  and  model  materials  must  be  related  as  shown  in  Figure  8.6. 
Then: 


V 


and: 


and: 


and  changes  in  geometry  of  the  model  under  load  are  not  similar  to  those  in 
the  prototype.  In  addition,  the  following  scale  factors  must  be  observed: 


MY' 


kfkj 


k     =  kw/k   kf 


alk  kt 
kw/kf 
a 
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Strain 
Figure  8.7 


To  investigate  the  plastic  behavior  of  structures  in  which  changes  in  geom- 
etry of  the  prototype  under  load  must  be  reproduced  in  the  model,  the  stress- 
strain  curves  for  the  prototype  and  model  materials  must  be  related  as  shown 
in  Figure  8.7.  Thus,  the  strains  in  prototype  and  model  are  equal  at  corre- 
sponding stresses  and: 


and: 


and: 


and: 


kw  =  akf 


and: 


and: 


alk  k{ 


To  investigate  composite  structures,  the  model  materials  used  must  all  have 
the  same  scale  factors  a  and  (3.  Alternatively,  for  reinforced  and  prestressed 
concrete  structures,  it  is  possible  to  use  steel  reinforcement  for  the  model  and 
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ensure  that  the  scale  of  forces  in  the  reinforcement  is  correct11.  Thus,  if  ks  rep- 
resents the  scale  factor  for  reinforcement  areas  in  the  prototype  and  model: 

akf    =  hfplfm 

=  ksEs€m(3/Es€m 

And: 

ks  =  akflp 

In  addition,  it  is  necessary  for  the  model  reinforcement  to  yield  at  a  strain  of 
eg/j3,  where  es  is  the  strain  in  the  prototype  reinforcement  at  yield. 


Example  8.3 

A  model  is  constructed  of  a  prototype  in  which  only  axial  effects  are  signifi- 
cant. The  model  is  constructed  from  the  same  material  as  the  prototype,  using 
the  scale  factors  fe;  =  20  and  kA  =  100.  Determine  the  required  scale  factor  for 
loading  if  geometrical  similitude  is  to  be  maintained  during  loading. 


Solution 


<s  ~  Ki 

=  kwk,/kEkA 


Thus: 


K  =  kA 
=  100 


Example  8.4 

A  model  is  constructed  of  a  prototype,  in  which  only  flexural  effects  are  sig- 
nificant, using  the  scale  factors  k\  =  20  and  kE  =  100.  The  model  members 
are  constructed  to  a  distorted  scale  so  that  k[  =  1000  and  kj  =  10.  Determine 
the  scale  factors  k.yr,  kf,  and  ke  if  the  required  scale  factor  for  deflection  is 
ks  =  10. 


Solution 

ks  =  kwkf/kEk! 
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Thus: 

kw  =  1000/8 

=  125 
kf  =  kwk{kd/kj 


25 

kf/kE 

0.25 


Example  8.5 

A  model  is  constructed  of  a  prototype,  in  which  both  axial  and  flexural  effects 
are  significant,  using  the  scale  factors  k[  =  20  and  kE[  =  2  X  10  .  Determine 
the  required  scale  factors  kyp  and  kE^  if  geometrical  similitude  is  to  be  main- 
tained during  loading. 

Solution 


k 


6    ~     "I 


KWKlIKEl 
kwklk-EA 


Thus: 
k 


EA         KW 

=  5000 


Example  8.6 

A  model  is  constructed  of  an  arch  dam  using  a  linear  scale  factor  ki  =  40. 
Determine  the  stress  scale  factor  kf  if  hydrostatic  loads  are  produced  in  the 
model  with  mercury. 

Solution 


K 

=  1/13.6 

and: 

K 

=  1 

Thus: 

kf 

=  kw/kf 

—  kpkgki 

=  40/13.6 
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Supplementary  problems 

S8.1  Figure  S8.1  shows  a  symmetrical,  rigid  frame  bridge  with  a  20  ft  wide 
deck.  The  bridge  is  designed  for  loading,  which  consists  of  a  uniformly  distrib- 
uted load  of  intensity  220  lb/ft2  of  any  continuous  length,  plus  a  knife-edge 
load  of  2700  lb/ft  placed  anywhere  on  the  deck12. 


5  6 


Figure  S8.1 

A  model  is  constructed  to  a  scale  of  1  in  =  2  ft,  and  the  following  displace- 
ments are  imposed: 

(i)    a  vertical  displacement  of  1  in  on  column  base  40 

(ii)  a  vertical  displacement  of  +0.2  in  and  a  clockwise  rotation  of  0.2  radians  on 
column  base  30 

The  measured  vertical  displacements  over  the  central  span  at  intervals  of 
0.2  X  span  are  shown  in  the  Table  S8.1,  with  upward  displacements  positive. 


Table  S8.1 

Displacements  of  t 

le  model 

Section 

3.0 

3.2 

3.4 

3.6 

3.8 

4.0 

Displacements  (i) 
Displacements  (ii) 

0.00 
0.20 

0.10 

0.27 

0.35 
0.26 

0.75 
0.16 

0.95 
0.06 

1.00 
0.00 

Determine  the  maximum  value  of  M30  that  can  be  produced  in  the  prototype 
by  the  applied  loading  and  the  value  of  ¥30  that  occurs  simultaneously. 

S8.2  A  prototype  shown  in  Figure  S8.2  (i)  consists  of  an  unsymmetrical,  fixed- 
ended,  haunched  beam,  12,  with  a  concentrated  load  of  10  kips  located  at 
point  3  a  distance  of  one-third  its  length  from  end  1.  A  model  is  constructed 
to  a  scale  of  1  in  =  1  ft,  as  shown  in  Figure  S8.2(ii),  with  hinged  ends.  The 
following  displacements  are  imposed  on  the  model: 

(i)    a  clockwise  rotation  of  0.1  radians  at  end  1',  which  produces  an  anticlockwise 
rotation  of  0.04  radians  at  end  2'  and  a  downward  deflection  of  0.15  in  at  point  3' 
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(ii)  an  anticlockwise  rotation  of  0.1  radians  at  end  2',  which  produces  a  clockwise 
rotation  of  0.05  radians  at  end  2'  and  a  downward  deflection  of  0.12  in  at  point  3' 

Determine  the  bending  moment  produced  at  end  1  in  the  prototype  by  the  10 
kips  load. 


3" 


10  kips 


la  ft 


2«  in 


(ii) 


Figure  S8.2 

S8.3  An  aluminum  model  with  a  modulus  of  elasticity  of  10  X  106  lb/in2  is 
constructed  of  a  steel  W  section  with  a  modulus  of  elasticity  of  29  X  106  lb/ 
in2.  The  second  moment  of  area  of  the  W  section  is  5900  in4  and  of  the  model 
is  0.9  in4.  The  linear  scale  factor  adopted  is  lp/lm  =  k[=  10.  Determine  the 
load  scale  factor,  kw,  required  if  geometric  similarity  is  to  be  maintained  after 
loading  the  model  (i.e.,  Sp/6m  =  kS  =  &/). 


,,12  ft 


Figure  S8.3 
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58.4  Figure  S8.3  shows  a  pin-jointed  frame  with  a  vertical  load  of  10  kips 
applied  to  node  1.  A  model  is  constructed  to  a  linear  scale  factor  of 
lpllm  =  k{=  10.  In  the  model,  member  47  is  shortened  by  0.5  in  and  the 
vertical  displacement  of  node  1  is  0.43  in.  Determine  the  force  in  the  prototype 
in  member  47  caused  by  the  10  kip  load. 

58.5  The  symmetrical,  cable-stayed  bridge  shown  in  Figure  S8.4  (i)  consists  of 
a  continuous  main  girder,  which  is  supported  on  rollers  where  it  crosses  the 
piers.  The  ties  are  anchored  to  the  girder  and  the  tops  of  the  towers,  and  the 
dimensions  of  the  prototype  structure  are  indicated.  The  main  girder  has  a  sec- 
ond moment  of  area  If,  and  a  modulus  of  elasticity  Eb.  Each  tie  has  a  cross- 
sectional  area  Ac  and  a  modulus  of  elasticity  Ec. 


(i) 


100' 


100' 


I— 

100' 


7/77777777777777 


100' 


100' 


(ii) 


Equivalent 
cantilever 


Pin-jointed 
connecting  strut 


10" 


•+• 


Pin 

10" 


~T 


10 


Figure  S8.4 


A  model  is  constructed  as  shown  at  (ii).  The  stiffness  of  the  ties  is  repre- 
sented by  equivalent  cantilevers13  of  length  /  in,  cut  from  the  same  sheet  of 
Perspex  and  finished  to  the  same  section  as  the  main  beam.  Axial  effects  in  the 
beam  and  towers  and  flexural  effects  in  the  towers  are  neglected.  The  follow- 
ing displacements  are  imposed: 

(i)  strut  12  is  shortened  by  1  in,  and  the  vertical  displacements  y^i  of  the  main  girder 
are  recorded 

(ii)  strut  34  is  shortened  by  1  in,  and  the  vertical  displacements  V34  of  the  main  girder 
are  recorded 

(iii)  a  vertical  displacement  of  +1  in  is  imposed  at  hinge  5  and  the  vertical  displace- 
ments ys  of  the  main  girder  are  recorded. 

The  measured  vertical  displacements,  over  the  left  half  of  the  main  girder, 
at  intervals  of  5  in,  are  shown  in  the  Table  S8.2,  with  upward  displacements 
positive. 
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Table  S8.2  Displacements  of  the  main  girder 


x,in 

0 

5 

10 

15 

20 

25 

yi2,in 

0.13 

0.06 

0 

-0.06 

-0.13 

-0.21 

yu,  in 

-0.05 

-0.03 

0 

0.03 

0.04 

0.01 

ys,'m 

-0.36 

-0.18 

0 

0.18 

0.37 

0.59 

Derive  the  following: 

(i)  the  length  of  the  equivalent  cantilever,  /,  in  terms  of  the  properties  of  the  main 

beam  and  ties 
(ii)  an  expression  for  the  bending  moment  at  node  6,  the  center  of  the  main  girder 
(iii)  the  influence  line  ordinates  for  bending  moment  at  the  center  of  the  main  girder 
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Plastic  analysis  and  design 


Notation 

A  cross-sectional  area  of  a  member 

c'  carry-over  factor  for  plastic  moment  distribution 

D  Degree  of  indeterminacy  of  a  structure 

E  Young's  modulus 

fy  yield  stress 

I  second  moment  of  area  of  a  member 

m  bending  moment  in  a  member  due  to  a  virtual  load 

ml  number  of  independent  mechanisms 

M  bending  moment  in  a  member  due  to  the  applied  load 

Mp  plastic  moment  of  resistance  of  a  member 

Mi  plastic  moment  of  resistance  modified  for  axial  compression 

My  moment  at  which  the  extreme  fibers  of  a  member  yield  in  flexure 

Mmax  maximum  theoretical  elastic  moment 

Mmin  minimum  theoretical  elastic  moment 

Mr  residual  moment 

N  load  factor  against  collapse  due  to  proportional  loading  =  WJW 

Na  load  factor  against  collapse  due  to  alternating  plasticity  =  WJW 

Ns  load  factor  against  incremental  collapse  equals  =  WJW 

p  number  of  possible  hinge  positions 

P  axial  force  in  a  member 

5  elastic  section  modulus 
V  vertical  reaction 

W  applied  load 

Wa  load  producing  collapse  by  alternating  plasticity 

Ws  load  producing  incremental  collapse 

Wu  ultimate  load  for  proportional  loading 

Z  plastic  section  modulus  =  MJfy 

6  deflection 

9  relative  rotation  at  a  plastic  hinge  during  motion  of  collapse  mechanism 

A  shape  factor  =  Z/S 

<fi  total  rotation  at  a  plastic  hinge  during  loading 

9.1  Introduction 

The  plastic  method  of  structural  analysis  is  concerned  with  determining  the 
maximum  loads  that  a  structure  can  sustain  before  collapse.  The  collapse 
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load  is  known  variously  as  the  failure  load,  the  ultimate  load,  and  the  limit 
load.  A  number  of  comprehensive  textbooks  dealing  with  plastic  design  are 
available1'2'3'4'5. 

The  plastic  method  is  applicable  to  structures  constructed  with  an  ideal  elastic- 
plastic  material  that  exhibits  the  stress-strain  relationship  shown  in  Figure  9.1  (i). 
The  moment-curvature  relationship  for  any  section  of  the  structure  is  assumed 
to  have  the  ideal  form  shown  in  Figure  9.1  (ii).  Thus,  on  applying  a  uniform 
sagging  moment  to  a  member  the  moment-curvature  relationship  is  linear  until 
the  applied  moment  reaches  the  value  of  Mp  the  plastic  moment  of  resistance  of 
the  section.  At  this  stage,  all  material  above  the  zero-strain  axis  of  the  section 
has  yielded  in  compression  and  all  material  below  has  yielded  in  tension,  and  a 
plastic  hinge  has  formed.  Then  the  section  can  offer  no  additional  resistance  to 
deformation,  and  increase  in  curvature  continues  at  a  constant  applied  moment. 
In  addition,  in  determining  the  collapse  load  of  a  structure,  it  is  assumed  that 
elastic  deformations  are  negligible  and  do  not  affect  the  geometry  of  the  struc- 
ture. Thus,  the  structure  behaves  in  a  rigid-plastic  manner  with  zero  deformation 
until  the  formation  of  sufficient  plastic  hinges  to  produce  a  mechanism. 


(i) 


Plastic  range 


Strain 


(ii) 
Figure  9.1 


Curvature 


9.2     Formation  of  plastic  hinges 


A  fixed-ended  beam  is  subjected  to  a  uniformly  distributed  working  load  of 
total  magnitude  W,  as  shown  in  Figure  9.2.  The  elastic  distribution  of  bending 
moment  in  the  member,  drawn  on  the  tension  side  of  the  member,  is  as  shown 
at  (i).  The  moment  at  the  ends  of  the  beam  is  twice  the  moment  at  the  center, 
and,  if  the  applied  load  is  increased,  at  some  stage  the  plastic  moment  of  resist- 
ance will  be  reached  simultaneously  at  both  ends  of  the  member;  the  distribu- 
tion of  bending  moment  is  as  shown  at  (ii).  Further  increase  in  the  applied  load 
causes  the  two  plastic  hinges  to  rotate,  while  the  moment  at  the  ends  remains 
constant  at  the  value  Mp.  Thus,  the  system  is  equivalent  to  a  simply  sup- 
ported beam  with  an  applied  load  and  restraining  end  moments  of  value  Mp, 


Plastic  analysis  and  design 


401 


, 

d                     w 

N 

; 

A  1  1  1  1  1  1  1  1  1  1  1  1 

: 

: 

1-                     ' 

k 

I 

mm 

K 

y 

1 

WZ/24 

(i) 

1 

VM;) 

MP4 

^ 

^ 

,1 1)  1 1 1 1 1 1 1 1 1 1 1 

!C 

\ 

VR 

(lii) 

A 

VM"         /    - 

wu 

Mp¥\ 

\ 

'a 

i  iii  1 1 1 1  in  ill 

MINI 

^ 

% 

Mp 

Mp 

(v) 


M„ 


Mpn  J_ 


di) 


M„ 


Figure  9.2 


A 


as  shown  at  (iii).  Finally,  as  the  applied  load  is  increased  still  further,  a  plastic 
hinge  forms  in  the  center  of  the  beam,  and  the  distribution  of  bending  moment 
is  as  shown  at  (iv).  The  beam  has  now  been  converted  to  the  unstable  collapse 
mechanism  shown  at  (v),  and  collapse  is  imminent  under  the  ultimate  load  Wu 
The  ratio  of  the  collapse  load  to  the  working  load  is: 

WJW  =  N 


where  N  is  the  load  factor.  Since  the  structure  is  statically  determinate  at  the 
point  of  collapse,  the  collapse  load  is  readily  determined  as: 


W„ 


16Mp/l 


and  this   value  is   unaffected   by  settlement  of  the  supports   or  elastically 
restrained  end  connections. 


9.3     Plastic  moment  of  resistance 


After  the  formation  of  a  plastic  hinge  in  the  section  shown  in  Figure  9.3,  the 
rectangular  stress  distribution  shown  at  (i)  is  produced.  Equating  horizontal 
compressive  and  tensile  forces: 

Pc=Pt 

fyK    =  fyA 
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I 


./; 


^ 

pc 

It 

"  .p< 

Figure  9.3 


where  fy  and  fy  are  the  yield  stresses  in  tension  and  compression  (which  may 
be  assumed  to  be  equal)  and  At  and  Ac  are  the  cross-sectional  areas  in  tension 
and  compression.  Thus,  the  plastic  moment  of  resistance  is: 


M„ 


fyKh 


where  la  is  the  lever  arm  and  equals  the  distance  between  the  centroids  of  At 
and  Ar.  Also: 


At, 


fyZ 


where  Z  is  the  plastic  section  modulus.  The  ratio  of  the  plastic  moment  of 
resistance  to  the  moment  producing  yield  in  the  extreme  fibers  is: 


Mp/My  =  fyZ/fyS 


Z/S  =  X 


where  A  is  the  shape  factor. 

An  axial  force  applied  to  the  section  shown  in  Figure  9.4  reduces  the  value 
of  the  plastic  moment  of  resistance  that  the  section  can  develop.  Assuming  the 
axial  force  P  is  compressive,  the  rectangular  stress  distribution  shown  at  (i)  is 
produced  after  the  formation  of  a  plastic  hinge  with  the  cross-sectional  area 
A'c  resisting  the  axial  force  P.  Equating  horizontal  forces  gives: 


EC-ET 
f'yK  +  KK 
fyK 


UK 


and: 


fyK   ~  fyK 


Plastic  analysis  and  design 


403 


a: 


1 


f'y 
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P, 

a± 

Figure  9.4 

Thus,  the  modified  plastic  moment  of  resistance  is: 
M'p  =  fyAtl'a 

where  l'a  is  the  distance  between  the  centroids  of  areas  Ac  and  At. 

Example  9.1 

Determine  the  shape  factor  for  the  built-up  steel  beam  shown  in  Figure  9.5. 


m 


-i 


1/2"  ■ 


- 1/2" 


8" 


Figure  9.5 

Solution 

The  area  of  the  section  is: 

A  =  10X8  +  2X1-8.5X7.5 
=  18.25in2 

The  height  of  the  centroid  is: 

y  =  (80x5  +  2x9-  63.75  X  5.25)/18.25 
=  4.56  in 
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The  second  moment  of  area  of  the  section  is: 

I  =  80  X  100/12  +  2  X  4/12  -  63.75  X  72/12  +  80  X  0.462 
+  2X4.462  -  63.75  X0.712 
=  309  in4 

The  smaller  elastic  section  modulus  is: 

S  =  309/5.44 
=  56.8  in3 

The  areas  in  tension  and  compression  after  the  formation  of  a  plastic  hinge  are: 

A  =  A 

=  9.125  in2 
The  zero  strain  axis  is  at  a  height  above  the  base  of: 

1  +  2.25  =  3.25  in 
The  centroid  of  At  is  at  a  height  above  the  base  of: 

(8  X  0.5  +  1.125  X  2.125)/9.125  =  0.70  in 
The  centroid  of  Ac  is  at  a  height  above  the  base  of: 

(4  X  9.75  +  2X9  +  3.125  X  6.375)/9.125  =  8.42  in 

The  lever  arm  is: 

la  =  8.42  -  0.7 
=  7.72  in 

The  plastic  section  modulus  is: 

Z  =  9.125  x  7.72 
=  70.4  in3 

The  shape  factor  is: 

A  =  70.4/56.8 
=  1.24 
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Example  9.2 

The  T-section  shown  in  Figure  9.6  consists  of  a  material  that  has  a  yield  stress 
in  compression  25%  greater  than  the  yield  stress  in  tension.  Determine  the 
plastic  moment  of  resistance  when  the  section  is  subjected  to  (i)  a  bending 
moment  producing  tension  in  the  bottom  fiber  and  (ii)  a  bending  moment  pro- 
ducing tension  in  the  top  fiber. 
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(ii) 


Solution 

(i)    The  stress  distribution,  after  the  formation  of  a  plastic  hinge,  is  shown  at  (i). 
Equating  horizontal  forces: 

1.25  X  12yc  =  11  + 12(1 -yj 
and: 

yc  =  0.85  in 
The  position  of  the  centroid  of  At  is  given  by: 

x,  =  (11  X  5.65  +  1.8  X  0.075)/12.8 
=  4.87  in 


The  lever  arm  is: 

/„  =  4.87  +  0.425 
=  5.295  in 


Fhe  plastic  moment  of  resistance  is: 

Mp  =  5.295  X  12.8/; 
=  67.6fy 
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(ii)  The  stress  distribution  after  the  formation  of  a  plastic  hinge  is  shown  at  (ii).  The 
depth  of  the  compressive  stress  block  is: 

U.5ye  =  12  +  (11  -  yj 

and: 

yc  =  10.2  in 

The  position  of  the  centroid  of  At  is  given  by: 

xt  =  (12  X  1.3  +  0.8  X  0.4)/12.8 
=  1.24  in 

The  lever  arm  is: 

la  =  1.24  +  5.1 
=  6.34  in 

The  plastic  moment  of  resistance  is: 
Mp  =  6.34  X  12.8/j 

=  so/;, 


9.4    Statical  method  of  design 

The  statical  method  may  be  used  to  determine  the  required  plastic  modulus  for 
continuous  beams. 

The  continuous  beam  shown  in  Figure  9.7  is  first  cut  back  to  a  statically  deter- 
minate condition  and  the  applied  loads  multiplied  by  the  load  factor  as  shown 
at  (i).  The  statical  bending  moment  diagram  for  this  condition  is  shown  at  (ii). 
The  fixing  moment  line  due  to  the  redundants  is  now  superimposed  on  the  static 
moment  diagram,  as  shown  at  (iii),  so  that  the  collapse  mechanism,  shown  at  (iv), 
is  formed.  Collapse  occurs  simultaneously  in  the  two  end  spans,  and  the  required 
plastic  modulus  is  Mp  =  0.686M.  An  alternative  fixing  moment  line  is  shown  at 
for  a  non-uniform  beam  section.  Then  Mft1  =  0.5M  and  M„i  =  0.766M,  and 


v 


pi  —  v.jivi  anu  J-vip2 


collapse  occurs  simultaneously  in  all  spans,  as  shown  at  (vi). 

A  similar  procedure  may  be  adopted  for  determining  the  collapse  load 
of  a  given  structure.  A  bending  moment  distribution  is  drawn  in  which  the 
given  value  of  Mp  is  not  exceeded  and  the  collapse  load  is  computed.  A  pos- 
sible moment  diagram  for  the  two-span  beam  of  Figure  9.8  is  shown  at  (i),  and 
the  computed  collapse  load  is  Wu  =  AMpll.  This  is  equivalent  to  the  system 
shown  at  (ii)  and  is  clearly  not  a  collapse  mechanism,  which  indicates  that  the 
assumed  moment  diagram  is  safe.  An  alternative  moment  diagram  is  shown  at 
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(iii)  and  is  equivalent  to  the  collapse  mechanism  shown  at  (iv).  The  computed 
collapse  load  is  Wu  =  6Mp/l  and  is  the  maximum  possible  value.  Thus,  col- 
lapse loads  computed  by  the  statical  method  are  either  equal  to  or  less  than  the 
correct  values.  That  is,  the  statical  method  provides  a  lower  bound  on  the  col- 
lapse load,  and  the  correct  collapse  load  is  that  producing  a  collapse  mechanism. 


Example  9.3 

Determine  the  required  plastic  modulus  in  each  span  of  the  continuous  beam 
shown  in  Figure  9.9.  The  collapse  loads  are  indicated,  and  collapse  is  to  occur 
in  all  spans  simultaneously. 
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Figure  9.9 
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Solution 

The  collapse  moment  diagram  is  shown  at  (i),  and  the  required  plastic  moduli  are: 


Mpi  =  8  X  16  X  12/8 

=  192  kip-in 
Mp3  =  0.686  x  8  X  16  X  12/8 

=  132  kip-in 
Mp2  =  8  x  16  x  12/8  -  (192  +  132)/2 

=  30  kip -in 
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The  reactions  at  collapse  may  be  obtained  from  the  collapse  mechanism 
shown  at  (ii)  and  are: 

V,  =  8/2 
=  4.0  kip 

V2  =  8  +  (192  -  132)/(16  x  12) 
=  8.31  kip 

V3  =  8  -  0.31  +  132/(16  x  12) 
=  8.38  kip 

V4  =  4  -  0.69 
=  3.31  kip 


9.5     Mechanism  method  of  design 

The  mechanism,  or  kinematic,  method  may  be  used  to  determine  the  plastic 
modulus  required  for  the  members  of  rigid  frames6'7  and  grids8. 

The  fixed-ended  beam  shown  in  Figure  9.10  is  assumed  to  collapse  when  the 
mechanism  shown  at  (i)  has  formed.  A  virtual  displacement  6  is  imposed  on 
the  mechanism,  as  shown  at  (ii),  and  the  internal  work  equated  to  the  external 
work.  Thus: 

4Mp6  =  Wu6 


wu 


A        M„         M, 


P 


(iv) 


1/4 


M, 
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and: 


At 


WJ8 


The  moment  diagram  for  this  mechanism  is  shown  at  (iii)  and  is  satisfactory, 
since  Mp  is  nowhere  exceeded. 

A  similar  procedure  may  be  adopted  for  determining  the  collapse  load  of  a 
given  structure.  A  collapse  mechanism  is  assumed,  as  shown  at  (iv),  and  the 
collapse  load  determined  in  terms  of  the  plastic  moment  of  resistance  of  the 
members.  A  virtual  displacement  is  imposed  on  the  mechanism,  as  shown  at 
(v),  and  equating  internal  and  external  work  gives: 


8Mp9 


W..6 


and: 


W„ 


16Mp/l 


The  moment  diagram  for  this  assumed  mechanism  is  shown  at  (vi)  and  is  unsafe, 
since  Mp  is  exceeded  over  the  central  portion  of  the  beam.  The  maximum  possi- 
ble collapse  load  corresponds  to  the  correct  mechanism  shown  at  (ii)  and  is: 


W„ 


SMp/l 


Thus,  collapse  loads  computed  by  the  mechanism  method  are  either  equal  to 
or  greater  than  the  correct  values.  That  is,  the  virtual  work  method  provides 
an  upper  bound  on  the  collapse  load,  and  the  correct  collapse  load  is  that  pro- 
ducing a  moment  diagram  in  which  Mp  is  nowhere  exceeded. 

The  correct  location  of  plastic  hinges  is  a  prior  requirement  of  the  virtual 
work  method  of  analysis.  Hinges  are  usually  formed  at  the  positions  of  maxi- 
mum moment,  which  occur  at  the  ends  of  a  member,  under  a  concentrated 
load,  and  at  the  position  of  zero  shear  in  a  prismatic  member  subjected  to  a 
distributed  load.  In  the  case  of  two  members  meeting  at  a  joint,  a  plastic  hinge 
forms  in  the  weaker  member.  In  the  case  of  three  or  more  members  meeting  at 
a  joint,  plastic  hinges  may  form  at  the  ends  of  each  of  the  members.  Possible 
locations  of  plastic  hinges  are  shown  in  Figure  9.11. 


77* 


77777 

Figure  9.11 
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The  position  of  the  plastic  hinge  in  a  member  subjected  to  a  distributed  load 
depends  on  the  values  of  the  fixing  moments  Mpl  and  Mpl  at  the  ends  of  the 
member,  as  shown  in  Figure  9.12.  Equating  internal  and  external  work  for  the 
virtual  displacement  shown  at  (ii): 

Mpl6  +  Mp29x/(l  -x)  +  Mp39l/(l  -x)  =  WJ/2 


and: 


W„ 


2(M,I  -  Mplx  +  Mp2x  +  Mp3l)/x(l  -  x 


The  value  of  x  is  such  as  to  make  Wu  a  minimum,  or  dWJdx  =  0.  Thus: 
lHMpi  +Mpi)-  2lx(Mpl  +Mp3)  +  x2(Mpl  -  Mpl)  =  0 

and  the  value  of  x  may  be  determined  in  any  particular  instance.  This  value 
may  also  be  readily  determined  by  means  of  charts4.  As  a  first  approxima- 
tion, the  hinge  may  be  assumed  in  the  center  of  the  member  and  subsequently 
adjusted  if  necessary  when  the  collapse  mechanism  is  known. 


iiiNi  iiiiiNiiiiiimimu 

2  \) 
\-* — 

1         x 

\* — — *" 
1 

(11) 


$11(1  -  x) 


Figure  9.12 


The  position  of  the  plastic  hinge  in  a  non-prismatic  member  subjected  to  a 
distributed  load  depends  on  the  variation  of  the  plastic  moment  Mx  along  the 
member  in  addition  to  the  fixing  moments.  A  fixed-ended  beam,  in  which  the 
plastic  moment  of  resistance  varies  linearly  with  the  distance  from  the  end,  is 
shown  in  Figure  9.13.  The  plastic  hinge  occurs  at  the  point  where  the  static 
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moment  diagram  touches  the  Mx  diagram,  as  shown  at  (i).  Equating  internal 
and  external  work  for  the  virtual  displacement  shown  at  (ii): 


Wu  =  2(Mpll 


Mplx  +  Mp2x  +  Mpxl)lx(l 


and 


M 


px 


Mpl  +  (Mp2  -  Mpl)xll 


>2 


pV 


Thus,  substituting  for  Mpx  and  equating  dWJdx  to  zero,  the  value  of  x  may  be 
obtained. 

The  different  types  of  independent  mechanisms  that  may  cause  collapse  of 
the  structure  shown  in  Figure  9.11  are  listed  in  Figure  9.14.  These  may  be  clas- 
sified as  beam  mechanisms  B\,  B2,  B3,  B4,  B5;  sway  mechanism  S;  gable  mech- 
anism G;  and  joint  mechanisms  /l,  ]2.  In  addition,  collapse  may  occur  through 
the  combination  of  any  of  these  independent  mechanisms,  such  as  (B4  +  ]2) 
and  (B4  +  ]2  +  S).  In  the  mechanism  method  of  design,  to  determine  the 
maximum  required  value  for  Mp,  it  is  necessary  to  investigate  all  independ- 
ent mechanisms  and  combinations  that  eliminate  a  hinge  and  thus  reduce  the 
internal  work.  To  ensure  that  no  combination  has  been  overlooked,  a  bending 
moment  diagram  for  the  assumed  collapse  mechanism  will  show  that  Mp  is 
nowhere  exceeded  when  the  assumed  mechanism  is  the  critical  one. 

An  independent  mechanism  corresponds  to  a  condition  of  unstable  equi- 
librium in  the  structure.  A  structure  that  is  indeterminate  to  the  degree  D 
becomes  stable  and  determinate  when  D  plastic  hinges  have  formed  and  the 
formation  of  one  more  hinge  will  produce  a  collapse  mechanism.  Thus,  in  a 
structure  in  which  there  are  p  possible  hinge  positions,  the  number  of  inde- 
pendent mechanisms  is  given  by: 


m, 


p-D 
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n 

S3 


I 

(B4  +  J2) 





Figure  9.14 

Example  9.4 

The  propped  cantilever  shown  in  Figure  9.15  is  fabricated  from  two  12  in  X  1  in 
flange  plates  and  a  thin  web  plate,  which  may  be  neglected  in  determining  the 
plastic  moment  of  resistance.  The  yield  stress  of  the  flange  plates  is  36 kips/in2. 
Determine  the  collapse  load. 
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Solution 

The  plastic  moments  of  resistance  at  end  1,  end  2,  and  at  a  section  a  distance  x 
ft  from  1  are: 

Mpl  =  12  X  12/, 
=  144/, 

Mp2  =  24  X  12/, 
=  288/, 

Mpx  =  12^(12  +  3x/8) 
Equating  internal  and  external  work  for  the  mechanism  shown  at  (i): 
Mp29x/(l  -x)  +  Mpx6l/(l  -x)  =  WJ/2  =  Wux9/2 

and: 

Wu  =  28  8/,  (32  +  3x)/x(32  -  *) 

The  minimum  value  of  Wu  is  obtained  by  equating  dWJdx  to  zero.  Thus: 

3x(32  -  x)  =  (32  -  2x)(32  +  3x) 
3x2  +  64x  -  1024  =  0 
x  =  10.67  ft 

Then: 


Wu  =  288  x  36  x  64/(10.67  x  12  x  21.33) 
=  243  kips 
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Example  9.5 

The  rigid  frame  shown  in  Figure  9.16  has  columns  with  a  plastic  section  modu- 
lus of  15.8  in3  and  a  beam  with  a  plastic  section  modulus  of  30.8  in3.  The  shape 
factor  of  both  sections  is  1.125,  and  the  yield  stress  of  the  steel  is  50kips/in2. 
Neglecting  the  effects  of  axial  loads  and  instability,  determine  the  ratio  of  W  to 
H  for  all  possible  modes  of  plastic  collapse  of  the  frame.  Determine  the  values 
of  W  and  H  when  W  =  1.8  H. 


Figure  9.16 

Solution 

The  plastic  moment  of  resistance  of  the  columns  is: 

Mp  =  15.8X1.125X50/12 
=  74.1  kip-ft 

The  plastic  moment  of  resistance  of  the  beam  is: 


Mph  =  30.8Mp/15.8 
=  1.95iVL 


The  number  of  independent  collapse  mechanisms  is: 

mi  =  p  —  D 

=  5-3 
=  2 

and  these  are  shown  in  the  figure  together  with  the  combined  mechanism 
(B  +  S).  The  hinge  rotations  and  displacements  of  mechanism  (B  +  S)  are 
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obtained  as  the  sum  of  the  rotations  and  displacements  of  mechanism  B  and 
mechanism  S.  Thus,  the  hinge  at  2  is  eliminated  since  the  rotation  there  is  9 
closing  in  the  case  of  mechanism  B  and  9  opening  in  the  case  of  mechanism 
S  Similarly,  the  hinge  at  3  rotates  29  closing,  since  the  rotation  there  is  9 
closing  in  the  case  of  mechanism  B  and  9  closing  in  the  case  of  mechanism  S. 
In  addition,  the  external  work  done  is  the  sum  of  the  external  work  done  in 
the  mechanism  B  and  mechanism  S  cases  since  the  displacements  of  the  applied 
loads  are  the  sum  of  the  corresponding  displacements  in  the  mechanism  B  and 
mechanism  S  cases. 
For  mechanism  B: 


2Mp  +2xl.95Mp  =  20W 
W/Mp  =  0.295 


For  mechanism  S: 


4Mp 
HIM, 


20H 
0.20 


For  mechanism  (B  +  S): 


4Mp  +2xl.95Mp 


W/Mp  +  H/Mp 


20W  +  20H 
0.396 


These  three  expressions  may  be  plotted  on  the  interaction  diagram  shown  in 
Figure  9.17.  The  mode  of  collapse  for  a  particular  ratio  of  W  to  H  is  deter- 
mined by  plotting  a  line  with  a  slope  equal  to  this  ratio.  The  mechanism 
expression  that  this  line  first  intersects  gives  the  collapse  mode. 


Figure  9.17 
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When  W  =  1.8  H,  mechanism  (B  +  S)  controls  and: 

W  +  H  =  0.396  x  74.1 
=  2.8H 


Thus: 


H  =  10.48  kips 


and: 


W  =  18.85  kips 


Example  9.6 

The  two-bay  rigid  frame  shown  in  Figure  9.18  is  fabricated  from  members  of  a 
uniform  section  having  a  shape  factor  of  1.15  and  a  yield  stress  of  50  kips/in2. 
Neglecting  the  effects  of  axial  loads  and  instability,  determine  the  required  plas- 
tic section  modulus  to  provide  a  load  factor  against  collapse  of  N  =  1.75. 


//?//  77W77  77777 

(S  +  B  I  +  J  +  B2) 


Figure  9.18 
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Solution 

The  number  of  independent  collapse  mechanisms  is: 

mi  =  p  —  D 
=  10-6 
=  4 

and  these   are   shown  in  the  figure  together  with   a  number   of  combined 
mechanisms. 

For  mechanism  Bl: 

4Mp  =  12  X  2N 
Mp  =  6N  kip-ft 

For  mechanism  B2: 

4Mp  =  6  X  4N 
Mp  =  6N  kip-ft 

For  mechanism  S: 

6Mp  =  12  X  2N 
Mp  =  4N  kip-ft 

For  mechanism  /: 
3Mp  =0 


For  mechanism  (Bl  +  S): 

8Mp  =  24N  +  24N 
Mp  =  6N  kip-ft 

For  mechanism  (Bl  +  S  +  /): 


9Mp  =  24N  +  24N  +  0 
Mp  =  5.33N  kip-ft 
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For  mechanism  (Bl  +  B2  +  S  +  J): 

HMp  =  24N  +  24N  +  24N  +  0 
Mp  =  6.55N  kip-ft 

and  this  mechanism  controls,  since  Mp  is  nowhere  exceeded  in  the  structure,  as 
is  shown  by  Example  9.11.  The  required  plastic  section  modulus  is: 

S  =  6.55  x  1.75  x  12/(50  x  1.15) 
=  2.4  in3 


Example  9.7 

The  members  of  the  rigid  frame  shown  in  Figure  9.19  have  the  relative  plas- 
tic moments  of  resistance  shown  ringed,  and  the  frame  is  to  collapse  under 
the  loading  shown.  Assuming  as  a  first  approximation  that  plastic  hinges 
occur  either  at  the  joints  or  at  the  mid-span  of  the  members  and  neglecting  the 
effects  of  axial  loads  and  instability,  determine  the  required  plastic  moments  of 
resistance. 


Solution 

The  number  of  independent  collapse  mechanisms  is: 

m,  =  p  —  D 
=  16-9 

=  7 

and  these   are   shown  in  the  figure  together  with  a   number   of  combined 
mechanisms. 

For  mechanism  Bl: 

AMp  =  10  X  10/2 
Mp  =  12.5  kip-ft 

For  mechanism  B2  and  B3: 

8Mp  =  20  X  10/2 
Mp  =  12.5  kip-ft 
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20 


20 


/  //  /  7T7T7 

(SI  +B1) 


For  mechanism  51: 

4Mp  =  3  X  12 
Mp  =  9  kip-ft 

For  mechanism  S2: 


//?/  TVT77  T7T7 

(SI  +S2  +  B2  +  /1) 

20 


(SI  +  S2  +  fil  +  B2  +  B3  +  J\  +  Jl) 


Figure  9.19 


12Mp  =  9  X  15 


M    =11.25  kip-ft 
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For  mechanism /l: 
5Mp  =  0 

For  mechanism  ]2: 
7Mp=0 

For  mechanism  {SI  +  S2  +  B2  +  Jl): 

19Mp  =  36  +  135  +  100  +  0 
Mp  =  14.25  kip-ft 

For  mechanism  (SI  +  Bl): 

6Mp  =36  +  50 
Mp  =  14.33  kip-ft 

For  mechanism  (SI  +  S2  +  Bl  +  B2  +  B3  +  Jl  +  ]2): 

26Mp  =36  +  135  +  50  +  100  +  100 
Mp  =  16.2  kip-ft 

and  this  mechanism  controls  as  the  plastic  moments  of  resistance  are  nowhere 
exceeded,  as  shown  by  Example  9.12. 


Example  9.8 

The  members  of  the  Vierendeel  girder  shown  in  Figure  9.20  have  their  relative 
plastic  moments  of  resistance  shown  ringed.  The  shape  factor  of  the  section 
is  1.15,  the  yield  stress  of  the  steel  is  50kips/in2,  and  the  required  load  factor 
against  collapse  is  N  =  1.75.  Neglecting  the  effects  of  axial  loads  and  instabil- 
ity, determine  the  required  elastic  section  moduli. 


Solution 

The  number  of  independent  collapse  mechanisms  is: 

mi  =  p  —  D 
=  16-9 

=  7 
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Figure  9.20 


and  these   are   shown  in  the  figure  together  with   a  number   of  combined 
mechanisms. 

For  mechanism  SI: 


10Mp  =  10  X  ION 


Mp  =  ION  kip-ft 
For  mechanism  S2: 


8Mp 


10  x  ION 


.,,      12.5N  kip-ft 

For  mechanism  S3: 

10Mp  =  20  X  ION 
Mp  =  20N  kip-ft 

For  mechanism  (SI  4-  S2  +  2/): 

10Mp  =  100N  -I-  100N  +  0 
Mp  =  20N  kip-ft 
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For  mechanism  (S3  +  2/): 

10Mp  =  200N  +  0 
Mp  =  20N  kip-ft 

and   this   mechanism  controls   since   the  plastic  moments   of  resistance   are 
nowhere  exceeded,  as  shown  by  Example  9.13. 

The  required  elastic  section  modulus  for  the  central  post  members  is: 

S  =  20  X  1.75  x  12/(50  X  1.15) 
=  7.30  in3 


Example  9.9 

The  ridged  portal  frame  shown  in  Figure  9.21  is  fabricated  from  members 
of  a  uniform  section  and  is  to  collapse  under  the  loading  shown.  Neglecting 
the  effects  of  axial  loads  and  instability,  determine  the  plastic  moment  of 
resistance. 


Solution 

The  independent  and  combined  mechanisms  are  shown  in  the  figure.  In  the 
case  of  the  gable  mechanism,  it  is  necessary  to  construct  the  displacement  dia- 
gram shown  to  determine  the  relative  rotations  of  the  members.  A  rotation  8 
is  imposed  on  member  23,  and  4  moves  a  horizontal  distance  44'.  The  point 
3  must  move  perpendicularly  to  the  original  directions  of  23  and  34,  and  the 
point  3'  is  obtained.  The  rotation  of  member  45  is: 

447/4J  =  200/20 


The  rotation  of  member  34  is: 

3'47/34  =  8 

Thus,  the  rotation  of  the  hinge  at  4  is  28  and  of  the  hinge  at  3  is  28. 
For  mechanism  B: 


4Mp  =  10  X  2W 
Mp  =  5W 
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H4' 


200 


0.7 1M, 
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\0A26W  MP 

1.94W 


■n  0.874W 
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For  mechanism  S: 


4Mp  =  20  X  W 

Mp  =  5W 


For  mechanism  G: 


Figure  9.21 


6Mp  =  10  X  2W  +  10  X  2W 
Mp  =  6.67W 
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For  mechanism  (G  +  S): 
8Mp  =  40W  +  20W 

Mp  =  7.5W 

For  mechanism  (G  +  2B): 
10Mp  =  40  W  +  40  W 
Mp  =8W 

For  mechanism  (G  +  2B  +  3S): 

16Mp  =  40W  +  40W  +  60W 
Mp  =  8.75W 

and  this  mechanism  controls  since  this  value  of  Mp  is  nowhere  exceeded. 

Example  9.10 

The  single-bay  multi-story  frame  shown  in  Figure  9.22  consists  of  n  storys 
each  of  height  /.  The  plastic  moment  of  resistance  of  each  beam  is  Mp,  and 
the  columns  are  infinitely  rigid.  A  load  factor  of  Na  =  1.75  is  required  against 
collapse  due  to  vertical  loads  only,  and  a  load  factor  of  N2  =  1.4  is  required 
against  collapse  involving  wind  loads.  Determine  the  value  of  n,  in  terms  of 
W/H,  for  all  the  possible  modes  of  collapse  of  the  frame. 

Solution 

The  beam,  sway,  and  combined  mechanisms  are  shown  in  the  figure. 
For  mechanism  B: 

4Mp  =  NtWl 
Mp  =  NjWZ/4 
=  7W//16 

For  mechanism  S: 

2nMp  =  N2IH{1  +  2  +  •••  +  («-  1)  +  nil} 
=  N2lH[(n  -  1){1  +  (n-  l)}/2  +  n/2] 
=  N2lHn2/2 
Mp  =  N2lHn/4 
=  5.6lHn/16 


426 


Structural  Analysis:  In  Theory  and  Practice 


(B  +  S) 


Figure  9.22 


For  mechanism  (B  +  S): 


4nMp  =  N2Wln  +  N2lHn2/2 
Mp  =  N2l(2W  +  Hn)/8 
=  2.8/(2  W  +  Hn)/16 

Thus,  mechanism  B  controls  when  n  <  W/2H;  mechanism  S  controls  when 
n  >  2W/H;  and  mechanism  (B  +  S)  controls  when  W/2H  <n<  2W/H. 


9.6     Plastic  moment  distribution 


The  plastic  moment  distribution,  or  moment  balancing,  method9'10  may  be  used 
to  determine  the  bending  moment  diagram  for  an  assumed  collapse  mechanism. 
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The  assumed  mechanism  is  the  critical  mechanism  when  the  plastic  moment  of 
resistance  is  nowhere  exceeded  in  the  structure.  The  method  may  also  be  used 
as  a  direct  method  of  designing  a  structure  subjected  to  several  loading  combi- 
nations9. As  the  distribution  proceeds  simultaneously  for  all  loading  combina- 
tions, suitable  plastic  moments  of  resistance  may  be  assigned  to  each  member  in 
the  structure.  In  addition,  the  method  is  particularly  suitable  for  the  design  of 
grids,  in  both  the  no-torsion11  and  torsion12'13  cases.  An  alternative  approach 
to  the  design  of  grids  is  the  yield  line  analysis  technique14. 


(i) 


Figure  9.23 


The  sign  convention  adopted  for  the  bending  moments  in  plane  frames  is 
that  clockwise  end  moments  acting  from  the  support  on  the  member  are  posi- 
tive and  moments  within  a  member  that  produce  tension  on  the  bottom  fibers 
of  the  member  are  positive.  Knowledge  is  required  of  the  equations  of  equilib- 
rium for  a  structure,  and  these  may  be  obtained  from  Figure  9.23.  The  equi- 
librium equation  for  the  beam  shown  at  (i)  may  be  obtained  by  considering  it 
to  deform  as  the  beam  mechanism  indicated.  Equating  internal  and  external 
work,  the  equilibrium  equation  is  given  by: 


M12  +  2M3  -  M21 


Will 


The  equilibrium  equation  for  the  frame  shown  at  (ii)  is  obtained  by  equating 
internal  and  external  work  for  the  sway  mechanism  indicated  and: 


-M 


12 


M 


2i 


M 


,34 


M 


4.3 


Wl 


The  equilibrium  equation  for  any  joint  in  a  structure  is  that  the  moments  in 
the  members  meeting  at  the  joint  must  sum  to  zero. 

To  determine  the  bending  moment  diagram  for  a  particular  collapse 
mechanism,  the  known  plastic  moments  of  resistance  are  first  inserted  at  the 
hinge  positions.   The  remaining  moments  are  selected  arbitrarily  to  satisfy 
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Figure  9.24 


the  beam  and  sway  equations  of  equilibrium.  In  general,  these  initial  moments 
will  not  be  in  equilibrium  at  the  joints,  and  the  balancing  moments  required 
may  be  distributed  to  the  members  at  a  joint  in  any  convenient  proportions — 
the  stiffness  of  the  members  is  immaterial.  The  carry-over  factors  employed 
must  ensure  that  the  beam  and  sway  equations  of  equilibrium  remain  satisfied. 
The  carry-over  factors  for  a  beam  are  derived  as  shown  in  Figure  9.24  (i)  and 


are: 


c23 

c'n 

c'n 


-1/ 


0 


The  carry-over  factor  for  a  column  is  derived  as  shown  at  (ii)  and  is: 
1 


L21 


Alternatively,  the  carry-over  may  be  made  to  adjacent  columns  in  any  conven- 
ient proportions,  and  the  sum  of  the  carry-over  moments  must  equal  the  distri- 
bution moment  with  change  of  sign. 

The  sign  convention  adopted  for  the  bending  moments  and  torsions  in  grids 
is  given  in  Section  7.13.  A  sway  equation  may  be  developed  for  each  unsup- 
ported node,  and  the  initial  moments  are  selected  to  satisfy  these  equations 
and  the  hinge  positions  of  the  assumed  collapse  mechanism.  The  balancing 
moment  required  at  any  node  may  be  distributed  to  the  members  at  the  node 
in  any  convenient  way,  and  any  moment  or  torque  distributed  to  one  end  of  a 
member  is  carried  over  to  the  other  end  with  sign  reversed. 


Example  9.11 

Determine  the   bending  moments   at  collapse  in  the  rigid  frame  shown  in 
Figure  9.18. 
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Solution 

In  Example  9.6  it  is  shown  that  mechanism  (B  +  B2  +  S  +  J)  controls,  and  the 
required  plastic  moment  of  resistance  is: 

Mp  =  6.55  x  1.75  x  12 
=  138  kip-in 

The    equilibrium    equations    are    obtained    by    considering    the    independent 
mechanisms. 

For  mechanism  Bl: 

-M23  +  2M7  +  M32  =  12  X  2  X  1.75  X  12  =  504 
For  mechanism  B2: 

-M36  +  2MS  +  M53  =  6  X  4  X  1.75  X  12  =  504 
For  mechanism  S: 

-Mn  -  M21  -  M34  -  M43  -  M56  -  M6J  =  12  x  2  x  1.75  x  12  =  504 
The  initial  moments  are: 


M7 

=  M31 
=  M8 
=  M53 
=  -M12 
=  -M43 
=  -M65 
=  138 

-M23 

=  504- 
=  90 

3X138 

~M35 

=  504- 
=  90 

3X138 

-M21 

=  -M34 
=  ~M56 

=  (504  - 

-  3  x  138)73 

=  30 

These  are  inserted  in  Table  9.1,  and  the  distribution  proceeds  and  the  final 
moments  are  obtained  as  shown. 
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Table  9.1  Plastic  moment  distribution  in  Example  9.11 

Joint 
Moment 

1            4 
12         43 

6              2                                   3 

65       21        23        7      32       34       35 

8 

5 
53        56 

Initial  moments 
Distribution 
Sway  equilibrium 

-138    -138 

-138    -30    -90   138    138    -30    -90 
120 

-12 

138 

138     -30 
-108 

Final  moments 

-138    -138 

-138       90    -90   138    138    -42    -90 

138 

138  -138 

Example  9.12 

Determine  the   bending  moments   at  collapse  in  the  rigid  frame  shown  in 
Figure  9.19. 


Solution 

In  Example  9.7  it  is  shown  that  mechanism  (SI  +  S2  +  Bl  +  B2  +  B3  +  Jl  + 
]2)  controls,  and  the  required  plastic  moments  of  resistance  are  194  kip-in  and 
389  kip-in. 

For  mechanism  Bl: 


-M34  +  2M9  +  M43  =  600 


For  mechanism  B2: 


-M25  +  2M10  +  M52  =  1200 


For  mechanism  B3: 

-M57  +  2Mn  +  M7S  =  1200 

For  mechanism  51: 


~M23  -  M32  -  M45  -  M54  =  432 


For  mechanism  S2: 

-M12  -  M21  -  M56  -  M65  -  M78  -  M87  =  1620 
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The  initial  moments  are: 


M9 

=  M43 
=  -M45 
=  194 

M10 

=  M52 
=  Mn 
=  M75 
=  -M78 
=  -Mu 
=  -M65 
=  -M87 
=  389 

~M23 

=  ~M54 
=  -M32 

=  (432  - 

194)/3 

=  79.33 

-M21 

=  -M56 

=  (1620 

-  4  X  389)/2 

=  32 

-M25 

=  -M57 

=  1200  - 

-3X389 

=  33 

-M34 

=  600- 

3X194 

=  18 

These  are  inserted  in  Table  9.2,  and  the  distribution  proceeds  and  the  final 
moments  are  obtained  as  shown. 


Table  9.2  Plastic 

moment 

distribution  in 

Example 

9.12 

Joint 
Moment 

1 
12 

6 
65 

8 

87 

32 

3 
34 

9 

43 

4 

45 

Initial  moments 
Distribution 
Sway  equilibrium 

-389 

-389 

-389 

-79 

97 

-18 

194 

194 

-194 

Final  moments 

-389 

-389 

-389 

18 

-18 

194 

194 

-194 

432 

Structural  Analysis:  In  Theory  and  Practice 

Joint 
Moment 

21 

2 
23 

25 

10 

52 

56 

5                                         7 
54      57      11      75         78 

Initial  moments 
Distribution 
Sway  equilibrium 

-32 
144 

-79 

-33 

389 

389 

-32 
-144 

-80    -33    389    389    -389 
-97 

Final  moments 

112 

-72 

-33 

389 

389 

-176 

-177    -33    389    389    -389 

Example  9.13 

Determine  the  bending  moments  at  collapse  in  the  Vierendeel  girder  shown  in 
Figure  9.20. 

Solution 

In  Example   9.8   it  is  shown  that  mechanism  (S3  +  2/)  controls,  and  the 
required  plastic  moments  of  resistance  are: 
For  mechanism  SI: 

M34  +  M43  =  1050 
For  mechanism  S2: 

M32  +  M23  =  1050 
For  mechanism  S3: 

M21  +  M12  =  2100 


The  initial  moments  are: 

M12 

=  "Mn. 

=  -M23 

=  -840 

~M21, 

=  ~M3y 

=  -420 

M21 

=  840-2100 

=  -1260 

M32 

=  1050-840 

=  210 

M34 

=  M43 

=  1050/2 

=  525 
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These  are  inserted  in  Table  9.3,  and  the  distribution  proceeds  and  the  final 
moments  are  obtained  as  shown. 

Table  9.3  Plastic  moment  distribution  in  Example  9.13 


Joint 
Moment 

11' 

1 

12 

21 

2 

22'     23 

32 

3 
33' 

34 

4 
43 

44' 

Initial  moments 
Distribution 
Sway  equilibrium 

840 

-840 

-1260 

420    840 

210 

420 
-840 

525 

-315 

315 

525 

-525 
-315 

Final  moments 

840 

-840 

-1260 

420    840 

210 

-420 

210 

840 

-840 

Example  9.14 

Determine  the  bending  moments  at  collapse  in  the  no-torsion  grid  shown  in 
Figure  9.25.  All  the  members  of  the  grid  are  of  uniform  section,  and  collapse  is 
to  occur  under  the  loading  shown. 


10'    ,    10'     .    10'    .     10'    i 

i — H-* H-* — H-* — *■] 


Figure  9.25 


Solution 

The  assumed  collapse  mechanism  is  shown  at  (i),  and,  equating  internal  and 
external  work: 


4  X  2Mp  +  2  X  4Mp  =  100  X  20  X  2 


M    =  250  kip-ft 


The  sway  equations  are  obtained  by  considering  a  unit  vertical  deflection  at 
nodes  3,  4  and  5. 
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For  mechanism  SI: 

M34  +  M43  -  M31  =  0 
For  mechanism  S2: 


M45  +  MJ4  -  M42  -  2M34  -  2M43  =  0 


For  mechanism  S3: 


-M4S  -  M54  =  250 


Due  to  the  symmetry  of  the  grid,  distribution  is  required  only  in  beams  14  and 
25,  and  the  initial  moments  are: 


M43 

=  MS4 

=  -250 

M45 

=  250  -  250 

=  0 

M31 

=  0 

M34 

=  250 

M42  =  -250  -  500  +  500 
=  -250 

These  are  inserted  in  Table  9.4,  and  the  distribution  proceeds  and  the  final 
moments  are  obtained  as  shown. 


Table  9.4  Plastic  moment  distribution  in  Example  9.14 


Beam 

14 

25 

Joint 
Moment 

31 

3 

34 

4 
43 

42 

4 
45 

5 

54 

Initial  moments 
Distribution 
Sway  equilibrium 

0 
-125 

250 
-125 

-250 

-250 
250 

0 

-250 

Final  moments,  kip-ft 

-125 

125 

-250 

0 

0 

-250 

9.7    Variable  repeated  loads 

The  collapse  analysis  of  the  preceding  sections  has  been  based  on  the  assumption 
of  proportional  applied  loads.  That  is,  all  the  applied  loads  act  simultaneously  and 
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are  continuously  increased  in  a  constant  ratio  until  collapse  occurs.  In  practice, 
horizontal  applied  loads  due  to  wind  and  seismic  effects  may  reverse  in  direction 
and  may  be  applied  in  a  random  manner. 


w 


77&r 


2&T* 


21 


"1  (i) 

Figure  9.26 

The  uniform  two-hinged  portal  frame  shown  in  Figure  9.26  is  subjected 
to  a  working  load  W  applied  horizontally  at  the  top  of  the  columns.  If  W  is 
increased  continuously  to  the  value  Wu  the  frame  collapses  as  in  the  mecha- 
nism shown  at  (i).  The  required  plastic  moment  of  resistance  is: 

Mp  =  WJ/2 

and  the  load  factor  against  collapse  is  N  =  WJW. 

When  the  applied  load  may  act  in  any  direction,  as  shown  in  Figure  9.27,  and 
the  frame  is  subjected  to  the  loading  cycle  shown  at  (i),  (ii),  (iii),  and  (iv),  col- 
lapse will  occur  under  a  load  Wa.  At  this  value  of  the  load,  yielding  has  just  been 
produced  in  the  outer  fibers  of  the  frame  at  sections  2  and  3  at  stage  (ii)  of  the 
cycle.  When  the  load  is  reversed,  as  at  stage  (iv),  yielding  is  again  just  produced 
at  sections  2  and  3  but  in  the  opposite  sense.  Thus,  sections  2  and  3  are  subjected 
to  alternating  plasticity,  and  failure  will  occur,  due  to  brittle  fracture  at  these  sec- 
tions, after  a  sufficient  number  of  loading  cycles.  The  required  yield  moment  is: 


Al, 


WJ/2 
MJX 


and  the  load  factor  against  failure  due  to  alternating  plasticity  is: 
Na  =  WJW 

For  the  frame  to  just  collapse  under  an  alternating  load  Wa  =  Wu  the  required 
plastic  moment  of  resistance  is: 

Mp  =  WJXI2 


which  is  greater  than  that  required  for  proportional  loading. 
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77?y>77'  77&77~  77/?W~ 

(i)  (ii) 


7ZM^  77??77~ 
(iii) 

Figure  9.27 
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(iv) 


Under  a  general  system  of  random  loads,  a  plastic  hinge  may  be  produced 
at  a  section  in  the  structure  at  one  stage  of  the  loading  cycle,  and  yield  in  the 
opposite  sense  may  be  produced  at  the  same  section  at  another  stage.  The 
moment-curvature  relationship  for  these  two  stages  at  this  section  is  as  shown 
by  the  solid  lines  in  Figure  9.28. 


Figure  9.28 


Thus,  in  general,  the  total  range  of  bending  moment  that  a  section  can  sus- 
tain is  2My.  If  the  maximum  theoretical  elastic  moment  applied  to  the  section 
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exceeds  Mp  then,  on  unloading,  an  elastic  change  in  bending  moment  will 
occur  and  a  residual  moment  will  remain  at  the  section  of: 


Mr  =  Mn 


M„ 


where  Mr  is  the  residual  moment  and  Mmax  is  the  maximum  theoretical  elastic 
moment  for  the  worst  loading  combination.  Hence: 


Mn 


JVP 


=  2My 
=  2Mp/X 


where  Mmin  is  the  minimum  elastic  moment  for  the  worst  loading  combination. 
For  an  ideal  elastic-plastic  material  and  members  with  unit  shape  factor: 


Mmax  -  Mn 


2M„ 


The  uniform  frame  subjected  to  the  proportional  loading  shown  in  Figure  9.29 
will  collapse  as  the  mechanism  shown  at  (i),  and  the  required  plastic  moment 
of  resistance  is: 

Mp  =  0.75WJ 


\2W 


W 


»', 


7797T 


779^^- 


1   Ml 


2/ 


Figure  9.29 

When  the  loads  shown  in  Figure  9.30  are  applied  in  a  random  manner  and  reach 
full  magnitude  independently,  failure  will  occur  under  the  loads  Wa  due  to  alter- 
nating plasticity.  The  magnitudes  of  the  elastic  bending  moments  due  to  each 
load  applied  independently  are  shown  in  Table  9.5,  and  the  maximum  range  in 
moments  at  sections  2,  3,  and  5  are  obtained.  The  sign  convention  adopted  is 
that  moments  producing  tension  on  the  inside  of  the  frame  are  positive. 
Thus,  at  sections  2  and  3: 


11WJ/8 

=  2My 

=  2Mp/X 

Mp 

=  11WJX/16 
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Figure  9.30 
Table  9.5  Elastic  moments  for  the  frame  shown  in  Figure  9.30 


Loading 

M2 

M5 

M3 

2  Wa  vertical 
Wa  horizontal 
—  Wa  horizontal 

-3WJ/8 

WJ/2 

-WJ/2 

5WJ/8 
0 
0 

-3WJ/8 
-WJ/2 

WJ/2 

Maximum  moment 
Minimum  moment 

WJ/2 
-7WJ/8 

5WJ/8 
0 

WJ/2 
-7WJ/8 

Moment  range 

IIWJ/8 

5WJ/8 

11WJ/8 

The  loading  cycle  causing  failure  at  section  2  is  shown  at  (i),  (ii),  (iii),  and  (iv). 
For  the  frame  to  just  fail  under  the  random  loads  Wu  and  2W„  and  with  a 
shape  factor  of  1.15,  the  required  plastic  moment  of  resistance  is: 

Mp  =  12.65WJ16 
=  0.79WJ 

which  is  greater  than  that  required  for  proportional  loading. 

In  practice,  because  of  the  dead  weight  of  the  structure,  some  proportion  of 
the  vertical  load  must  be  continuously  applied,  and  this  significantly  increases 
the  load  factor  against  failure  due  to  alternating  plasticity15'16'17'18.  Table  9.6 
gives  the  magnitudes  of  the  elastic  bending  moments  when  half  of  the  vertical 
load  remains  permanently  in  position. 

Thus,  at  sections  2  and  3: 

19WJ/16  =  2My 

=  2Mp/X 

The  loading  cycle  causing  failure  at  section  2  is  shown  in  Figure  9.31.  For 
the  frame  to  just  fail  under  loads  of  Wu  and  2WU,  and  with  a  shape  factor  of 
1.15,  the  required  plastic  moment  of  resistance  is: 


Mp  =  0.68WJ 
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Table  9.6  Elastic  moments  for  the  frame  shown  in  Figure 
half  of  the  vertical  load  permanently  in  position 

9.30  with 

Loading 

M2 

M5 

M3 

Wa  vertical 

Wa  vertical  +  Wa  horizontal 

Wa  vertical  —  Wa  horizontal 

-3WJ/16 

5  W J/16 

-11WJ/16 

5WJ/16 
5  W J/16 
5WJ/16 

-3WJ/16 

- 11 W J/16 

5  W J/16 

Maximum  moment 
Minimum  moment 

5  W J/16 
-7WJ/B 

5WJ/S 
5WJ/16 

5 W J/16 
-7  W J/16 

Moment  range 

19  W J/16 

IS  W J/16 

19  W J/16 

w„ 


w , 


2W„ 


777^77 
(i) 


77^77    77&T7 
(ii) 


77??77    777?77 
(iii) 

Figure  9.31 


iv„ 


IV, 


\w„ 


777^7    777?77 
(iv) 


777?77 


Thus,  proportional  loading  is  the  more  critical  condition. 

When  the  loads  applied  to  a  structure  are  random  but  nonreversible,  col- 
lapse will  occur  under  a  load  Ws.  The  application  of  some  combination  of 
the  applied  load  to  a  magnitude  Ws  results  in  the  formation  of  plastic  hinges 
at  some  sections.  However,  insufficient  hinges  are  formed  to  produce  a  col- 
lapse mechanism.  The  removal  of  this  loading  combination  produces  elastic 
changes  in  the  bending  moments  and  a  residual  bending  moment  pattern  in  the 
structure.  The  application  of  another  loading  combination  to  a  magnitude  Ws 
results  in  a  moment  pattern  that,  combined  with  the  residual  moment  pattern, 
causes  plastic  hinges  at  some  sections.  Again,  insufficient  hinges  are  formed  to 
produce  a  collapse  mechanism.  However,  if  the  hinges  produced  by  the  two 
loading  combinations  are  such  that  a  collapse  mechanism  would  be  produced 
if  they  all  occurred  simultaneously,  repetitions  of  this  loading  cycle  will  pro- 
duce eventual  collapse  as  regular  increments  of  plastic  yield  occur  during  each 
cycle.  Thus,  the  resulting  deformed  shape  is  the  same  as  a  collapse  mechanism, 
and  the  correct  mode  of  incremental  collapse  may  be  obtained  by  investigating 
each  possible  independent  and  combined  mechanism.  The  application  of  the 
loading  combinations  to  a  magnitude  less  than  Ws  results  after  a  few  cycles 
in  a  residual  stress  pattern  such  that  the  applied  loading  causes  purely  elastic 
changes  in  the  moments  and  the  structure  is  said  to  have  shaken  down.  The 
load  factor  against  failure  due  to  incremental  collapse  is: 


Nc  =  WJW 
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and  the  criteria  for  shake-down  to  just  occur  is: 

Mr  +  Mmax  =  M„ 

Mr   +  Mmm 


The  residual  bending  moment  pattern  for  any  assumed  mode  of  collapse 
must  satisfy  the  virtual  work  equilibrium  equations  with  the  external  work  set 
equal  to  zero,  as  no  applied  loads  are  acting.  Thus,  for  the  span  12  of  the  con- 
tinuous beam  shown  in  Figure  9.32  (i): 

-M[  +  2Mr3  -  Mr2  =  0 

where  moments  producing  tension  in  the  bottom  fibers  are  regarded  as  posi- 
tive. For  the  frame  shown  in  Figure  9.32  (ii): 


-M[  +  Mr2  -  M|  +  M'4 


0 


where  moments  producing  tension  on  the  inside  of  the  frame  are  regarded  as 
positive. 


u 


(i) 


7777 

(ii) 


4N 


Figure  9.32 


Example  9.15 

Determine  the  plastic  moment  of  resistance  required  for  the  uniform  frame 
shown  in  Figure  9.33  if  incremental  collapse  is  just  to  occur  under  the  random 
loading  shown. 


Solution 

The  magnitudes  of  the  elastic  bending  moments  due  to  each  load  applied  inde- 
pendently are  shown  in  Table  9.7,  and  the  maximum  range  in  moments  at  sec- 
tions 2,  3,  and  5  are  obtained. 

For  incremental  failure  in  the  beam  mode  shown  at  (i): 


M2 
Ml 


-Mp  +  90 
-Mp  +  210 


M? 


AL 


150 
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77977- 


ttPtz- 


(i) 


7797^^- 


ttPtt- 


(ii) 


Figure  9.33 
Table  9.7  Elastic  moments  in 

Example 

9.15 

Loading 

M2 

M5 

M3 

4  kip  vertical 
2  kip  horizontal 

-90 
120 

150 
0 

-90 
-120 

Maximum  moment 
Minimum  moment 

120 
-90 

150 
0 

0 
-210 

Substituting  in  the  beam  equilibrium  equation: 

90  +  2x150  +  210  =  4Mp 

Mp  =150  kip-in 

For  incremental  failure  in  the  sway  mode  shown  at  (ii) 


M'2=  Mp-  120 
M'3  =  -Mp  +  210 


Substituting  in  the  sway  equilibrium  equation: 
120  +  210  =  2JVL 


M    =  165  kip-in 


For  incremental  failure  in  the  combined  mode  shown  at  (iii): 


ilK  =  -JVL  +  210 
j  p 

Mr5  =  Mp-  150 
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Substituting  in  the  combined  equilibrium  equation: 

2  x  210  +  2  x  150  =  4Mp 

Mp  =180  kip-in 

The  critical  sections  for  alternating  plasticity  are  at  2  and  3  and: 

210  =  2My 

=  2Mp/X 
Mp  =121  kip-in 

Thus,  incremental  failure  in  the  combined  mode  controls,  and  the  loading 
cycle  causing  failure  is  shown  in  Figure  9.34. 


77&T7 

(i) 


|4* 

J • 


77&77~    77&77~ 
(ii) 


7T&77    7Z&77 
(iii) 

Figure  9.34 


14* 


7z£?7~    77?>W~ 
(iv) 


777>3^ 


Example  9.16 

Determine  the  plastic  moment  of  resistance  required  for  the  uniform  frame 
shown  in  Figure  9.35  if  collapse  is  just  to  occur  under  the  random  loading 
shown.  The  members  of  the  frame  have  a  shape  factor  of  unity. 


L* 


TT 


2  5 


////// 
(i) 


4 
////// 


15' 


1* 


TTT 


777777"   777777 

(li) 


777777    777777 

(iii) 


777777   777777 

(iv) 


Figure  9.35 
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The  magnitude  of  the  elastic  bending  moments  due  to  each  load  applied 
independently  are  shown  in  Table  9.8,  and  the  maximum  range  in  moments  at 
sections  1,  2,  3,  4,  and  5  are  obtained. 

Table  9.8  Elastic  moments  in  Example  9.16 


Loading 

Mi 

M2 

M5 

M3 

M4 

1  kip  distributed 
1  kip  to  right 
1  kip  to  left 

5.63 

-36.00 

36.00 

-11.25 

24.00 

-24.00 

11.25 
0.00 
0.00 

-11.25 

-24.00 

24.00 

5.63 

36.00 

-36.00 

Maximum  moment 
Minimum  moment 

41.63 
-36.00 

24.00 
-35.25 

11.25 
0.00 

24.00 
-35.25 

41.63 
-36.00 

Moment  range,  kip-in 

77.63 

59.25 

11.25 

59.25 

77.63 

Collapse  occurs  under  proportional  loading  in  the  sway  mode,  and  the 
required  plastic  moment  of  resistance  is: 

Mp  =  120/ '4 
=  30  kip -in 

For  incremental  failure  in  the  beam  mode: 
35.25  +  2  x  11.25  +  35.25  =  4M„ 

For  incremental  failure  in  the  sway  mode: 

36  +  24  +  35.25  +  41.63  =  4M„ 

lP 

For  incremental  failure  in  the  combined  mode: 

36  +  2  X  11.25  +  2  X  35.25  +  41.63  =  6M„ 

h 

The  critical  sections  for  alternating  plasticity  are  at  2  and  3  and: 

77.63  =  2My  =  2Mp 
Mp  =  38.82 

Thus,  failure  due  to  alternating  plasticity  controls,  and  the  loading  cycle 
causing  failure  is  shown  in  Figure  9.35  at  (i),  (ii),  (iii),  and  (iv). 


Mp  =  23.25  kip-in 


Mp  =  34.22  kip-in 


LP 
Mp  =  28.46  kip-in 
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9.8     Deflections  at  ultimate  load 

The  deflections  in  a  structure  at  incipient  collapse  may  be  readily  determined. 
It  is  assumed  that  all  sections  of  the  structure  have  the  ideal  elastic-plas- 
tic moment-curvature  relationship  shown  in  Figure  9.1  (ii),  that  plastic  yield 
is  concentrated  at  the  plastic  hinge  positions,  and  that  the  remaining  portion 
of  each  member  retains  its  original  flexural  rigidity.  In  addition,  it  is  assumed 
that  continuous  rotation  occurs  at  each  hinge  at  a  constant  value  of  the  plas- 
tic moment  of  resistance  and  that  the  loading  is  proportional.  A  conservative 
estimate  of  the  deflections  at  working  load  may  be  obtained  by  dividing  the 
deflection  at  incipient  collapse  by  the  load  factor. 

As  the  applied  loading  on  a  structure  is  progressively  increased,  plastic  hinges 
are  formed  and  discontinuities  are  produced  in  the  structure  due  to  the  hinge 
rotations,  <f).  Eventually  the  last  hinge  that  is  required  to  produce  a  mechanism 
is  formed.  Immediately  before  the  mechanism  motion  begins,  the  moment  at  the 
last  hinge  equals  the  plastic  moment  of  resistance,  and  there  is  no  discontinuity 
there  as  the  hinge  rotation  equals  zero.  The  required  deflection  must  be  calcu- 
lated on  the  assumption  that  one  particular  hinge  is  the  last  to  form.  The  cal- 
culation is  then  repeated  in  turn,  assuming  that  the  other  hinges  are  the  last  to 
form  and  the  largest  value  obtained  is  the  correct  one.  The  choice  of  an  incor- 
rect hinge  as  the  last  to  form  is  equivalent  to  determining  the  deflection  after 
a  reversed  mechanism  motion  such  that  the  rotation  that  has  occurred  at  this 
hinge  before  collapse  is  just  eliminated.  Thus,  the  deflection  obtained  using  an 
incorrect  assumption  is  necessarily  smaller  than  the  correct  value.  The  deflection 
may  be  computed  using  slope-deflection19'20,conjugate  beam21,  virtual  work19'22, 
or  moment  distribution23  methods.  The  virtual  work  method  will  be  used  here, 
as  it  leads  to  the  quickest  solution. 

The  collapse  mechanism  for  the  structure  is  first  obtained,  and  the  moments 
M  in  the  structure  at  collapse  are  determined.  Then  the  deflection  at  a  particu- 
lar point  is  given  by: 


EjMm  dx/EI  +  Eracj) 


where  4>  is  the  total  rotation  at  a  hinge  during  the  application  of  the  loads,  m  is 
the  bending  moment  at  any  section  due  to  a  unit  virtual  load  applied  to  the  struc- 
ture at  the  point  in  the  direction  of  the  required  displacement,  and  the  summations 
extend  over  all  the  hinges  and  all  the  members  in  the  structure.  It  was  shown  in 
Section  3.2  that  the  unit  virtual  load  may  be  applied  to  any  cut-back  structure  that 
can  support  it.  Thus,  if  a  cut-back  structure  that  gives  a  zero  value  for  m  at  all 
plastic  hinge  positions  except  the  last  to  form  is  selected,  the  term  T,mcj)  is  zero  and 
it  is  unnecessary  to  calculate  the  hinge  rotations.  A  suitable  form  of  the  cut-back 
structure  may  be  obtained  by  inserting  frictionless  hinges  in  the  actual  structure 
at  all  plastic  hinge  positions  except  the  last  to  form.  The  term  jMm  dx/EI  may  be 
determined  by  the  method  of  volume  integration,  given  in  Section  2.5  if  desired. 
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When  failure  occurs  by  partial  collapse  of  the  structure,  plastic  hinges  addi- 
tional to  those  predicted  by  the  rigid-plastic  collapse  mechanism  may  be  required 
for  the  elastic-plastic  solution.  The  redundant  moments  in  the  frame  at  collapse 
are  obtained  from  the  equilibrium  equations,  and  at  those  sections  at  which  the 
plastic  moment  of  resistance  is  exceeded,  an  additional  plastic  hinge  is  inserted. 
The  remaining  redundant  moments  are  obtained  by  reapplying  the  equilibrium 
equations.  The  introduction  of  the  additional  plastic  hinges  does  not  affect  col- 
lapse of  the  structure,  as  a  mechanism  is  not  produced  until  the  last  hinge  pre- 
dicted by  the  rigid-plastic  solution  forms.  Virtual  work  equilibrium  equations 
additional  to  those  derived  in  Section  9.6  may  be  required.  These  are  obtained 
by  applying  virtual  internal  forces,  which  are  in  equilibrium  with  zero  external 
load,  to  a  cut-back  structure  with  frictionless  hinges  inserted  at  the  plastic  hinge 
positions.  Thus,  the  external  work  and  the  term  £ra</>  are  zero  and: 


0  =  IlfMmdx/EI 


where  m  is  the  bending  moment  at  any  section  due  to  the  applied  internal 
forces. 


Example  9.17 

Determine  the  deflection  at  incipient  collapse  at  the  position  of  the  final  hinge 
in  the  propped  cantilever  shown  in  Figure  9.36. 


w 


i  mi  mi  mi  mini 


w„ 


ji  1 1 1  rrm  i 


,  0.414/     , 


I1      H 

T0.414T 


0.414/ 


1 
0.586T 


M 


(i) 


(ii) 


Figure  9.36 

Solution 

The  collapse  mechanism  is  shown  at  (i),  and  the  ultimate  load  and  reactions  are: 

Wu  =  11.66Mp/l 
Vj  =  4.83AL// 


V2  =  6.83Mp// 
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The  last  hinge  to  form  is  a  distance  0.414/  from  the  prop,  and  the  unit  virtual 
load  applied  to  the  cut-back  structure  is  shown  at  (ii).  The  deflection  of  3  at 
incipient  collapse  is: 

6  =  J  Mm  dx/EI  +J  Mm  dx/EI 

n0  414/ 

=  J   '      (4.83Mpx/l-5.83Mpx2/l2)0.586x  dx/EI 

1-0.586/  ,  ,    ,, 

+  J         (6.83Mpx/l  -  5.83Mpx2/l2  -  Mp)0A14x  dx/EI 


0.0412Mpl2/EI  +  0.0472Mpl2/EI 
0.0884Mpl2/EI 


Example  9.18 

Determine  the  horizontal  deflection  at  incipient  collapse  at  joint  2  of  the  uni- 
form frame  shown  in  Figure  9.37. 


Solution 

The  collapse  mechanism  and  final  bending  moment  diagram  are  shown  at  (i) 
and  (ii).  Assuming  the  hinge  at  4  forms  last,  the  unit  virtual  load  is  applied  to 
the  cut-back  structure  shown  at  (iii).  The  deflection  of  2  at  incipient  collapse  is 
then: 


6  =  -Mpj'(l  -  2xll)x  dx/EI 


Mpl2/6El 
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Assuming  the  hinge  at  5  forms  last,  the  unit  virtual  load  is  applied  to  the  cut- 
back structure  shown  at  (iv).  The  deflection  of  2  at  incipient  collapse  is  then: 

6  =  -MpJ!x(l  -  x)dx/lEI  +  Mpj'x(l  -  x/2)dx/lEI 
-  Mpf(l  -  2x/l)x  dxllEI 
=  Mpl2/4EI 

Assuming  the  hinge  at  1  forms  last,  the  unit  virtual  load  is  applied  to  the  cut- 
back structure  shown  at  (v).  The  deflection  of  2  at  incipient  collapse  is  then: 


Mpflx2dx/IEI 
Mpl2/3EI 


and  this  value  controls. 


Example  9.19 

Determine  the  horizontal  deflection  at  incipient  collapse  at  joint  2  of  the  uni- 
form frame  shown  in  Figure  9.38. 


w 


\w 


2/ 


/////  ///// 


(i) 


"^T^ 


do 


M 


A 


77&T 


Solution 


Figure  9.38 


The  collapse  mechanism  and  final  bending  moment  diagram  are  shown  at  (i) 
and  (ii)  and: 


WJ  =  4Mp/3 
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From  the  sway  equilibrium  equation,  using  the  convention  that  positive 
moments  produce  tension  on  the  inside  of  the  frame: 

-M,  -Mp+Mp+M4  =  WJ  =  4Mp/3 
-M1  +  M4  =  4Mp/3 

An  additional  equilibrium  equation  is  obtained  by  applying  unit  virtual 
moments  to  the  column  feet  of  the  cut-back  structure  shown  at  (iii).  Then: 

0  =  j'{-Mp  +  (Mp  +  Mi)x/l]x  dx  +f'{-Mp  +  (Mp  +  M4)x/l}x  dx 
M1+M4  =  Mp 

Solving  these  two  equations  for  M1  and  M4  gives: 


M4  = 

=  7Mp/6 

and: 

M1  -- 

-  -Mp/6 

The  plastic  moment  of  resistance  is  exceeded  at  4,  and  hence  a  plastic  hinge 
must  be  formed  there  in  addition  to  the  hinges  predicted  by  the  rigid-plastic 
collapse  mechanism. 

Then: 


M4  -- 

=  Mp 

and: 

M1  = 

-  ~MpB 

Thus,  for  the  elastic-plastic  solution,  plastic  hinges  are  required  at  2,  3,  4, 
and  5,  and  the  deflection  at  collapse  is  the  maximum  value  obtained  by  assum- 
ing the  rotations  at  2,  3,  and  5  are  zero  in  turn. 

Assuming  the  hinge  at  2  forms  last,  the  unit  virtual  load  is  applied  to  the 
cut-back  structure  shown  at  (iv).  The  deflection  of  2  at  incipient  collapse  is: 


Mpj'(l-2x/3l)xdx/El 


=  5Mpl2/18EI 

and  this  value  controls,  as  identical  values  are  obtained  by  assuming  the  hinges 
at  3  and  5  form  last. 
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Supplementary  problems 


S9.1  Figure  S9.1  shows  a  continuous  beam  of  total  length  /  with  a  uniform 
plastic  moment  of  resistance  Mp  supporting  a  distributed  load  w,  including  its 
own  weight.  Using  a  load  factor  of  N,  determine  the  ratio  of  lla  for  plastic 
hinges  to  occur  simultaneously  in  each  span  and  at  the  supports.  For  this  con- 
dition, calculate  the  maximum  value  of  w  that  may  be  supported. 


w 

Mill 

un 

'1 

1-^ 

2t 

a                          b 

^T^ 

3" 

4t 

— H 

Figure  S9.1 

S9.2  A  rectangular  portal  frame  of  uniform  section  is  hinged  at  the  base  and 
subjected  to  the  loads  shown  in  Figure  S9.2.  The  shape  factor  of  the  section 
is  1.15,  the  yield  stress  of  the  steel  is  16  kips/in2,  and  the  required  load  fac- 
tor is  1.75.  Neglecting  the  effects  of  axial  loads  and  instability,  determine  the 
required  elastic  section  modulus  of  the  members. 


I- 


2  kips 


7Mr 


io-     4klps       10' 


4 

7Mr 


Figure  S9.2 

S9.3  The  rigid  frame  shown  in  Figure  S9.3  has  a  uniform  plastic  moment  of 
resistance  of  Mp.  Determine  the  ratio  of  W  to  H  for  the  three  possible  modes 
of  collapse  of  the  frame  and  plot  the  relevant  interaction  diagram. 


W=kH 


Figure  S9.3 
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S9.4  The  members  of  the  rigid  frame  shown  in  Figure  S9.4  have  the  relative 
plastic  moments  of  resistance  shown  ringed,  and  the  frame  is  to  collapse  under 
the  loading  shown.  Neglecting  the  effects  of  axial  loads  and  instability,  deter- 
mine the  required  plastic  moments  of  resistance. 


2  kips 


1 
7777T 


,6  kips 

I  3 


4  kips 


© 


© 


© 


© 


© 


4 
7777T 


6 
7777T 


20ft 


20  ft 


30ft 


Figure  S9.4 

S9.5  The  members  of  the  Vierendeel  girder  shown  in  Figure  S9.5  have  the 
relative  plastic  moments  of  resistance  shown  ringed,  and  the  frame  is  to  col- 
lapse under  the  loading  shown.  Determine  the  required  plastic  moments  of 
resistance. 


© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

© 

i 

1 

1 

F  20  kips 

i 

10ft 


4  @  10ft  =  40ft 


Figure  S9.5 


S9.6  The  ridged  portal  frame  shown  in  Figure  S9.6  is  fabricated  from  mem- 
bers of  a  uniform  section  and  is  to  collapse  in  the  combined  mechanism 
(gable  +  sway)  under  the  loading  shown.  Neglecting  the  effects  of  axial  loads 
and  instability,  determine  the  required  plastic  moment  of  resistance.  If  the  last 
hinge  forms  at  joint  3,  determine  the  horizontal  deflection  of  joint  2  at  collapse. 
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■far   ± 


//: 
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Figure  S9.6 

S9.7  The  right  bridge  grid  shown  in  Figure  S9.7  consists  of  three  simply  sup- 
ported main  beams  and  five  diaphragms.  Determine  the  magnitude  of  the  col- 
lapse load  W  for  each  of  the  following  three  situations. 


(i)   Main  beams:  plastic  moment  of  resistance  in  flexure  =  JVL 

plastic  moment  of  resistance  in  torsion  =  0 

Diaphragms:  plastic  moment  of  resistance  in  flexure  =  0.25Mp 

plastic  moment  of  resistance  in  torsion  =  0 
(ii)   Main  beams:  plastic  moment  of  resistance  in  flexure  =  Mp: 

plastic  moment  of  resistance  in  torsion  =  0.3Mp 

Diaphragms:  plastic  moment  of  resistance  in  flexure  =  0.25./VL 

plastic  moment  of  resistance  in  torsion  =  0 
(iii)  Main  beams:  plastic  moment  of  resistance  in  flexure  =  Mp 

plastic  moment  of  resistance  in  torsion  =  O.lSMp 

Diaphragms:  plastic  moment  of  resistance  in  flexure  =  0.25Mp 

plastic  moment  of  resistance  in  torsion  =  0 
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S9.8  The  members  of  the  right  grid  shown  in  Figure  S9.8  are  of  uniform  sec- 
tion, and  the  grid  is  to  collapse  under  the  loading  shown.  The  grid  is  simply 
supported  at  the  four  corners.  Neglecting  torsional  restraint,  determine  the 
required  plastic  moment  of  resistance. 


Figure  S9.8 
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Notation 

A  cross-sectional  area  of  a  member 

Cxi  carry-over  factor  for  a  member  12  from  the  end  1  to  the  end  2 

D  degree  of  indeterminacy 

E  Young's  modulus 

fij  element  of  [F]  =  displacement  produced  at  point  i  by  a  unit  force 

replacing  the  redundant  force  at  / 

[F]  flexibility  matrix  of  the  cut-back  structure 

[Ff]  element  of  [F]  =  flexibility  sub-matrix  for  member  i 

[F]  diagonal  matrix  formed  from  the  sub-matrices  [F,] 

G  modulus  of  torsional  rigidity 

H  horizontal  reaction 

{H}  lack  of  fit  vector 

/  second  moment  of  area  of  a  member 

/  torsional  inertia 

/  length  of  a  member 

M12  moment  produced  at  the  end  1  of  a  member  12  by  the  joint  displacements 

MF2      moment  produced  at  the  end  1  of  a  member  12  by  the  external  loads, 

all  joints  in  the  structure  being  clamped 
P,  element  of  {P}  =  equals  the  total  internal  force  at  joint  i 

P12        axial  force  produced  at  the  end  1  of  a  member  12  by  the  joint  displacements 
Pxi        element  of  {P}  =  total  internal  force,  acting  in  the  x-direction,  produced 

at  joint  i  by  the  joint  displacements 
Pyi        element  of  {P}  =  total  internal  force,  acting  in  the  y-direction,  produced 

at  joint  i  by  the  joint  displacements 
P6i        element  of  {P}  =  total  internal  moment  produced  at  joint  i  by  the  joint 

displacements 
PF2        axial  force  produced  at  the  end  1  of  a  member  12  by  the  external  loads, 

all  joints  in  the  structure  being  clamped 
P£        element  of  {PF}  =  equals  the  total  internal  force,  acting  in  the  x-direction, 

produced  at  joint  i  by  the  external  loads,  all  joints  in  the  structure  being 

clamped 
Pyj        element  of  {PF}  =  total  internal  force,  acting  in  the  y-direction,  produced 

at  joint  i  by  the  external  loads,  all  joints  in  the  structure  being  clamped 
pF        element  of  {PF}  =  total  internal  moment  produced  at  joint  i  by  the 

external  loads,  all  joints  in  the  structure  being  clamped 
PjR        element  of  {PF}  =  force  produced  in  member   i  by  the  redundants 

applied  to  the  cut-back  structure 
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P^       element  of  {Pw}  equals  the  force  produced  in  member  i  by  the  external 

loads  acting  on  the  cut-back  structure 
{P}        vector   of  total   internal   forces    at   the   joints   produced   by   the   joint 

displacements 
{P'}       vector  of  member  forces,  referred  to  the  member  axes,  produced  by  the 

joint  displacements 
{P12}     vector  of  member  forces  at  the  end  1  of  member  12,  referred  to  the 

x-  and  y-axes,  produced  by  the  joint  displacements 
{PF}       vector  of  total  fixed-end  forces  at  the  joints  produced  by  the  external  loads 
{PF }      vector  of  member  forces,  referred  to  the  member  axes,  produced  by  the 

external  loads,  all  joints  in  the  structure  being  clamped 
[PR]      vector  of  support  reactions,  vector  of  forces  produced  in  the  cut-back 

structure  by  the  redundants 
{Pw}     vector  of  forces  produced  in  the  cut-back  structure  by  the  external  loads 
Q12       shear  force  produced  at  the  end  1  of  a  member  12  by  the  joint  displacements 

Q12  shear  force  produced  at  the  end  1  of  a  member  12  by  the  external 
loads,  all  joints  in  the  structure  being  clamped 

Rj         redundant  force  acting  at  joint  / 

{R}        vector  of  redundant  forces 

S12         restrained  stiffness  at  the  end  1  of  a  member  12 

Sy  element  of  [S]  =  equals  the  force  produced  at  point  i  by  a  unit  displace- 
ment at  point  /',  all  other  joints  being  clamped 

[S]         stiffness  matrix  for  the  whole  structure 

[SjA       element  of  [S]  =  stiffness  sub-matrix  of  member  ij,  referred  to  its  own  axis 

[S]  diagonal  matrix  formed  from  the  sub-matrices  [S,y] 

[T]  orthogonal  transformation  matrix 

a-  element  of  [U]  =  force  produced  in  member  i  by  unit  value  of  the 
redundant  Rj  acting  on  the  cut-back  structure 

[U]  force  matrix  for  unit  value  of  the  redundants 

Vfe  element  of  [  V]  =  force  produced  in  member  i  by  unit  value  of  the  exter- 
nal load  Wk  acting  on  the  cut-back  structure 

V  vertical  reaction 

[V]  force  matrix  for  unit  value  of  the  external  loads 

W^  element  of  {W}  =  external  load  applied  at  joint  k 

Wxt  element  of  {W}  =  external  load  applied  at  joint  i  in  the  x-direction 

Wy,  element  of  {W}  =  external  load  applied  at  joint  i  in  the  y-direction 

W6i  element  of  {W}  =  external  moment  applied  at  joint  i 

{W}  applied  load  vector 

x  horizontal  displacement 

y  vertical  displacement 

a  angle  of  inclination  of  member 

6j  element  of  {A},  displacement  at  joint  i 

{A}  displacement  vector 

{A'}  displacement  vector  referred  to  member  axes 

{A;}  initial  displacements  at  the  releases  due  to  lack  of  fit  in  the  members 
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{AR}      vector  of  support  displacements,  vector  of  displacements  at  the  releases 

produced  by  the  redundants 
{Aw}      vector  of  displacements  at  the  releases  produced  by  the  external  loads 
9  rotation 

A  equals  cos  a 

fi  equals  sin  a 


10.1  Introduction 

Matrix  algebra  is  a  mathematical  notation  that  simplifies  the  presentation  and 
solution  of  simultaneous  equations.  It  may  be  used  to  obtain  a  concise  statement 
of  a  structural  problem  and  to  create  a  mathematical  model  of  the  structure.  The 
solution  of  the  problem  by  matrix  structural  analysis  techniques1'2'3'4  then  pro- 
ceeds in  an  entirely  systematic  manner.  All  types  of  structures,  whether  statically 
determinate  or  indeterminate,  may  be  analyzed  by  matrix  methods.  In  addition, 
matrix  concepts  and  techniques,  because  of  their  systematic  character,  form  the 
basis  of  the  computer  analysis  and  design  of  structures5'6'7'8.  Highly  indeterminate 
structures  may  be  easily  handled  in  this  way  and  alternative  loading  conditions 
readily  investigated.  There  are  two  general  approaches  to  the  matrix  analysis  of 
structures:  the  stiffness  matrix  method  and  the  flexibility  matrix  method. 

The  stiffness  method  is  also  known  as  the  displacement  or  equilibrium 
method.  It  obtains  the  solution  of  a  structure  by  determining  the  displace- 
ments at  its  joints.  The  number  of  displacements  involved  equals  the  number 
of  degrees  of  freedom  of  the  structure.  Thus,  for  a  pin-jointed  frame  with  /' 
joints  the  solution  of  2/  equations  is  required,  and  for  a  rigid  frame,  allowing 
for  axial  effects,  the  solution  of  3;  equations  is  required.  If  axial  effects  in  rigid 
frames  are  ignored,  the  number  of  equations  involved  reduces  to  /'  plus  the 
number  of  degrees  of  sway  freedom.  Irrespective  of  the  number  involved,  these 
equations  may  be  formulated  and  solved  automatically  by  computer.  The  stiff- 
ness matrix  method  is  the  customary  method  utilized  in  computer  programs 
for  the  solution  of  building  structures. 

The  flexibility  method  is  also  known  as  the  force  or  compatibility  method.  It 
obtains  the  solution  of  a  structure  by  determining  the  redundant  forces.  Thus, 
the  number  of  equations  involved  is  equal  to  the  degree  of  indeterminacy 
of  the  structure.  The  redundants  may  be  selected  in  an  arbitrary  manner,  and 
their  choice  is  not  an  automatic  procedure.  The  primary  consideration  in  the 
selection  of  the  redundants  is  that  the  resulting  equations  are  well  conditioned. 

10.2  Stiffness  matrix  method 

(a)  Introduction 

The  structure  subjected  to  the  applied  loads  shown  in  Figure  10.1  may  be  con- 
sidered as  the  sum  of  system  (i)  and  system  (ii).  In  system  (i)  the  external  loads 
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imposed  between  the  joints  are  applied  to  the  structure  with  all  joints  clamped. 
The  total  fixed-end  forces  {PF}  at  the  joints  are  readily  determined.  In  system 
(ii)  the  actual  joint  displacements  {A}  are  imposed  on  the  structure.  These 
produce  the  total  internal  forces  {P}  at  the  joints.  The  expressions  force  and 
displacement  are  used  in  their  general  sense  and  imply  moment,  shear,  thrust, 
rotation,  deflection,  and  axial  deformation.  Since  the  forces  at  any  joint  are  in 
equilibrium,  the  applied  loads  at  a  joint  are  given  by: 

{W}  =  IP}  +  {PF} 
The  total  internal  forces  at  a  joint  are  given  by  the  principle  of  superposition  as: 

P1  =  Sn61+Su62+-  +  Sln6n 
P2  =  S21^  +  S2262  +■■■  +  S2n6n 

Pn  =  Snl6l+Sn262+-  +  Snn6n 

where  the  stiffness  coefficient  S,7  is  the  force  produced  at  point  i  by  a  unit  dis- 
placement at  point  /',  all  other  joints  being  clamped,  and  8j  is  the  displacement 
at  /'  in  the  actual  structure.  Thus: 
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or, 


[P]  =  [S]{A] 

where  [S]  is  the  complete  stiffness  matrix  for  the  whole  structure.  This  may 
be  obtained  from  the  stiffness  sub-matrices  of  the  individual  members  and  is 
a  symmetric  matrix  since  s;;  =  s/;  by  Maxwell's  reciprocal  theorem.  Thus: 


{W}  =  [S]{A]  +  {?"} 


and: 

{A}  =  [srmw]  -  {p?}} 

The  internal  forces  in  any  member  may  now  be  obtained  by  back  substitu- 
tion in  the  stiffness  sub-matrix  of  the  member.  The  stiffness  matrix  depends 
solely  on  the  geometrical  properties  of  the  members  of  the  structure.  Thus, 
once  the  stiffness  matrix  has  been  inverted,  the  displacements  and  internal 
forces  due  to  alternative  loading  conditions  may  be  quickly  investigated. 

The  sign  convention  and  notation  used  for  rectangular  frames  is  shown  in 
Figure  10.2.  The  positive  sense  of  the  applied  loads,  joint  displacements,  fixed-end 
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forces,  and  internal  forces  due  to  the  joint  displacements  are  shown  at  (i),  (ii), 
(iii),  and  (iv).  Thus,  the  total  fixed-end  forces  at  joint  2  are: 

PyF2=Pll+Q%3 

P/2=Mf1+Mf3 
The  total  internal  forces  at  joint  2  are: 
Px2  =  Qi\  +  P23 


lv2 


P21  +  Q. 


n 


Pel   =  M21  +  ^23 


*'n=»  \  uy,=  i 


For  structures  containing  inclined  members,  additional  notation  is  required  for 
fixed-end  forces,  joint  displacements,  and  internal  forces  due  to  joint  displace- 
ments referred  to  the  member  axes.  In  Figure  10.3  (i),  the  positive  sense  of  the 
fixed-end  forces  {PF }  acting  on  an  inclined  member  12  is  shown,  referred  to 
the  longitudinal  axis  of  the  member.  In  Figure  10.3  (ii),  the  positive  sense  of 
the  joint  displacements,  {A'}  is  shown,  referred  to  the  inclined  member  axis. 
In  Figure  10.3  (iii),  the  positive  sense  of  the  internal  forces  {?'}  due  to  the  joint 
displacements  is  shown,  referred  to  the  inclined  member  axis. 
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(b)  Rigid  frames  and  grids 


Q21  =  -6EI/1 


e,,  =  uei/i3 


M21  =  2EI/1 


Qn=miu 


Qn=6EI/l2  Q[2=  12£Y//3 

Figure  10.4 


?9^ 

Q,,=  -12EI/13 


The  stiffness  matrix  for  rectangular  frames  in  which  axial  effects  are  neglected 
may  be  readily  assembled  manually9.  The  elements  of  the  stiffness  sub-matrix 
for  a  vertical  prismatic  member  may  be  obtained  by  applying  unit  displace- 
ments in  turn  to  the  ends  of  the  member,  as  shown  in  Figure  10.4.  Thus: 
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M2{  =  4EI/1    ^  d2  =  1 
Figure  10.5 


The  elements  of  the  stiffness  sub-matrix  for  a  horizontal  prismatic  member 
may  be  obtained  by  applying  unit  rotations  to  the  ends,  as  shown  in  Figure  10.5. 
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Thus: 
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For  members  that  are  fixed  or  hinged  to  supports,  the  sub-matrices  may  be 
modified  to  allow  for  zero  displacements  at  the  fixed  end.  Thus,  for  the  frame 
shown  in  Figure  10.1,  which  is  of  uniform  section: 
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The  total  internal  forces  at  the  joints  are  obtained  by  selecting  the  relevant 
elements  from  the  sub-matrices. 
Thus: 


Pei  =  M21  +  M23 


EI/l{{4  +  4)92  +293+0-  6x2/l} 


P03  =  M32  +  M34 


EI/l{(282  +  (4  +  4)83  +  284  -  6x2/l] 


P<,4  =  M43 


=  EI/110  +  263  +  4<94  -  6x2/l] 

Ki  +  ipx3  =  iQu  +  /Q34 

=  EI/l{-662  ~  603  -  604  +  (12  +  12)x2/l] 
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or: 


Pei 

we2- 

-  PF 

Pff3 

w03- 

-Pi 

l03 

P94 

we4- 

-  PF 

Kz  +  ipx3 

l(Wx2  +  wx3 

-  PF    ~ 
1.x2 

-PF, 

x3 

EIll 


8  2 

2  8 

0  2 

-6  -6 


0 

-6 

02 

2 

-6 

03 

4 

-6 

94 

6 

24 

x2/l 

that  is: 

IP}  =  IW]  -  {PF}  =  [S]{A} 

The  force  vector  {{ W]  —  {PF}}  is  readily  obtained,  and  inversion  of  the  stiffness 
matrix  gives  the  values  of  92,  03,  04,  x2.  The  member  forces  may  then  be  obtained 
from  the  sub-matrices.  Thus,  the  actual  moment  at  end  2  of  member  21  is: 


Mfi  +  M2i  =  Mfi  +  4EJ6>2//  -  6EIx2/l2 
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Figure  10.6 
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Similarly,  frames  with  non-prismatic  members  and  curved  members  may  be 
analyzed  if  the  stiffness,  carry-over  factors,  and  fixed-end  forces  are  known  for 
each  member.  The  elements  of  the  stiffness  sub-matrix  for  a  vertical  non-prismatic 
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member  may  be  obtained  by  applying  unit  displacements  in  turn  to  the  ends  of 
the  member,  as  shown  in  Figure  10.6.  Since  s2\C2\  =  St2cu>  tne  stiffness  sub- 
matrix  is  determined  as: 


M12 
M21 


EI/l 


»12 


S-nC 


1212 


»12<-12 


s21 


512  +  s12c12 


s21 


S„C 


1212 


2s12c12 


(S12  +  512C12        (S21  +  Sl2Cl2)       (S 


12 


521 


^■s\2c\l) 


*1 

xxll 
x2ll 


»12 


s21 


s12c-12; 


s\lc\l> 


2s12c12 


^-s\2c\l) 


The  values  of  Si2,  s21  and  c12  may  be  obtained  by  the  methods  of  Section 
6.7(b). 


H> 


Figure  10.7 

The  elements  of  the  stiffness  sub-matrix  for  a  symmetrical  curved  member 
may  be  obtained  by  applying  unit  displacements  in  turn  to  the  ends  of  the 
member,  as  shown  in  Figure  10.7.  Thus: 


M12 

M21 

=  Ein 

Px2 

s12  s12c12 

>12c12  S12 


sl2cu         s12        -M*=1       M-=1 
H*=i      _W^i       W*=i       _#*=i 

_H0=1  H0=l  _Hx  =  l  H*=l 
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The  values  of  s12,  c\x,  He=1,  and  Hx=1  may  be  determined  by  the  methods  of 
Section  6.7(c).  For  a  curved  member,  the  carry-over  factor  is  negative,  and  thus 
the  term  S\iC\i  is  negative. 

For  hand  computational  purposes,  it  is  desirable  to  reduce  the  order  of  the 
matrix  that  requires  inversion.  When  the  force  vector  { W  —  PF]  contains  zero 
elements,  this  may  be  achieved  by  partitioning  the  matrices  in  the  form: 


{W}  -  {PF} 

= 

[SJ  j  [S2] 

{Aj} 

0 

[s3] :  [s4] 

{A2} 

where  (Aj)  are  the  displacements  at  the  joints  subjected  to  an  applied  force 
and  {A2}  are  the  displacements  at  the  remaining  joints.  Thus: 


{A2}  =  [S4r1[S3]{A 


and: 


aw]  -  {pf}}  =  [[st]  -  [s^r1^]]^} 

Hence  the  displacements  {Aj}  and  {A2}  may  be  obtained. 

Support  reactions  may  be  determined  by  considering  the  equilibrium  of  the 
members  at  the  supports  after  the  internal  forces  are  obtained.  Alternatively, 
the  internal  forces  at  the  supports  may  be  included  in  the  force  matrix  and  the 
matrices  partitioned  in  the  form: 


{P} 

= 

[Si]  :  [s2] 

{A}" 

[s3]  :  [S4] 

0 

where  {A}  and  {P}  are  the  displacements  and  total  internal  forces  at  the  joints 
and   {PR}   are  the  internal  forces   at  the   supports  with  zero  corresponding 
displacements. 
Thus: 

{A}  =[s1ri{p} 
=  [srmw]  -  {pf }} 

{PR}  =  [S^THP] 


and  the  reactions  are  given  by: 
{PR}  +  {PF} 
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For  a  structure  that  undergoes  settlement  at  the  supports,  the  internal  forces 
at  the  supports  that  yield  must  be  included  in  the  force  matrix  and  the  matrices 
partitioned  in  the  form: 


\pR] 

= 

[sj ;  [s2] 

{A} 

[S3]  |  [S4] 

{A*} 

where  {PR}  are  the  internal  forces  at  the  supports  that  yield  and  {AK}  are  the 
corresponding  known  displacements. 
Thus: 


{A}   =[S1r1{{P}-[S2]{A«}} 


and: 

{PR}  =  [S3]{A}  +  [S4]{AR} 

For  a  structure  resting  on  flexible  supports,  the  stiffness  of  the  supports  may 
be  incorporated  in  the  complete  stiffness  matrix  as  illustrated  in  Example  10.4. 

In  the  case  of  symmetrical  and  skew  symmetrical  conditions,  only  half  the 
structure  may  be  considered  and  modified  stiffness  factors  adopted  for  members 
that  cross  the  axis  of  symmetry.  Applied  loads  and  the  cross-sectional  properties 
of  members  that  lie  along  the  axis  of  symmetry  must  be  halved  in  value. 


3EI/1 


3EI/11 


Figure  10.8 

The  stiffness  sub-matrix  for  a  straight  prismatic  member  that  is  hinged 
at  one  end  may  be  modified  to  allow  for  the  hinge.  The  modified  matrix  is 
obtained  from  Figure  10.8  as: 


M12 

=  EI/l 

3 

-3 

01 

iQn 

-3 

3 

x1/l 
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0,2My2] 


Figure  10.9 

The  stiffness  matrix  for  rectangular  grids  may  be  assembled  manually  from 
the  sub-matrices  for  each  member10'11.  The  sub-matrix  for  a  member  paral- 
lel to  the  x-axis  of  the  grid,  shown  in  Figure  10.9,  is  obtained  by  applying 
unit  displacements,  in  the  positive  directions  shown,  in  turn  to  the  ends  of  the 
member.  The  torsional  stiffness  of  the  member  about  the  x-axis  is  GJ/l  where 
G  is  the  modulus  of  torsional  rigidity,  /  is  the  torsional  inertia,  and  /  is  the 
length  of  the  member.  The  sub-matrix  is  given  by: 


M 


A"  12 


M, 


21 


M 


vl2 

IQn 


\n 


GJ 

-GJ 

0 

0 

0 

GJ 

GJ 

0 

0 

0 

0 

0 

4EI 

2EI 

6EI 

0 

0 

2EI 

4EI 

6EI 

0 

0 

6EI 

6EI 

Y1EI 

0 

0 

-6EI 

-6EI 

-12EI 

0 

oxl 

0 

°x2 

-6EI 

^ 

-6EI 

eyi 

12EI 

zxll 

Y2EI 

z2ll 

Example  10.1 

Determine  the  bending  moments  at  joint  5  in  the  frame  shown  in  Figure  10.10 
for  values  of  W  =  8  kips  and  /  =  10  ft.  The  relevant  second  moment  of  area 
values  are  shown  ringed. 


®~ 


w 

2 

3 

\W 

© 
© 

© 

4 

~>77 

© 

w 

777 

/// 

1 
// 

Figure  10.10 
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Solution 

The  member  fixed-end  forces  are: 


MI*    =  ^3 


=  -10  kip-ft 

Mfg  =  10  kip-ft 
QF56  =  -4  kip 


The  total  fixed-end  forces  at  the  joints  are: 


pF    —   pf 
191         104 

=  0 

P/3  =  -10  kip-ft 

P/5  =10  +  10 
=  20  kip-ft 

P£  =  -4  kips 

pF     —    pF 

lx3         1x2 

=  0 


The  applied  loads  at  the  joints  are: 


we2  -  wei  -  w64  -  we5 


wx2 

=  8ki] 

wx3 

=  wx4 

=  0 

The  sub-matrices  for  members  12,  23,  34,  35,  and  56  are: 


M21 
/Q21 


£/// 


4  X  4/2     -6  X  4/4 
-6  X  4/4      12  X  4/8 


x2ll 


M 


23 


M 


32 


£/// 


4X2     2X2 
2X2     4X2 
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M 


34 

M43 

/Q34 


EI/l 


4        2-6 

2       4-6 

-6     -6     12 


x2/l 


M 


35 


M 


53 


EI/l 


4X2     2X2 
2X2     4X2 


M56 

=  £7// 

4 

-6 

^5 

1/Q56 

-6 

12 

x2// 

Collecting  the  relevant  elements  from  the  stiffness  sub-matrices  gives: 


M21  +  M23 
M32  +  M34  +  M3J 


M. 


43 


M53  +  M56 

/(Q21  +  Q34  +  Q 


iS6, 


l01 


'03 


'04 


1 05 


'(^2  +  PX3  +  P, 


LxS> 


wt 


111 


w, 


03 


w, 


04 


w, 


05 


*02 

l03 
pF 

PsFs 


l(Wx2  +  Wx3  +  W, 


vx5 


lx2 


Pi 


pF  ) 
x3        1x5> 


0 

16 

10 

4 

0 

=  EI/l 

0 

-20 

0 

(8  +  4) 

-6 

4 

20 

2 

4 

-6 


0 

0 

-6 

^2 

2 

4 

-6 

^3 

4 

0 

-6 

94 

0 

12 

-6 

05 

6 

-6 

30 

x2// 
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Inverting  the  stiffness  matrix  gives: 


h 

0.755 

h 

-0.157 

0.601 

symmetric 

94 

=  1/10EI 

0.433 

-0.329 

4.109 

0s 

0.174 

-0.210 

0.591 

1.065 

x2/l 

0.243 

-0.019 

0.963 

0.324     0.636 

0 

10 

0 

-20 

120 


The  rotations  at  joints  3  and  5  are: 


6>3  =  1(0  +  0.601  +  0  +  0.420  -  0.228)/EJ 
=  0.7931/EI 

95  =  11(0  -  0.201  +  0  -  2.130  -  3.888)/£J 
=  1.548//EI 


The  bending  moment  at  joint  5  is: 

M53  +  MJ3  =  10  +  EI(403  +  Ws)ll 
=  25.556  kip-ft 

Example  10.2 

Determine  the  bending  moments  in  the  frame  shown  in  Figure  7.52.  The  sec- 
ond moments  of  area  of  the  members  are  shown  ringed. 

Solution 

The  stiffness  and  carry-over  factors  for  the  non-prismatic  columns  were  given 
in  Example  7.22  as: 


s12  =  14EI// 


c21 


5EZ// 


Thus, 


(s21  +s12c12)/l  =  9EI/12 
(s12  +  s21  +  2s12c12)//  =  27E7//3 
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Due  to  the  skew  symmetry,  the  modified  stiffness  of  member  22'  is: 


s22' 


6E(2I)/l 
12EI/1 


and: 


Wx2  =  10/2 


5  kips 


The  sub-matrices  for  members  12  and  22'  are: 


M21 

=  EI/l 

5 

-9 

e2 

[iQii 

-9 

27 

x2ll 

[M22,]  =  EI/l[12][92 


Collecting  the  relevant  elements  from  the  stiffness  sub-matrices  gives: 


^(92 



0 

=  EIll 

17 

-9 

h 

k2 

60 

-9 

27 

x2/l 

Inverting  the  stiffness  matrix  gives: 


x2ll 


l/EI 


0.0714     0.0238 
0.0238     0.0450 


0 

=  l/EI 

1.428 

[60 

2.700 

The  bending  moment  at  joint  2  is: 

0  +  M22,  =  12EI02/l 

=  12  X  1.428 
=  17.14  kip-ft 

The  bending  moment  at  support  1  is: 

-60  +  17.14  =  -42.86  kip-ft 


Example  10.3 

Determine  the  bending  moments  in  the  arched  frame  shown  in  Figure  7.54. 
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Solution 

The    stiffness,    carry-over   factors,    and   fixed-end   reactions   were   given   in 
Example  7.23  as: 


521 

=  8EIo/20 

c21 

=  1/2 

s23 

=  9£70// 

c23 

=  -1/3 

Hx=l 

=  0.1125EIJI 

H0=l 

=  Mx=1 

=  0.75EIJI 

Mf3 

=  ~MF32 

=  28.125  kip-ft 

H|3 

=  -HF 

^32 

=  21.09375  kip 

where: 

/  =  45  ft 
The  sub-matrices  for  members  23,  21,  and  34  are: 


M 


23 


M32 

°23 
"32 

M21 
Q21 


£/„// 


9 
-3 

0.75 
-0.75 


-3 

9 
-0.75 

0.75 


0.75 
-0.75 

0.1125 
-0.1125 


M34 
Q34 


EJ„ 


£/„// 


£!„// 


8/20        -12/400 
-12/400      24/800 


18        -1.35 
-1.35     0.135 

18     -1.35 
-1.35     0.135 


e. 


0.75 

h 

0.75 

h 

0.1125 

*2 

0.1125 

x3. 

Matrix  and  computer  methods 


473 


Collecting  the  relevant  elements  from  the  sub-matrices  gives: 


iin 


l«3 


"  x2 


lx3 


-28.25 

28.125 
-11.09375 

21.09375 


EIJl 


.7 

-3 

-0.60 

3 

27 

-0.75 

0.60 

-0.75 

0.2475 

0.75 

-0.60 

-0.1125 

0.75 

h 

0.60 

h 

0.1125 

*2 

0.2475 

*3. 

Inverting  the  stiffness  matrix  gives: 


l/EL 


l/EL 


0.064 

0.031  0.064  symmetric 

0.469  0.483  9.857 

0.483  0.469  7.074    9.857 

4.046 

5.477 

40.249 

129.063 


-28.125 

28.125 
-11.09375 

21.09375 


The  bending  moments  at  joints  2  and  3  are: 


M21  =  18EI0d2/l  -  1.35EI0x2/l 
=  18.6  kip-ft 

M34  =  18EI063/l  -  135EI0x3/l 
=  -75.5  kip-ft 
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Example  10.4 

Determine  the  support  reactions  of  the  longitudinal  beam  11',  which  is  simply 
supported  on  the  five  transverse  beams  shown  in  Figure  7.13.  All  the  beams 
are  of  the  same  second  moment  of  area. 

Solution 

The  longitudinal  beam  may  be  considered  as  resting  on  flexible  supports  that 
have  a  stiffness  of: 

s  =  3EI/413 

where: 

/  =  5  ft. 

Due  to  the  symmetry,  only  half  the  longitudinal  beam  need  be  considered. 
There  is  no  rotation  at  3,  and  the  applied  load  and  the  stiffness  of  the  spring  at 
3  must  be  halved. 

The  stiffness  sub-matrices  for  members  12  and  23  and  supports  10,  20,  and 
30  are: 


M12 

4        2 

s 

-6 

Oi 

M21 

=  EIll 

2        4          6-6 

02 

IQu 

6        6        12     -12 

Jill 

IQii 

-6     -6     -12        12 

yiil 

M23 

4          6       -6 

h 

IQ23 

=  EIll 

6        12     -12 

y2/l 

IQ32 

-6     -12        12 

y3/l 

M10 

=  EIll 

0    0     1 

oi 

IP20 

0     0.75J 

yxll 

M20 

=  EIll 

0     0 

O2 

IP20 

0     0.75J 

y2'l. 

M30 

=  EIll 

0     0 

'[03 

IP30 

0     0.375 

w 

' 
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Collecting  the  relevant  elements  from  the  sub-matrices  gives: 


p$l 

0 

P02 

0 

IPyl 

= 

0 

iPyl 

0 

IPyl 

Will 

EIll 


4 

2 

6 

-6 

2 

8 

6 

0 

6 

6 

12.75 

-12 

6 

0 

-12 

24.75 

0 

-6 

0 

-12 

0 

#1 

-6 

^2 

0 

yi// 

12 

y2// 

12.375 

y3// 

Inverting  the  stiffness  matrix  gives: 


Bx 

92 

Jill 

=  1/10EI 

Jill 

Jill 

Wl2/10EI 


12.79 
4.866 
-5.543 
2.938 
5.209 

2.605 
2.271 
0.891 
3.384 
4.786 


6.294  symmetric 

-3.806  8.704 

1.536  3.740      6.210 

4.541  1.781      6.767      9.572 


0 
0 
0 
0 
Will 
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The  support  reactions  at  1,  2,  and  3  are: 


Vj  =  0.75EIyi/P 
=  0.0665W 

V2  =  0.75EIy2/P 
=  0.254W 

V3  =  2  X  0.375£/y3//3 
=  0.359W 


Example  10.5 

Determine  the  bending  moments  and  support  reactions  in  the  continuous  beam 
shown  in  Figure  7.17  due  to  the  loading  shown  and  settlements  of  Vi  in  at 
support  2  and  1  in  at  support  3.  The  second  moment  of  area  of  the  beam  is 
120  in4,  and  the  modulus  of  elasticity  is  29,000  kips/in2. 


Solution 

The  fixed-end  reactions  due  to  the  applied  loads  were  given  in  Example  7.8  as: 

Mfj  =  138  kip-in 
M(2  =  -207  kip-in 


™ll 

=  "M|3 

=  100  kip-in 

Qft 

=  -4.225  kips 

Qli 

=  -7.775  kips 

QF23 

=  Qk 

=  —5  kips 

Collecting  relevant  elements  gives: 


Pg2  ~  We2      Pff2 


0-(Mfj  +M|3) 
-(138-100) 
—38  kip-in 
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The  sub-matrices  for  members  12  and  23  are: 


M12 

4 

2 

6 

-6 

01 

=  0 

M21 
IQn 

=  EIll 

2 
6 

4 
6 

6 
12 

-6 
-12 

^2 

yj//  =  0 

IQn 

-6 

-6 

-12 

12 

y2//  =  0.5// 

M23 

4 

2 

6 

-6 

92 

M32 
/Q23 

=  £7/1 

2 
6 

4 
6 

6 
12 

-6 
-12 

0 
0.5// 

IQ32 

-6 

-6 

-12 

12 

1.0// 

Collecting  the  relevant  elements  and  partitioning  the  matrices  give: 


EIll 


8  | 

0 

-6  | 

2 

2 

6 

02 

0 : 

24 

-12  ; 

-6 

6 

-12 

0.5// 

-6 

-12 

12 

0 

-6 

0 

1.0// 

2 

-6 

0 

4 

0 

6 

0 

2  I 

6 

-6 : 

0 

4 

0 

0 

6 

-12 

0 

6 

0 

12 

0 

P6R3 


From  Section  10.2(b),  for  the  partitioned  matrix: 

{A}  =  [S1]-H{P}-[S2]{AR}} 

where  {P}  and  {A}  are  the  internal  forces  and  displacements  at  the  supports 
that  yield,  and  {AR}  are  the  corresponding  known  displacements.  Thus: 


92  =(l/8)(-38//£7  +  6//) 

=  (l/8)[-38  x  120/(29,000  X  120)  +  6/120] 
=  0.006086rad 


From  the  sub-matrix  for  member  12,  the  bending  moment  in  the  beam  at  2  is: 

M21  =  Mfj  +  (402  -  3/l)EI/l 
=  119  kip-in 
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From  the  partitioned  matrix 


lPy\ 

0 

24 

-12] 

[0.5//" 

01 

=  EI92/l 

+  EI/1 

= 

k* 

-6 

-12 

12 

1.0// 

391 

The  vertical  reactions  at  2  and  3  are: 


V2  =  0  -  4.225  -  5.0 


V3  =  391//  -  5 


-9.225  kips 
391//  -  5 
=  -1.741  kips 

From  the  partitioned  matrix: 


pR 

2 

-6 

0 

[0.5// 

-372 

pR 

=  EW2ll 

2 

+  EI/1 

6 

-6 

1.0// 

= 

-372 

Uy\ 

6 

-12 

0 

-391 

The  bending  moments  at  1  and  3  and  the  vertical  reaction  at  1  are: 


M12  =  Mf2  +  P* 
=  -207  -  372 
=  -579  kip-in 


M31  =  Mf2  +  P« 
=  100-372 
=  —272  kip-in 

=  -391/120  -  7.775 
=  -11.033  kips 


Example  10.6 

Determine  the  moments  in  the  grid  shown  in  Figure  10.11:  (i)  due  to  a  single 
load  at  5,  (ii)  due  to  equal  loads  at  2,  3,  4,  and  5.  All  members  are  of  uniform 
section,  and  the  flexural  rigidity  is  twice  the  torsional  rigidity. 
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Figure  10.11 


Solution 

(i)  The  sub-matrices  for  members  24,  21,  and  41  are: 


Mx24 

My24 

aQ.24 

=  EI/2a 

MxA2 

My42 

aQ42 

1 

0 

0 

-1 

0 

8 

12 

0 

0 

12 

24 

0 

1 

0 

0 

1 

0 

4 

12 

0 

0 

-12 

-24 

0 

0 

0 

ox2 

4 

-12 

°yl 

2 

-24 

zja 

0 

0 

ex4 

8 

-12 

0,4 

2 

24 

z4la 

M,21 

My21 


Ellla 


1 

0 

0 

Ki 

0 

8 

-12 

%i 

0 

-12 

24 

z2/a 

Mx41 

My4l 

aQ4i 


Ellla 


1  0  0 
0  8  12 
0     12     24 


ur4 

z4/a 


and  the  sub-matrices  for  members  35,  13,  and  51  are  similar. 
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The  sub-matrices  for  members,  23,  26,  and  36  are: 


Mx23 
My23 

aQn 
Mx32 
My32 
aQ32 


=  Ellla 


8        0  -12  4        0  12 

0        1  0  0-1  0 

-12        0  24  -12        0  -24 

4        0  -12  8        0  12 

0-1  0  0        1  0 

12        0  -24  12        0  24 


\ox2 

%1 

z2la 

ox3 

*,3 

z3la 

Mx26 
My26 


Ellla 


8 

0 

12 

0,2 

0 

1 

0 

Q* 

12 

0 

24 

z2/a 

M„ 


M„ 


aQ3 


Ellla 


8     0 

-12 

ex3 

0     1 

0 

%* 

2     0 

24 

z3la 

and  the  sub-matrices  for  members  45,  64,  and  56  are  similar. 
Collecting  the  relevant  elements  from  the  sub-matrices  gives: 


p 

V 

10yl 

<2 

hx3 

p*y3 

aPz3 

=  Ellla 

1ex4 

p 

18y4 

<4 

P 

10x5 

P 

16yS 

<5 

18 

0 

0 

4 

0 

12 

-1 

0 

0 

0 

0 

0 

18 

0 

0 

-1 

0 

0 

4 

-12 

0 

0 

0 

0 

96 

-12 

0 

-24 

0 

12 

-24 

0 

0 

4 

0 

-12 

18 

0 

0 

0 

0 

0 

-1 

0 

0 

-1 

0 

0 

18 

0 

0 

0 

0 

0 

4 

12 

0 

-24 

0 

0 

96 

0 

0 

0 

0 

12 

-1 

0 

0 

0 

0 

0 

18 

0 

0 

4 

0 

0 

4 

12 

0 

0 

0 

0 

18 

0 

0 

-1 

0 

-12 

-24 

0 

0 

0 

0 

0 

96 

-12 

0 

0 

0 

0 

-1 

0 

0 

4 

0 

-12 

18 

0 

0 

0 

0 

0 

4 

12 

0 

-1 

0 

0 

18 

0 

0 

0 

0 

-12 

-24 

12 

0 

-24 

0 

0 

0 

#X2 

0 

°yi 

0 

z2la 

0 

&x3 

12 

°y3 

24 

z3/a 

12 

0,4 

0 

ey< 

24 

z4la 

0 

0*5 

0 

^ 

96 

z5la 
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Since  the  grid  is  symmetrical,  the  following  relationships  are  obtained: 


Vy2  = 

-ox2 

°yi  = 

-9,4 

0yA    = 

-ox3 

*3      = 

z4 

o,s  = 

-ox5 

and  the  stiffness  matrix  may  be  condensed  to: 


p 

L6x2 

aFz2 

™0x  3 

■'9y3 

=  £7/2a 

<3 

P 

-1  0x5 

<5 

18 

0 

4 

1 

12 

0 

0 

0,2 

0 

96 

-24 

0 

-48 

0 

0 

z2/a 

4 

-12 

18 

0 

0 

-1 

0 

oxi 

1 

0 

0 

18 

0 

-4 
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oyi 

12 

-24 

0 

0 

96 

-12 

-24 

z3/a 

0 

0 

-1 

-4 

-12 

18 

0 

ox5 

0 

0 

0 

-24 

-48 

0 

96 

z5la 

Inverting  the  condensed  stiffness  matrix  gives: 


zja 

Oyl 

z3/a 

0xs 

zJa 


=  a/SOOEI 


76.35  -8.66 

-17.31  17.86 

-29.56  14.23 

-18.06  5.61 

-19.84  7.77 

-18.88  7.22 

-14.44  5.29 


-29.56 
28.46 
82.10 
13.14 
15.87 
18.06 
11.22 


-18.06 
11.22 
13.14 
82.10 
15.87 
29.56 
28.46 


-19.84 
15.54 
15.87 
15.87 
23.15 
19.84 
15.54 


18.88 

-7.22' 

0 

14.44 

5.29 

0 

18.06 

5.61 

0 

29.56 

14.23 

0 

19.84 

7.77 

0 

76.35 

8.66 

0 

17.31 

17.86 

Wa 

Wa2/500EI 


-7.22 

5.29 

5.61 

14.23 

7.77 

8.66 

17.86 
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The  internal  moments  in  the  members,  which  are  identical  to  the  actual  moments 
since  there  are  no  fixed-end  moments,  are  obtained  by  back  substitution  in  the  sub- 
matrices  and  are  given  by: 


where: 


Mx24  = 

~My23 

=  7.01 

M*35    = 

~My4S 

=  -3.04 

My24  = 

~Mx23 

=  5.56 

Myi5  = 

~Mx45 

=  -41.84 

Mx42  = 

~My32 

=  -7.01 

Mx53  = 

~My54 

=  3.04 

My42  = 

~Mx32 

=  -45.76 

MyS3  = 

-MXS4 

=  -133.36 

Mx21  = 

~My26 

=  -7.21 

Mxn  = 

~My46 

=  5.61 

My21  = 

~Mx26 

=  -5.72 

Myil  = 

~Mx46 

=  20.60 

Mx4i  = 

~My36 

=  -14.23 

Mx51  = 

-My56 

=  8.65 

M,,41  = 

-Kse 

=  48.36 

MyS1  = 

"Mx56 

=  145.04 

Wa  =  1000. 


(ii)  Due  to  the  symmetry  of  the  loading  and  of  the  grid: 


y2  x2  y>3 

Z$        Z^.        Zi        ^5 


x4  "y4 


y4  x3 


%s  =  6x5 


The  stiffness  matrix  may  be  condensed  to: 


P6x2 

=  Ellla 

13 

12 

V 

[aiJz2 

24 

48j 

z2la 
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Inverting  the  condensed  matrix  gives: 


0, 

142.9      - 

-35.71 

0 

z2/a 

=  a/500EI 

-71.43      38.69 

Wa 

=  Wa2/500EI 

-35.71 
38.69 

Back-substitution  in  the  sub-matrices  gives: 


M,24  =  0 
My24  =  142.84 
Mx2l  =  -35.71 


M 


yll 


-178.60 


where: 


Wa  =  1000. 


(c)  Automation  of  procedure 

The  stiffness  sub-matrices  for  inclined  members  in  a  structure  must  be  referred  to 
the  main  x-  and  y-axes  before  assembling  the  complete  stiffness  matrix.  This  is 
readily  accomplished1-  by  using  an  orthogonal  transformation  matrix  that  trans- 
fers displacements  from  the  member  axes  to  the  x-  and  y-axes.  The  elements  of 
the  orthogonal  transformation  matrix  T  are  the  member  deformations  produced 
by  unit  joint  displacements  in  the  x-  and  y-axes,  and  have  the  property: 

[T]T   =  [T]-1 

where  [T]T  is  the  transpose  of  [T].  The  use  of  the  orthogonal  transformation 
matrix  also  provides  an  automatic  means  of  analyzing  a  structure  by  a  digital 
computer. 

The  member  displacements  and  internal  forces  are  related  to  the  joint  dis- 
placements and  the  total  internal  forces  referred  to  the  x-  and  y-axes  by  the 
expressions: 


{A'}  =  [T]{A] 
IP'}  =[T]{P] 
[PF'}  =  [T]{Pf} 
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The  member  internal  forces  and  displacements  referred  to  the  member  axes 
are  given  by: 


{?'}  = 

[S]{A'] 

°12 

0 

0 

0 

[S]  = 

0 

0 

0 

0 

0 
0 

0 

0 

0 

s' 

and  Slj  is  the  stiffness  sub-matrix  for  member  ij  referred  to  its  own  axis. 
Thus: 

[T]{P]  =  [S][T][A] 
IP]  =  [T]T[S][T]{A} 
=  {W}-[T]r{PF'} 

Hence: 

{A}  =  [[T]T[S][T]]-i{{W}-[T]T{PH} 

and: 

IP'}  =  [S][T][[T? [S][T]]-H{W]  -  [Tf{Pp'}} 
The  final  member  forces  are  given  by: 
[P'}  +  {Pf'} 

The  orthogonal  transformation  matrix  for  the  frame  shown  in  Figure  10.1  is 
given  by: 


021 

1 

0 

0 

0 

y'i\ 

0 

0 

0 

1 

\e7 

^23 

1 

0 

0 

0 

o, 

hi 



0 

1 

0 

0 

e4 

Via 

0 

1 

0 

0 

x, 

^43 

0 

0 

1 

0 

^34 

0 

0 

0 

1 
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The  matrix  [  S  ]  is  given  by: 


M 


21 


IQ'21 

M 


2; 


M 


i2 


M,« 


M 


45 


'Q3 


34 


£/// 


4-600  0 

-6  12  0  0  0 

0  0  4  2  0 

0  0  2  4  0 

0  0  0  0  4 

0  0  0  0  2 

0  0  0  0-6 


0 

0 

921 

0 

0 

yyi 

0 

0 

#23 

0 

0 

^32 

2 

-6 

#34 

4 

-6 

#43 

6 

12 

y'Jl. 

The  joint  displacements  are  given  by: 


"2 

^4 
*2// 


//£/ 


8 

2 

0 

-6 

w62  -  P/2 

2 
0 

8 

2 

2 
4 

-6 
-6 

-1 

WS3  -  P03 
^94  _  ^04 

6 

-6 

-6 

24 

wxl 

+  W*3-PXF2- 

-^3) 

and  the  final  member  forces  are  readily  obtained. 

The  stiffness  sub-matrix  [  5' ]  for  the  inclined  member  12  shown  in  Figure 
10.3,  allowing  for  axial  effects  and  referred  to  the  inclined  member  axis,  is 
given  by: 


Ki 

EA// 

0 

0 

-EM 

0 

0 

x\2 

Q{2 

0 

12E7//3 

6EI/12 

0 

-12EI/13 

6EII12 

y'\x 

Mn 

0 

6EI/12 

4EI/1 

0 

-6EI/12 

2EI/1 

®\2 

3i 

-EAIl 

0 

0 

EM 

0 

0 

x2\ 

Q21 

0 

-12EI/P 

-6EII11 

0 

12EI/P 

-6EII12 

y'u 

M21 

0 

6EIH2 

1EIII 

0 

-6EI/12 

4EI/1 

e21 
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The  orthogonal  transformation  matrix  [T12]  for  the  inclined  member  12  is 
obtained  by  considering  unit  joint  displacements  in  the  x-  and  y-axes,  as  shown 
in  Figure  10.3  (iv),  and  is  given  by: 


*12 

y'n 
012 

x2\ 

y'n 

°2\ 


A 

/*' 

0 

0 

0 

/' 

A 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

A 

/*' 

0 

0 

0 

~n 

A 

0 

0 

0 

0 

0 

0 

Xj 

0 

Ji 

0 

Oi 

0 

x2 

0 

Jl 

1 

A 

where  A  =  cos  a  and  fi  =  sin  a  and  the  angle  a  is  measured  in  the  positive 
direction  of  M. 

The  triple  matrix  product  [T12]T[S1'2][T12],  which  represents  the  stiffness 
sub-matrix  of  member  12  referred  to  the  x-  and  y-axes,  is  given  by: 


{Pn) 

[zn] :  izu] 

{Ax} 

{Pn) 

[Z21]  !  L-Z22j 

{A2} 

where: 


{Pi 


ill 


lxl2 
°yl2 


IP; 


211 


lx21 
Pyll 

M21J 


(A) 


xi 


{A 


x2 

J2 
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[Znl 


[Z 


12  J 


[Z 


21 J 


[Z 


22  J 


X2EA/l  +  ^i212EI/P 

Xfj,(EA/l  -  12EA/P)     fx2EA/l  +  X212EI/P     symmetric 


-/J.6EI/12 

-\2EM  -  fi212EI/P 

~X^(EA/l  -  12EI/P) 

IlGEIII2 

-X2EAIl  -  ^212EIlP 

-Xn(EA/l  -  12EI/P) 

-L16EI/I2 


X6EI/P 


-li2EAIl-X2\2EllP 


-X6EI/12 


4EI/1 


symmetric 
2EI/1 


-li2EAH-X2\2EUP     symmetric 
X6EI/12  2EI/1 


X2EAIl  +  ii2\2EUP 

Xfj,(EA/l  -  12EI/P)      fi2EA/l  +  XH2EIIP     symmetric 
[iGEUP  -X6EI/P  4EI/1 


Similarly,  the  stiffness  sub-matrices  of  all  the  members  in  a  structure 
may  be  referred  to  the  x-  and  y-axes,  and  these  may  be  readily  combined13 
to  give  the  complete_  stiffness  matrix  of  the  structure.  Thus,  the  triple 
matrix  product  [T]T[S][T]  has  been  eliminated  from  the  analysis,  and  this 
reduces  the  computer  capacity  required  and  enables  larger  structures  to  be 
handled. 

The  complete  stiffness  matrix  of  the  frame  shown  in  Figure  10.12  is 
given  by: 


ft] 
ft] 
ft] 
ft! 

ft] 
ft! 
(P7) 
ft) 


E[Zn] 
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[Z13] 
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0 
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[Z42] 

[Z43] 
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0 

[Z46] 
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[Z56] 
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iz65] 

m66] 

0 
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(A 

0 
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0 

[Z75] 
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S[Z77] 

iz78] 
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Figure  10.12 

where  {P,}  and  {A,}  are  the  three  components  of  force  and  displacement  at  joint 
i  and  [Z!;]  is  a  3  X  3  matrix  relating  the  forces  at  joint  i  to  the  displacements 
at  joint  ;'.  The  complete  stiffness  matrix  is  square  and  symmetric,  and  its  size  is 
p  X  q  where  p  is  the  number  of  rows  and  q  is  the  number  of  columns  and: 

p  =  q 
=  d 

where  d  is  the  number  of  joint  displacements.  The  number  of  joint  displace- 
ments, neglecting  the  support  restraints,  is: 

d  =  3w- 

where  «,  is  the  total  number  of  joints  in  the  structure.  This  provides  the  com- 
plete stiffness  matrix  of  the  free  structure  and  may  be  utilized  in  the  solution 
of  structures  with  known  support  displacements.  The  number  of  joint  displace- 
ments, allowing  for  the  support  restraints,  is: 

d  =  in-  —  r 

where  r  is  the  total  number  of  support  restraints. 

For  the  frame  shown  in  Figure  10.12,  the  size  of  the  complete  stiffness 
matrix,  neglecting  support  restraints,  is: 


pXq 


7>n-  X  3«7- 
(3  X  8)  X  (3  X 
24X24 


The  joint  displacements  are  obtained  by  inverting  the  stiffness  matrix,  and 
back  substituting  these  values  in  the  stiffness  sub-matrix  [T«|  [S^-][T«|  for  each 
member  gives  the  internal  forces  referred  to  the  x-  and  y-axes.  The  shear  force 
and  axial  force  in  each  member  may  then  be  obtained  by  resolving  forces  or  by 
using  the  expression: 


n 


tW* 
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All  internal  forces  are  considered  to  be  acting  from  the  joint  on  the  member. 

The  complete  stiffness  matrix  of  a  structure  is  symmetric  and,  provided  the 
joints  are  numbered  in  a  systematic  manner,  banded  about  the  leading  diago- 
nal. The  band  width  of  the  stiffness  matrix  is: 

b  =  3/  -  3i  +  3 

where  member  ij  is  that  member  with  the  maximum  numerical  difference 
between  the  joint  numbers  at  its  ends.  Advantage  may  be  taken  of  the  banded 
form  of  the  matrix  to  reduce  the  computer  storage  space  required.  Only  the 
elements  within  the  banded  region  need  be  stored  in  order  to  define  the  matrix, 
and  this  produces  a  condensed  rectangular  matrix  with  b  columns  and  d  rows 
where  d  is  the  number  of  joint  displacements.  The  positions  of  the  elements  in 
each  row  are  adjusted  to  bring  the  elements  of  the  leading  diagonal  [Z,y]  to  the 
left-hand  side  of  the  condensed  matrix. 

Provided  the  joints  are  numbered  systematically,  the  band  width  is  depend- 
ent on  the  number  of  joints  across  the  width  of  the  structure.  The  narrower  the 
structure,  the  smaller  the  band  produced. 

For  the  frame  shown  in  Figure  10.12,  the  band  width  is: 

b  =  3/  -  3/  +  3 

=  3X2  +  3 
=  9 

The  number  of  joint  displacements,  neglecting  the  support  restraints,  is: 

d  =  3«- 
=  3X8 
=  24 

The  size  of  the  condensed  stiffness  matrix,  neglecting  the  support  restraints,  is: 

pxq  =  dxb 
=  24X9 

The  condensed  stiffness  matrix  of  the  frame  shown  in  Figure  10.12  is: 
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[Z34] 
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nz44] 
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0 

£[ZS8] 
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0 
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The  solution  of  the  equilibrium  equations  using  the  condensed  stiffness 
matrix  may  be  achieved  with  the  Gaussian  elimination  process14.  Since  the 
band  width  of  the  stiffness  matrix,  rather  than  the  number  of  joint  displace- 
ments, determines  the  time  required  for  the  analysis,  which  is  proportional  to 
the  band  width  squared,  this  provides  a  rapid  and  efficient  solution  procedure. 
In  addition,  as  the  elimination  proceeds,  the  reduced  rows  overwrite  the  loca- 
tions occupied  by  the  original  rows,  thus  conserving  computer  storage  require- 
ments. Back  substitution,  starting  from  the  last  row  of  the  reduced  matrix, 
continues  in  a  similar  manner  to  the  elimination  process  to  obtain  the  values 
of  the  displacements. 

When  the  structure  is  subjected  to  several  alternative  loading  conditions, 
these  may  be  analyzed  simultaneously  by  replacing  the  load  vector  with  a  load 
matrix  and  the  displacement  vector  with  a  displacement  matrix. 

When  the  available  computer  capacity  limits  the  order  of  the  matrix  that  can 
be  inverted,  advantage  may  also  be  taken  of  the  banded  form  of  the  stiffness 
matrix15  by  partitioning  it  as  shown  to  give: 


ft] 

~{Pc) 

¥2) 


[Sn]  \  [S1C]  \     0 

J               J 

[SC1]    [Scc]    [SC2] 

(A) 
(A) 

0    ;  is2c]  j  is12] 

(A) 

This  is  equivalent  to  dividing  the  structure  into  two  sub-frames  with  com- 
mon joints  4  and  5.  Sub-frame  1  consists  of  members  42,  21,  13,  34,  and  35, 
while  sub-frame  2  consists  of  members  46,  68,  87,  75,  and  56. 

Expanding  the  expression  gives: 


(A) 

(A) 


^urM^l-^cKA}} 
[^rM^l-^cKA)} 
:  [[SCC]  -  [SciPhj-MSk;]  -  [SczH^r^crrMtPc] 

-[sCi][511r1{p1}-[sC2][s22ri{p2}} 


Thus,  the  number  of  arithmetic  operations  is  increased  but  the  order  of  the 
matrices  requiring  inversion  is  reduced,  and  this  reduces  the  computer  capacity 
required. 


Example  10.7 

Determine  the  member  forces  in  the  frame  shown  in  Figure  7.51,  ignoring  axial 
effects.  All  members  have  the  same  second  moment  of  area. 
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Solution 

Due  to  the  skew  symmetry,  only  half  of  the  frame  need  be  considered,  with 
a  hinge  inserted  at  the  center  of  both  beams.  The  vertical  deflection  of  both 
hinges  is  zero,  and  the  applied  load  is: 

Wx3  =  4/2 
=  2  kips 

The  member  displacement  y'i2  ,  produced  by  unit  joint  displacements  *3  and 
y$,  may  be  obtained  from  Figure  10.13  (i)  and  (ii).  Thus: 

y32  =  O.8X3  +  0.6y3 


*,  =  i 


(U 


y3=  1 


(ii)  (iii) 

Figure  10.13 


The  relationship  between  *3  and  y3  is  obtained  from  the  displacement 
diagram  at  (iii)  as: 

y3  =  0.75*3 

Thus: 

y32  =  (0.8  +  0.45)^3 


1.25*, 


Similarly: 


y'n  =  y'21 


1.25*, 


And: 


T34   =  73 


0.75*, 


yis  =  Ji 


0.75*. 
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The  transformation  matrix  is  given  by: 


#21 

1 

0 

0 

0 

y'u 

0 

1.25 

0 

0 

#23 

1 

0 

0 

0 

y'u 

0 

1.25 

0 

0 

e2 

#32 

0 

0 

1 

0 

x2 

y'u 

0 

0 

0 

1.25 

#3 

#34 

0 

0 

1 

0 

*3 

T34 

0 

0 

0 

0.75 

#25 

l 

0 

0 

0 

y'zs 

0 

0.75 

0 

0 

Taking  the  value  of  EI  as  100  kip-ft  units,  the  matrix  [  S  ]  is  given  by: 


M21 

Qii 

M23 

Ql3 

M32 

Q32 

=  EI/l 

M34 

Q34 

M25 

Q25 

40  -6  0 

-6  1.2  0 

0       0  40 

0       0  6 

0       0  20 
0       0-6 

0       0  0 

0       0  0 

0       0  0 

0       0  0 


0 
0 

6 
1.2 

6 
-1.2 
0 
0 
0 
0 


0 

0 
20 

6 

40 
-6 

0 

0 

0 

0 


0 

0 

-6 

-1.2 

-6 

1.2 

0 

0 

0 

0 


100  33.3 

33.3  11.1 

0  0 

0  0 


0 

0 

e21 

0 

0 

y'u 

0 

0 

#23 

0 

0 

Vn 

0 

0 

°M 

0 

0 

y'u 

0 

0 

#34 

0 

0 

)'34 

33.3 

3.7 

#25 

3.7 

0.41 

Vis. 
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The  matrix  [T]T[S][T]  is  given  by: 


"ei 

"xl 

Pff3 

P*3 

0 

0 

0 

2 

113.33 

2.78 

3.98 

symmetric 

20.00 

7.50 

140.00 

7.50 

-1.88 

17.50    8.13 

*3 


The  displacements  are  given  by: 


1/100 


1.12 

1.51  46.52 

■0.56  -5.78 

2.59  24.57 


0 

symmetric 

0 

1.83 

0 

5.79    32.85 

2 

0.0519 

0.4195 

-0.1159 

0.6570 


The  member  forces,  in  kip  and  ft  units,  are  obtained  by  pre-multiplying  the 
displacement  vector  by  [S][T],  since  there  are  no  fixed-end  forces.  Thus: 


M 


21 


Q21 

M 


23 


Q2 


23 


M 


n 


1.61 

0.426 
1.48 
0.632 
4.84 
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Q32 

0.632 

M34 

4.84 

Q34 

1.61 

M2S 

3.09 

Q'25 

0.344 

Example  10.8 

Determine  the  member  forces  in  the  rigidly  jointed  truss  shown  in  Figure  7.18. 
The  second  moment  of  area  of  members  14,  34,  and  24  is  30  in4  and  of  mem- 
bers 12  and  23  is  40  in4.  The  cross-sectional  area  of  members  14,  34,  and  24  is 
4  in2  and  of  members  12  and  23  is  5  in2. 


Solution 

Due  to  the  symmetry,  92,  64,  x2,  and  X4  are  zero.  Only  half  of  the  frame  need 
be  considered,  with  the  applied  loads  at  joints  2  and  4  and  the  cross-sectional 
area  of  member  24  halved  in  value. 

For  member  12,  A  =  (3)05/2  and  /u  =  —0.5,  and  the  stiffness  sub-matrix 
referred  to  the  x-  and  y-axes  is  given  by: 


LxYl 

M12 

Pill 


0.75  X  5/116  + 0.25  X 
12X40/(116)3 

0.5X6X40/(116)2 

4X40/116 

symmetric 

xi 

0.433(5/116  -  12  X  40/(116)3} 

-0.866  X6X40/(116)2 

0.25  X  5/116  + 0.75  X 
12  X  40/(1 16)3 

Ji 

0.03248 

0.00895      1.3780 
0.01854    -0.0155 


symmetric 
0.011031 
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For  member  14,  A  =  1  and  /i  =  0  and: 


vl4 


M14 


ly41 


4/100 
0 
0 

0.04 
0 
0 


4  X  30/100 
-6  X  30/(100)2 


symmetric 
12  X  30/(100)3 


T4 


1.2 
-0.018 


symmetric 


0.00036 


For  member  24,  A  =  0  and  n  =  1  and: 


!y24 


ly42 


2/58      -2/58 

^2 

-2/58      2/58 

y*. 

0.0345     -0.0345 

?2 

-0.0345       0.0 

345 

74. 

The  complete  stiffness  matrix  of  the  truss  is  given  by: 


PX1 

0 

"ei 

0 

py2 

1 

°y4 

2.5 

0.07248 

0.00895  2.57800  symmetric 

0.01854  -0.01550      0.04553 

0  -0.01800  -0.03450     0.03486 

The  joint  displacements  are: 


)'2 
>'4 


*1 

-146.2 

T2 

=  VE 

8.4 

567.7 

74 

638.0 
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The  member  forces,  referred  to  the  x-  and  y-axes  and  acting  from  the  joint 
on  the  member,  are  obtained  by  back  substitution  in  the  sub-matrices  for  each 
member.  Thus: 


Pxu 

5.84 

M12 

1.39 

Pyll 

3.42 

Pxu 

= 

-5.84 

M14 

-1.39 

^41 

0.08 

Py24 

-2.42 

The  axial  forces  and  remaining  moments  are  given  by: 


p' 

J12 

=  0.86603Pxl2  -  0.5PyU 

=  6.82  kips  compression 

V 

M4 

=  ^14 

=  —5.84  kips  tension 

pu 

=  2Py24 

=  —4.84  kips  tension 

Mn 

=  100Pyl2  +  58Pxl2  -  Ma 

=  -4.39  kip-in 

M41 

=  100Pyl4  -  M14 

=  —6.61  kip-in 

Example 

10.9 

12 


Determine  the  member  forces  in  the  Vierendeel  girder  shown  in  Figure  10.12  for 
values  oil  =  12  ft  and  W  =  10  kips.  All  the  members  are  of  uniform  cross-section. 

Solution 

Due  to  the  skew  symmetry,  only  the  lower  half  of  the  frame  need  be  consid- 
ered, with  a  hinge  inserted  at  the  center  of  each  post  and  the  applied  load  at 
joint  4  halved  in  value. 

For  members  21,  43,  65,  and  87,  A  =  0  and  \x  =  —  1,  and  the  stiffness  sub- 
matrix  referred  to  the  x-  and  y-axes  is  given  by: 


M 


21 


[3EI/6]82 
726>, 
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where   axial   effects   are   ignored   and   the   value   of  EI  is   taken   as    (12)2 
kip-ft2  units. 

For  member  46,  A  =  1  and  fi  =  0,  and  the  stiffness  sub-matrix  is  given  by: 


Py46 

12/P 

Ja 

M46 

=  EI 

Gil1 

All 

symmetric 

e4 

Py64 

-mi- 

'     -Gil1 

12/P 

)'6 

M64 

Gii1 

111 

-Gil1         All 

°6 

1 

Ja 

6    48 

symmetric 

04 

-1   -6 

1 

76 

6    24 

-6 

48 

k 

For  member  24,  y2  =  0,  A  =  1,  and  /u  =  0  and: 


M 


24 


ly42 


M, 


42 


48 
-6 
24 


symmetric 
1 
-6  48 


y4 


For  member  68,  y$  =  0,  A  =  1,  and  /u  =  0  and 


2y68 

M 


68 


Ms 


1 

: 

y6 

6 

48   ; 

symm 

»6 

6 

24 

48 

^8 

The  complete  stiffness  matrix  of  the  frame  is: 


P$i 

0 

Py4 

5 

Pff4 

0 

Py6 

0 

Pn 

0 

Pes 

0 
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120 

0i 

-6 

2 

symmetric 

)'4 

24 

0 

168 

^4 

0 

-1 

-6 

2 

)'6 

0 

6 

24  ; 

0            168 

06 

0 

0 

o   ; 

6             24 

120 

0S 

Using  the  partitioning  shown: 


)'6 
h  j 


M21 
M43 


2  0 

0        168 

1.1410 
-0.0244 

0.0101 

0.0305 

-0.0014 


0.76 
-4.18 

0.0244 

0.0077 


-4.18 
23.62 

2.83 
-17.22 


0.3        1.2 
1.2        4.8 

3.65 
0.20 


2.83 
•17.22 


M, 
M 
M 


65 


8" 


42 


M. 


68 


symmetric 

0.5913 

-0.0043         0.0062 

18.7  kip-ft 

8.6  kip-ft 

-14.4  kip-ft 

-10.1  kip-ft 

24  X  0.26  -  6  x  5.71  +  48  X  0.12 

-22.3  kip-ft 

6  X  3.65  +  48  x  -0.20  +  24  x  -0.14 

8.9  kip-ft 


0 

0.26 

9.85 

= 

5.71 

[26.70 

0.12 

10.3     Flexibility  matrix  method 

(a)  Introduction 

The  structure  shown  in  Figure  10.14  is  two  degrees  redundant,  and  these 
redundants  may  be  considered  to  be  the  internal  moments  M2  and  M3  at  joints 
2  and  3.  The  structure  is  cut  back  to  a  statically  determinate  condition  by 
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-LA 


4 
77&Z 


LA 


M, 


7T&7 


,M3 
-Q 


Figure  10.14 


77Z  '  77&7 

(ii) 


introducing  releases  corresponding  to  the  redundants.  The  external  loads  are 
applied  in  system  (i)  and  the  redundant  forces  applied  in  system  (ii).  The  actual 
structure  may  be  considered  as  the  sum  of  system  (i)  and  system  (ii).  The  loads 
applied  in  system  (i)  produce  discontinuities  [A  }  at  the  releases,  and  these 
discontinuities  may  be  calculated  by  virtual  work  or  conjugate  beam  methods. 
The  redundant  forces  applied  in  system  (ii)  produce  discontinuities  {AR}  at  the 
releases.  Since  there  are  no  discontinuities  in  the  original  structure  at  the  posi- 
tions of  the  releases: 


{AE 


-{A 


W\ 


The  discontinuities  produced  in  system  (ii)  are  given  by: 

6iR=fnRi+fnR2+-  +  fmR„ 
^=/21R1+/-22JR2+...+/2„JRH 

6R  =  fnlR1+fn2R2+...+fnnR„ 

where  the  flexibility  coefficient  /,;  is  the  displacement  produced  at  point  i  by  a 
unit  force  replacing  the  redundant  at  /',  and  Rj  is  the  redundant  at  /'.  Thus: 


m      In 
In      In 


fu 

fin 


AR  f         f  f        R 

vn  [I n\        I ril  Inn]  [     n 


or: 


{AR}  =  [F]{R] 
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where  [F]  is  the  flexibility  matrix  of  the  cut-back  structure  and  {R}  is  the 
redundant  force  vector.  The  elements  in  the  flexibility  matrix  may  be  deter- 
mined by  virtual  work  or  conjugate  beam  methods,  and  the  matrix  is  symmet- 
ric since  fu  =  fn  by  Maxwell's  reciprocal  theorem. 
Thus: 

[F]{R]  =  -{Aw} 

and  {R}  may  be  determined.  The  internal  forces  in  any  member  may  now  be 
obtained  by  summing  the  internal  forces  in  system  (i)  and  system  (ii). 

To  ensure  that  the  equations  [F]{R}  =  —  {Aw}  are  well  conditioned,  the  ele- 
ments on  the  main  diagonal  should  predominate.  This  is  achieved  by  choosing 
a  cut-back  structure  such  that  the  unit  value  of  each  redundant  produces  its 
maximum  displacement  at  its  own  release. 

Lack  of  fit  in  the  members  of  a  structure  is  equivalent  to  initial  discontinui- 
ties {A1}  at  the  releases. 

Thus: 

[F]{R}  =  -{{Ai}  +  {Aw]} 

The  relation  between  deflections  and  redundant  forces  in  the  cut-back  struc- 
ture is: 

{AR}  =  [F]{R] 
Thus: 

{R}  =  [F]-1^} 

and  the  stiffness  matrix  of  the  cut-back  structure  is  the  inverse  of  the  flexibility 
matrix  of  the  cut-back  structure. 


Example  10.10 

Determine  the   bending  moment  at  the  support   1   of  the  frame   shown  in 
Figure  10.15. 

Solution 

The  cut-back  structure  with  the  three  redundants  Hu  Vl5  Mj  is  shown  at  (i), 
and  the  displacements  corresponding  to  the  redundants  are  shown  at  (ii). 

The  external  load  W  applied  to  the  cut-back  structure  produces  the  bend- 
ing moment  diagram  shown  at  (iii).  The  resulting  displacements  xf ,  yf ,  0^ 
may  be  determined  from  the  conjugate  frame  shown  at  (iv),  where  the  elastic 
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4  A.   ££> 


^ • 

(i) 

W7/2 

• 

(iii) 


(V) 


(vii) 


(ix) 


M, 


-Yi"TV 


(ii) 


W/-/6/, 


Wlh/21, 


h2/21t 
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loads  are  represented  by  concentrated  loads  for  clarity  and  E  has  been  taken  as 
unity.  Thus: 


-Wl{U6I2  +  h/2Ix) 


xf  =  Wlh{l/6I2  +  h/4Ix) 

yf  =  -Wl2{im2  +  h/2Ix) 


Unit  value  of  H  applied  to  the  cut-back  structure  produces  the  bending 
moment  diagram  shown  at  (v).  The  resulting  displacements  may  be  determined 
from  the  conjugate  frame  shown  at  (vi)  and  are  given  by: 


feiHi 
fxim 
fjim 


-lhll2  -  h2IIx 
lh2/I2  +  2hV3Ix 
-l2h/2I2  -  lh2/2Ix 


Unit  value  of  V  applied  to  the  cut-back  structure  produces  the  bending 
moment  diagram  shown  at  (vii).  The  resulting  displacements  may  be  deter- 
mined from  the  conjugate  frame  shown  at  (viii)  and  are  given  by: 

fmx  =  12I2I2  +  lh/Ix 
fxivi  =  -l2hl2I2  ~  lh2/2I, 
fylvl=Pl312+l2hlIt 

Unit  value  of  M  applied  to  the  cut-back  structure  produces  the  bending 
moment  diagram  shown  at  (ix).  The  resulting  displacements  may  be  deter- 
mined from  the  conjugate  frame  shown  at  (x)  and  are  given  by: 


(91M1 


IxlMl 
fylMl 


lll2  +  2bllx 
-lh/I2  -  b2llx 
l2/2I2  +  lbllx 


Then,  the  expression: 


[F]{R]  =  -{Z\w}  is 


fxlHl 

fxlVl 

fylHl 

fylVl 

feiHi 

feivi 

IxlMl 

Hi 

xw 

fylMl 

Vi 

=  - 

yf 

ISIMI . 

Mx 

ef 
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Substituting  b  =  hl^lly  this  becomes: 


(2b  +  3)h2/3 
-(b  +  l)lhll 

-(b  +  \)h 


-(b  +  \)lhll 
(3b  +  l)/2/3 
(2b  +  1)1/2 


-(b  +  \)b 

Hi 

(2b  +  3)1/2 

v1 

=  Wl 

(2b +  1) 

M1 

-(3b  +  2)h/12 
(4b  +  1)1/8 
(3b  +  1)1/6 


Hi 

-(3b  +  2)h/12 

Vi 

=  Wl 

(5b2  +%  +  1)1/8 

Ml 

(3b  +  1)1/6 

Multiplying  the  first  row  by  3l(b  +  l)/2h(2b  +  3)  and  adding  to  the  second 
row  give: 


(lb  +  3)^2/3  -(b  +  l)lb/2  -(b  +  l)h 

0  I2  (15b2  +  26b  +  3)/12    (b2  +  2b)l/2 

-(b  +  l)h  (lb  +  1)112  (lb  +  1) 

Thus: 

Vj2(15b2  +  26b  +  3)/12  +  Mj(b2  +  2b)/2  =  Wl2(5b2  +9b  +  l)/8 

From  symmetry, 
V,  =  W/2 

hence: 

Mx  =Wl/12(6b  +  2) 


(b)  Automation  of  procedure 

The  flexibility  matrix  [F]  of  the  cut-back  structure  may  be  assembled  auto- 
matically from  the  flexibility  sub-matrices  of  the  individual  members.  The 
sub-matrices  for  the  members  shown  in  Figure  10.16  may  be  determined  by 
the  conjugate  beam  method  or  by  inversion  of  the  corresponding  stiffness 
matrix.  For  the  member  12,  fixed-ended  at  2  as  shown  at  (i),  the  sub-matrix  is 
given  by: 


l/EA  0  0 

0         P/3EI      -l2/2EI 
0        -l2/2EI        l/EI 


M2 
Ql2 

M12 
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h 


Qn 
Pn      11. 


Ir^    ^ 


2  * 


2    |i      M2>y 

.I)     ( 


P,9         1 


(ii) 

Figure  10.16 


(iii) 


For  the  member  12,  pinned  at  each  end  as  shown  at  (ii),  the  sub-matrix  is 
given  by: 


*1 

IIEA 

0 

0 

8i 

= 

0 

1/3EI 

-1/6EI 

h 

0 

-V6EI 

1/3EI 

l12 


M 


12 


M 


21 


For  the  member  12  of  a  pin-jointed  frame  subjected  to  an  axial  force  only  as 
shown  at  (iii),  the  sub-matrix  is  given  by: 

*,  =  [UEA]Pn 

A  structure  containing  n  members,  subjected  to  m  applied  loads  and  indeter- 
minate to  the  degree  D,  may  be  cut  back  to  a  determinate  condition  by  remov- 
ing D  redundants.  The  force  produced  in  member  i  by  the  application  of  the 
redundants  to  the  cut-back  structure  is: 


pR 


i=D 

/=1 


In  general, 
{PR}  =  [U][R] 

where  the  element  uip  of  the  matrix  [U]  is  the  force  in  member  i  due  to  a  unit 
value  of  the  redundant  Rp  {R}  is  the  column  vector  of  redundants,  and  {PR}  is 
the  column  vector  of  the  member  forces  produced  by  the  redundants  acting  on 
the  cut-back  structure.  The  discontinuity  produced  at  release  /'  by  the  applica- 
tion of  all  the  redundants  to  the  cut-back  structure  is: 


*f 


E  "aft? 


«=i 
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=  [U]r[F]{PR] 

-  [UV[F][U]{R] 

[Ft]         0 

0 

0 

0          [F,] 

0 

0 

0           0 

0 

0           0 

0 

[F„ 

where  /,  is  the  flexibility  of  member  i.  In  general: 
{A«} 

where: 


[F] 


and  [F,]  is  the  flexibility  sub-matrix  for  member  i.  The  triple  matrix  product 
[U]r[  F][U]  is  equivalent  to  the  flexibility  matrix  [F]  of  the  cut-back  structure. 
The  force  produced  in  member  i  by  the  application  of  the  external  loads  to 
the  cut-back  structure  is: 

k=m 

pw  =    E  Vtkwk 
'         k=i 

In  general: 

{Pw}  =  [v]{w} 

where  the  element  V&  of  the  matrix  [V]  is  the  force  in  member  i  due  to  a  unit 
value  of  the  applied  load  W^,  {W}  is  the  column  vector  of  applied  loads,  and 
{Pw}  is  the  column  vector  of  the  member  forces  produced  by  the  applied  loads 
acting  on  the  cut-back  structure.  The  discontinuity  produced  at  release  /  by  the 
application  of  all  the  external  loads  to  the  cut-back  structure  is: 


6f  =  E  Vftw 
In  general: 

{Aw}  =  [U]T[F]{PW} 
=  [UY[F][V]{W] 

For  the  case  of  zero  initial  discontinuities: 


{A* 


-{A 


U"i 
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and:  {R}  =  -[[U]T[F][U]]- W[*][V]{W} 

The  final  member  forces  in  the  structure  are  given  by: 

{Pw} + {pR}  =  [[V]  _  [UMuvmiun-^uvmivmw} 

The  deflection  produced  at  the  point  of  application  of  load  W^  by  all  the 
external  loads  acting  on  the  real  structure  is: 

1=1 

or,  in  general: 

{A}  =  [VY[F]{{PW}  +  {PR}} 

The  discontinuity  produced  at  release  /  by  the  final  member  forces  in  the 
structure  is 

/  =  n 


Sf  +  5?  =  E  utjft(pw  +  P,R) 

i  = 

o 


J,         u;         ,ti    "' 


In  general: 

[U]T[F]{{PW}  +  {PR}}  =  0 


and  this  may  be  used  as  a  check  on  the  computation. 

The  discontinuity  produced  at  release  ;'  by  lack  of  fit  b  of  the  members,  due 
to  thermal  changes  or  manufacturing  errors,  is: 


Sj  =  E  uqh, 


Matrix  and  computer  methods 


507 


or:  {A1}  =  [U]r{H] 
=  -{A*}  _ 
=  -[UnF][U]{R] 

The  final  member  forces  in  the  structure  are  given  by: 


{PR}  =  [U]{R] 

=  -[U][U]T[F][17]-W{H} 


The  analysis  of  structures  with  loads  applied  between  the  joints  may  be 
obtained  in  a  similar  manner16.  The  displacements  at  the  joints  in  the  cut- 
back structure  due  to  the  loads  applied  between  the  joints  are  used  to  form  the 
matrix  {H}. 


Example  10.11 

Determine  the  forces  in  the  members  of  the  pin-jointed  frame  shown  in  Figure 
10.17.  All  members  have  the  same  value  for  EA/l. 


Figure  10.17 
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Solution 

The  two  redundants  may  be  considered  to  be  the  tensile  forces  Ri  and  Rx 
in  members  15  and  24.  The  matrix  [U]  is  obtained  from  (i)  and  (ii)  and  the 
matrix  [V]  from  (iii)  and  (iv),  and  these  are  given  by: 


pR 

-1/a 

0 

pR 

l2i 

0 

-1/a 

pR 

0 

-1/a 

pR 

M5 

0 

-1/a 

P5% 

-1/a 

0 

K 

P6\ 

1 

0 

R2 

pR 
M5 

1 

0 

pR 

253 

0 

1 

pR 

0 

1 

pR 

r25 

-l/a 

-1/a 

12 

2 

1 

23 

1 

0 

34 

0 

0 

45 

0 

0 

56 

-1 

0 

wy3 

62 

—a 

—a 

wy2 

3W 

15 

0 

0 

3W 

53 

—a 

0 

24 

0 

0 

25 

1 

0 

where  a  =  (2)05  and  tensile  forces  have  been  considered  positive. 
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The  matrix  [  F  ]  is: 


1 

0  1 

0  0  1 

0  0  0     1      symmetric 

0  0  0     0     1 

0  0  0     0     0     1 

0  0  0     0     0     0     1 

0  0  0     0     0     0     0     1 

000000001 
000000000 


and: 


[U]T[P]  =  1/aEA 


1       0       0       0    -1    a    a    0    0    -1 
0-1-1-1       0    0    0    a    a    -1 


[U]T[P][U]  =  1/2EA 


7    1 
1    8 


[[UFtPJtU]]-1  =  2EA/551 


-1     7 


[U]T[P][V]  =  1/aEA 


-4    -3 
-4      0 


[[U]r[F][U]]-i[UV[F][V]  =  a/55 


-28     -24 
-24       3 
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[U][[UV[F][U]]-l[UV[F][V]  =  1/55 


28 

24 

24 

-3 

24 

-3 

24 

-3 

28 

24 

-28a 

-24a 

-28a 

-24a 

-24a 

3a 

-24a 

3a 

52 

21 

The  final  member  forces  are  given  by: 


pW 

'12 

pR 

l\2 

pW 
l23 

pR 

r23 

pW 

pR 

234 

pW 

M5 

pR 

M5 

pW 
lS6 

pW 
162 

+ 

PsR6 

e6R2 

=  1/55 

pW 
115 

pR 

pW 
*53 

pR 

J53 

pW 
l2A 

pR 

l2A 

pW 
25 

PR 

25. 

82 

31 

31 

3 

-24 

3 

-24 

3 

-83 

-24 

1 

27a 

-31a 

2 

28a 

24a 

31a 

-3a 

24a 

-3a 

3 

-21 

Matrix  and  computer  methods 


511 


1/55 


144 

37 

-18 

-18 

-131 

-89a 

76a 

-37a 

18a 

-39 


Example  10.12 

Determine  the  support  moments  of  the  continuous  beam  shown  in  Figure  7.8. 
The  relative  EI/l  values  are  shown  ringed. 

Solution 

The  support  moments  M2  and  M3  may  be  considered  to  be  the  redundants, 
and  matrix  [U]  is  obtained  from  Figure  10.18  (i)  and  (ii)  as: 


[M?i 

1 

0 

M* 

-1 

0 

M2 

Mf2 

0 

1 

M3 

Mf4 

0 

-1 

The  flexibility  sub-matrices  for  members  21  and  23  are: 
02j  =  [//3EI]M21 


11 

1/3 

-1/6 

=  //£/ 

32 

-1/6 

1/3 

M 


2? 


M„ 
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(i)  \l 

tt. 

M3  >          vM3 

t« 

(")       f 

tt 

120* 

t 

(iii)      f~~ 

h— 

80" 

H 

Figure 

tt 

:  10.18 

t 

The  matrix  [F  ]  is: 


[P]  =  1/72 


12       0       0  0 

0        8-4  0 

0-4       8  0 

0       0       0  6 


The  discontinuities  produced  by  the  application  of  the  redundants  to  the  cut- 
back structure  are  given  by  [U]T[F  ][U]{R}  and  are: 


■*f 

=  1/72 

20     4 

M2 

k\ 

4     14 

W 

The  displacements  produced  in  the  cut-back  structure  by  the  applied  load 
are  obtained  from  (iii)  as: 


{H} 


0H 

a2\ 

-Wl2/16EI 

-50 

a2i 

0 

0 

°32 

0 

0 

0H 
°14 

0 

0 
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The  discontinuities  produced  by  the  applied  load  are  given  by  [U]T{H} 
and  are: 


0? 


-50 

0 


The  support  moments  are  given  by  —  [[U]T[F][U]]   1[U]t{H}  and  are: 


M2 

=  12/55 

17.5 

-5" 

50 



191 

W 

-5 

25 

0 

-54 

Example  10.13 

Determine  the  forces  in  the  members  of  the  frame  shown  in  Figure  10.19.  All 
the  members  are  of  uniform  section. 


iok 


1  4 

/////  77777 


10' 


t  My 


T\ 


M, 


"  V, 


(i) 
Figure  10.19 


(ii) 


Solution 

The  reactions  Hu  Vl5  and  M1  may  be  considered  to  be  the  redundants,  and  the 
matrices  [U]  and  [V]  are  obtained  from  (i)  and  (ii)  as: 


Qh 

1 

0 

0 

M* 

0 

0 

1 

\H] 

Qf3 

— 

0 

1 

0 

y^ 

M& 

-10 

0 

1 

M1 

Q3K4 

-1 

0 

0 

Mf4 

-10 

-10 

1 
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OS 

0 

Mg 

0 

Q% 

0 

Mf3 

0 

Qf4 

-1 

Mf4 

0 

w, 


Ignoring  axial  effects,  the  flexibility  sub-matrix  for  member  12  is: 


Tl2 

=  //6£7 

2/2 

-3/ 

Ql2 

#12 

-3/ 

6 

kJ 

U6EI 


200     -30 
-30      6 


Q 


12 


M 


12 


The  matrix  [  F  ]  is: 


If] 


200 

—  30  6  symmetric 

0  0  200 

0  0  -30  6 

0  0  0  0     200 

0  0  0  0     -30     6 


[UV[F][U] 


[U?[F][V] 


1000     600     -120 
600      800      -90 
-120    -90       18 

-100 

-300 

30 
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[U][[UV[F][U]]-i[UY[F][V] 


0.5 

2.86 
-0.429 
-2.14 
-0.50 

2.14 

The  final  member  forces,  in  kips  and  kip-ft  units,  are  given  by: 


03 

Qh 

-5.00 

Ki 

Mf2 

-28.60 

Mf3 

+ 

Q?3 

M2R3 

= 

4.29 
21.40 

QT< 

Q?4 

-5.00 

MJA 

Mf4 

-21.40 

(c)  Nonprismatic  members 

When  the  value  of  EI  varies  along  the  length  of  a  member,  the  integrals 
involved  in  the  application  of  the  flexibility  matrix  method  may  be  evaluated 
by  Simpson's  rule.  The  member  is  divided  into  an  even  number  of  segments  of 
equal  length,  and  the  integral  of  the  function  shown  in  Figurel0.20  is  given  by: 


feds  =  bs{e1  +  4e2  +  2e3  +  4e4  +  ■■■  +  2e„_2  +  Aen_t  +  en)/3 


& 


«i 


1 

r~    l 

i    — 

1      "i 

i 

i          ' 

«2 

e3 

«4 

es 

en-\ 

1                     1 

r            \ 

r            i 

1            \ 

r            i 

r           ' 

(n  -  1)  @  8s 


Figure  10.20 
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Example  10.14 

Determine  the  support  reactions  of  the  symmetrical,  continuous  beam  shown 
in  Figure  10.21.  The  relative  EI  values  are  given  in  Table  10.1. 


M, 


rw    tr~t 


M, 


nr  "^rf^S 


Figure  10.21 
Table  10.1  Properties  of  continuous  beam  in  Example  10.14 


xit 

0 

20 

40 

60 

80 

100 

120 

EI 

1 

3 

10 

3 

1 

3 

10 

M  kip-ft 

0 

0 

0 

-600 

-800 

-600 

0 

m2  kip-ft 

0 

1/2 

1 

3/4 

1/2 

1/4 

0 

ra3  kip-ft 

0 

0 

0 

1/4 

1/2 

3/4 

1 

Mm2/EI 

0 

0 

0 

-150 

-400 

-50 

0 

m\lEI 

0 

1/12 

1/10 

3/16 

1/4 

1/48 

0 

m2miIEI 

0 

0 

0 

1/16 

1/4 

1/16 

0 

Solution 

Because  of  the  symmetry  of  the  structure  and  loading,  the  support  reactions  at 
2  and  3  are  equal.  The  moment  M2  at  these  supports  is  taken  as  the  redundant 
and  releases  introduced  at  2  and  3  to  produce  the  cut-back  structure. 

The  external  load  applied  to  the  cut-back  structure  produces  the  distribution 
of  moment  M  shown  at  (i).  Unit  value  of  each  redundant  applied  in  turn  to  the 
cut-back  structure  produces  the  moments  m2  and  ra3  shown  at  (ii)  and  (iii). 
Values  of  M,  m2  and  ra3  are  tabulated  in  Table  10.1. 

The  discontinuities  produced  at  the  releases  2  and  3  by  the  external  load 
applied  to  the  cut-back  structure  are: 


-)«' 


■j\Y 


I 


Mm2  ds/EI 


20(0  -  4  X  150 
-32,000/3 


2  X  400  -  4  X  50  -  0)/3 
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The  discontinuity  produced  at  release  2  by  the  application  of  unit  value  of 
M2  in  (ii)  is: 

f22  =   I  m\  ds/EI 

=  20(0  +  4/12  +  2/10  +  12/16  +  2/4  +  4/48  +  0)/3 
=  112/9 

=  /"33 

where  fa  is  the  discontinuity  produced  at  release  3  by  the  application  of  unit 
value  of  M2  in  (iii). 

The  discontinuity  produced  at  release  2  by  the  application  of  unit  value  of 
M2  in  (iii)  is: 

fz3  =  Jm2m3ds/EI 

=  20(0  +  4/16  +  2/4  +  4/16  +  0) 
=  20/3 

=  f32 

where  fa  is  the  discontinuity  produced  at  release  3  by  the  application  of  unit 
value  of  M2  in  (ii). 

Since  there  are  no  discontinuities  in  the  original  structure  at  the  positions  of 
the  releases: 


122       123 

hi    fa 


M, 


M, 


ef 


112/9    20/3 
20/3    112/9 


M, 


M7 


-32,000/3 
-32,000/3 


and: 


M2  =  32,000/(37.3  +  20) 

=  558kip-ft 
Vi  =  558/40 

=  14  kips  ■••  downward 
V2  =  54  kips  ■  •  •  upward 


(d)  Concordant  cable  profile 

The  application  of  the  pre-stressing  force  P,  with  an  eccentricity  e,  to  the  con- 
tinuous beam  shown  in  Figure  10.22  results  in  the  production  of  indeterminate 
reactions  at  the  supports.  The  pre-stressing  force  tends  to  deflect  the  beam, 
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A/, 


r~V~tr  i 


M, 


r  ir^#i 


Figure  10.22 

which  is  restrained  against  lateral  displacement  by  the  supports.  This  causes  sec- 
ondary moments  in  the  beam,  and  the  resultant  line  of  thrust  no  longer  coin- 
cides with  the  cable  profile,  as  is  the  case  with  a  statically  determinate  beam. 
The  indeterminate  moments  M2  and  M3  at  the  supports  may  be  considered  the 
redundants  and  releases  introduced  at  2  and  3  to  produce  the  cut-back  structure. 

The  application  of  the  pre-stressing  force  to  the  cut-back  structure  produces 
the  distribution  of  moment  M  =  Pe  shown  at  (i).  Unit  value  of  each  redundant 
applied  in  turn  to  the  cut-back  structure  produces  the  moments  m2  and  m3 
shown  at  (ii)  and  (iii). 

The  discontinuities  produced  at  the  releases  2  and  3  by  the  pre-stressing 
force  applied  to  the  cut-back  structure  are: 


91  =  JPem2ds/EI 
0P  =  JPem3ds/EI 


The  discontinuities  produced  at  release  2  by  unit  values  of  M2  and  M3 
applied  in  turn  to  the  cut-back  structure  are: 


fn  =  Jm^ds/EI 
fi3  =  fm2m3ds/EI 


The  discontinuities  produced  at  release  3  by  unit  values  of  M2  and  M3 
applied  in  turn  to  the  cut-back  structure  are: 


fn  =  Jm2m3ds/EI 
f33  =  Jmjds/EI 
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Since  there  are  no  discontinuities  in  the  original  structure  at  the  positions  of 
the  releases: 


/  m2  ds/EI  I  m2m3  ds/EI 

I  m2m3  ds/EI      J  m\  ds/EI 


M7 


M5 


fPem2  ds/EI 
JPem3ds/EI 


Expanding  this  expression  gives: 

J{Pe  +  M2m2  +  M3m3)m2  ds/EI  =  0 
J{Pe  +  M2m2  +  M3m3)m3  ds/EI  =  0 

The  final  distribution  of  moment  in  the  beam  due  to  the  pre-stressing  force 
and  secondary  effects  is: 


Pe'  =  Pe  +  M2m2  +  M3m3 


where  the  effective  cable  eccentricity  is: 


e'  =  e  +  M2m2/P  +  M3m3/P 


and  the  line  of  thrust  has  been  displaced  by  an  amount: 


M2m2/P  +  M2m3/P 


A  cable  with  an  initial  eccentricity  e'  produces  discontinuities  at  releases  2 
and  3  of: 


62  =  JPe'm2  ds/EI 

=   f(Pe  +  M2m2  +  M3m3)m2  ds/EI 
=  0 

93  =  JPe'm3ds/EI 

=   f(Pe  +  M2m2  +  M3m3)m3  ds/EI 
=  0 


Thus,  there  are  no  secondary  moments  produced  on  tensioning  this  concord- 
ant cable,  and  the  resultant  line  of  thrust  coincides  with  the  cable  profile. 
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Example  10.15 

Determine  the  distribution  of  moment  produced  in  the  frame  shown  in  Figure 
10.23  by  the  pre-stressing  force  and  secondary  effects.  The  magnitude  of  the 
pre-stressing  force  in  the  beam  is  500  kips  and  in  each  column  is  100  kips. 
The  pre-stressing  cable  has  zero  eccentricity  in  the  left-hand  column,  and  the 
eccentricities  in  the  beam  and  right-hand  column  are  tabulated  in  Table  10.2 
together  with  the  EI  values.  The  effects  of  axial  compression  in  the  frame  may 
be  neglected. 


Figure  10.23 


Solution 


The  vertical  reaction  V  at  support  1  and  the  horizontal  reaction  H  at  support  2 
may  be  considered  the  redundants  and  releases  introduced  at  1  and  2. 

The  application  of  the  pre-stressing  force  to  the  cut-back  structure  produces 
the  distribution  of  moment  M  shown  at  (i).  Unit  values  of  V  and  H  applied 
in  turn  to  the  cut-back  structure  produce  the  moments  Wj  and  m2  shown  at 
(ii)  and  (iii).  These  values  are  tabulated  in  Table  10.2  together  with  values  of 
Mmi/EI,  Mm2/EI,  m\lEl,  mklEl,  and  mtfn2IEl. 

The  discontinuities  produced  at  the  releases  1  and  2  by  the  pre-stressing 
force  are: 


yf  =  jMm^s/EI 

=  10(0  +  832  +  667)13  +  15(667  +  0  -  2500  +  208  +  0)/3 
=  -3128 

xf  =  jMm2ds/EI 

=  15(-667  +  0  +  5000  -  832  -  667)/3  +  10(111  +  252  +  0)/3 
=  15,380 


Table  10.2  Properties  of  prestressed  beam  in  Example  10.15 


X\  ft 

0 

10 

20 

— 

- 
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- 

- 

— 

- 

- 

x2  ft 

- 

- 

- 

0 

15 

30 

45 

60 

- 

- 

- 

y  ft 

- 

- 

- 

- 

- 

- 

- 

- 

0 

10 

20 

eft 

0 

0.25 

1.0 

1.0 

0 

-1.0 

0.25 

2.0 

0.5 

0.25 

0 

EI 

2 

6 

15 

15 

9 

4 

12 

30 

9 

4 

1 

M 

0 

125 

500 

500 

0 

-500 

125 

1000 

50 

25 

0 

>H[ 

0 

10 

20 

20 

15 

10 

5 

0 

0 

0 

0 

m1 

0 

0 

0 

-20 

-20 

-20 

-20 

-20 

20 

10 

0 

UmxIEI 

0 

208 

667 

667 

0 

-1250 

52 

0 

0 

0 

0 

Mm2/EI 

0 

0 

0 

-667 

0 

2500 

-208 

-667 

111 

63 

0 

m\lEI 

0 

17 

27 

27 

25 

25 

2 

0 

0 

0 

0 

m\lEI 

0 

0 

0 

27 

44.4 

100 

33.3 

13.3 

44.4 

25 

0 

mim2IEI 

0 

0 

0 

-27 

-33.3 

-50 

-8.3 

0 

0 

0 

0 

Pe 

0 

125 

500 

500 

0 

-500 

125 

1000 

50 

25 

0 

Vnii 

0 

-44 

-88 

-88 

-66 

-44 

-22 

0 

0 

0 

0 

Mm2 

0 

0 

0 

118 

118 

118 

118 

118 

-118 

-59 

0 

Pe' 

0 

81 

412 

530 

52 

-426 

221 

1118 

-68 

-34 

0 
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The  discontinuities  produced  at  releases  1  and  2  by  the  application  of  unit 
value  of  V  are: 

fn  =  Jm^ds/EI 

=  10(0  +  68  +  27)13  +  15(27  +  100  +  50  +  8  +  0)/3 
=  1242 

fn  =  I  wiw2  ds/EI 

=  15(-27  -  132  -  100  -  32  +  0)/3 
=  1460 

The  discontinuity  produced  at  release  2  by  the  application  of  unit  value  of 
H  is: 

fzi  =  fmlds/EI 

=  15(27  +  176  +  200  +  132  +  13)/3  +  2  x  10(44  +  100  +  0)/3 
=  3700 

Since  there  are  no  discontinuities  in  the  original  structure  at  the  positions  of 
the  releases: 


1242  -1460 
1460   3700 


-3128 
15380 


and: 


4.42 
5.90 


The  final  distribution  of  moment  in  the  frame  due  to  the  pre-stressing  force 
and  secondary  effects  is: 

Pe'  =  Pe  +  Vm1  +  Mm2 

and  values  of  Pe'  are  tabulated  in  Table  10.2. 


(e)  Interchanging  cut-back  systems 

The  vertical  reaction  V  at  the  support  1  of  the  propped  cantilever  shown  in 
Figure  10.24  is  taken  as  the  redundant.  The  external  load  applied  to  the  cut- 
back structure  at  (i)  produces  the  distribution  of  moment  M,  and  unit  value  of 
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IV  I 


II' 


(i) 


Figure  10.24 


(n) 


,t 


V  applied  to  the  cut-back  structure  at  (ii)  produces  the  moment  m.  The  actual 
moment  in  the  original  structure  is  (M  +  Vm). 

The  deflection  under  the  applied  load  is  obtained  by  applying  unit  virtual 
load,  in  place  of  W,  to  the  structure,  as  shown  in  Figure  10.25.  The  moment  in 
the  structure  is  then  (M  +  Vm)/W.  The  deflection  under  the  load  is  given  by: 

y  =  J(M  +  Vm)(M  +  Vm)ds/WEI 
=  JM(M  +  Vm)ds/WEI  +  [Vm(M  +  Vm)ds/WEI 


1 


Figure  10.25 

However,  to  obtain  the  deflection  y,  it  was  shown  in  Section  3.2  that  the 
unit  virtual  load  may  be  applied  to  any  cut-back  structure  that  will  support  it. 
Applying  the  virtual  load  to  the  cut-back  structures  shown  in  Figure  10.26 
(i)  and  (ii)  produces  the  moments  M/W  and  My/W,  where  Mj  is  the  moment 
produced  in  the  cut-back  structure  at  (ii)  by  the  applied  load  W.  Thus,  the 
required  deflection  y  is  also  given  by: 


JM(M  +  Vm)ds/WEI 


li 


(i) 


and: 


li 


(id 


Figure  10.26 
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and: 

y  =  JM1(M  +  Vm)ds/WEI  +  JVm(M  +  Vm)ds/WEI 
=  f(M1  +  Vm)(M  +  Vm)ds/WEI 

Thus,  the  actual  moment  in  the  original  structure  is  given  by: 
(M  +  Vm)  =  (M1  +  Vm) 

and  this  is  equivalent  to  employing  the  two  cut-back  systems  shown  in  Figure 
10.27. 

This  interchanging  of  the  cut-back  systems  may  result  in  considerable  sim- 
plification in  the  flexibility  matrix  method. 

Example  10.16 


w 


w 


1  f 


VX    j 

/ 


~\ 


Figure  10.27 


Determine  the  bending  moment  at  the  support  1  of  the  frame  shown  in  Figure 
10.28. 

Using  the  cut-back  systems  shown,  the  redundants  H5,   V5,  and  M5  are 
given  by: 


All  111  /13 
/21  122  123 
/31  132       133 


\H5 

x5 

V5 

=  - 

yf 

K 

Bf 

fn  =  Jmlds/EI 

=  IPIIE^ 
fn  =  Jm1m2ds/EI 

=  0 

=  fn 
fl3  =    I  m\m3  ds/EI 

=  -IbZ/lEI^ 

=  /31 
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+  V,  X 


^ 


M 
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7/2 


(i) 


(ii) 


dii) 


+  MSX 


i      £ 


Figure  10.28 


m3 

1 

(IV) 


/22  =  J  m2  ds/EI 

=  hl2l2EIx  +  l3/12EI2 
fi3  =   I  m2m3  ds/EI 

=  0 

=  fn 

f33=  J  mj  ds/EI 

=  2b/Ix  +  l/I2 
xf  =  J  Mm^  ds/EI 

=  0 
yf  =  jMm2  ds/EI 

=  0 
6f  =  jMm3  ds/EI 

=  Wl2/12EU 
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Substituting: 


b  =  hl1lll1  gives 


2bb2l3  0  -bb 

0         (bill  +  /2/12)  0 

-bb  0  (2b  + 1) 


\H5 

0 

0 

=  - 

0 

|m5 

Wl/12 

Expanding  this  expression  gives: 


H5bh  -  M53b/2 


0 


Hsbb  -  M5(2b  +  1)  =  Willi 


and:  M5  =  -Wl/6(b  +  2) 
H5  =  3M5/2b 

The  bending  moment  at  support  1  is  given  by: 


Mi  =  M5  -  ^H5 
=  W//12(fo  +  2) 


Supplementary  problems 

Use  the  stiffness  matrix  technique  to  solve  the  following  problems. 
S10.1  The  continuous  beam  shown  in  Figure  S10.1  has  the  relative  EI/l  val- 
ues shown  ringed  alongside  the  members.  Set  up  the  stiffness  matrix  for  the 
beam  and  determine  the  bending  moments  at  the  supports  due  to  the  applied 
loading. 


20k 

20k 

1 

r 

1 

r 

\ 
\ 

1 

© 

L2 

Q 

i 

) 

l3 

Q 

) 

4  R 

80" 


80" 


80" 


Figure  SI 0.1 
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S10.2  Figure  S10.2  shows  a  propped  frame  with  members  of  uniform  section 
and  with  a  value  of  16  kip-ft  for  Wl.  Set  up  the  stiffness  matrix  for  the  frame 
and  determine  the  bending  moments  at  the  ends  of  each  member. 


w 


v<nr- 


Figure  S10.2 


S10.3  Set  up  the  stiffness  matrix  for  the  rigid  frame  shown  in  Figure  S10.3  (i), 
in  which  all  the  members  are  of  uniform  section  and  there  is  a  fixed  support  at 
1  and  a  hinged  support  at  4.  The  inverse  of  this  matrix  is: 


h 

0.182 

&3 

94 

=  l/EI 

-  0.023 
0.114 

0.159 
-  0.046 

symmetric 
0.477 

x2/l 

0.068 

0.023 

0.136     0.099 

ll)2 


L0i 


l04 


IP, 


Determine  the  horizontal  displacement  of  joint  2  and  the  clockwise  rotation 
of  joint  4  due  to  a  clockwise  unit  moment  applied  at  support  4.  Hence,  for  the 
frame  shown  in  Figure  S10.3  (ii),  determine  the  bending  moment  M4  due  to 
the  indicated  load  H. 


(- 


H 


<M, 


(ii) 


Figure  S10.3 
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S10.4  Set  up  the  stiffness  matrix  for  the  structure  shown  in  Figure  S10.4  and 
determine  the  forces  in  the  members.  The  relative  EA  values  are  shown  ringed 
alongside  the  members. 


Figure  S10.4 

S10.5  Set  up  the  stiffness  matrix  for  the  pile  group  shown  in  Figure  S10.5  and 
determine  the  force  in  each  pile.  The  piles  are  end-bearing  and  may  be  consid- 
ered pin-ended.  The  pile  cap  may  be  assumed  to  be  rigid,  and  the  soil  under 
the  cap  carries  no  load.  The  value  of  AEIl  is  constant  for  all  piles,  and  it  may 
be  assumed  that  sin  a  =  1.0  and  cos  a  =  1/4,  where  a  =  angle  of  inclination  of 
a  pile. 


2.5' 


Figure  SI 0.5 


Use  the  flexibility  matrix  method  to  solve  the  following  problems. 
S10.6  The  cable-stayed  bridge  shown  in  Figure  S10.6  consists  of  a  continuous 
main  girder  12,  supported  on  rollers  where  it  crosses  the  rigid  piers,  and  two 
cables,  which  are  continuous  over  frictionless  saddles  at  the  tops  of  the  tow- 
ers. The  modulus  of  elasticity,  cross-sectional  areas,  and  second  moments  of 
area  of  the  members  are  given  in  the  table.  Consider  the  force  R  in  the  cable 
as  the  redundant  and  set  up  the  flexibility  matrix  for  the  cut-back  structure. 
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Determine  the  force  R  in 
over  the  girder. 

the  cables 

produced  by  a  uniform  load  of  1  kip/ft 

Member 

E 

kips/in2 

I                                    A 
in4                                      in2 

Cable 
Tower 
Girder 

30,000 
3000 
3000 

20 

100 

100,000                       1000 

i 


1 

2 

/) 

h                         /)// 

l.30'.l.3°.l.30>l.30.l«30'»l 


Figure  S10.6 


S10.7  The  symmetrical,  two-hinged  arch  shown  in  Figure  S10.7  has  a  constant 
second  moment  of  area,  and  the  arch  axis  is  defined  by  the  coordinates  given 
in  the  table.  Determine  the  value  of  the  horizontal  thrust  at  the  supports. 


X  ft 

0 

7.5 

16.8 

27.4 

39.0 

50.0 

y  ft 

0 

9.4 

17.0 

22.6 

26.0 

27.2 

5  ft 

0 

12.0 

24.0 

36.0 

48.0 

60.0 

25k 

mm  Milium  i  in  ilium  i  minimi 


Figure  S10.7 
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Elastic  instability 


Notation 

C\i  carry-over  factor  for  a  member  12  from  end  1  to  end  2 

E  Young's  modulus 

I  second  moment  of  area  of  a  member 

/  stability  function  =  2(q  +  r)  —  pir2 

/'  stability  function  =  q'  —  pir2 

I  length  of  a  member 

m  stability  function  =  2(q  +  r)lj 

m'  stability  function  =  q'lj' 

M12  moment  acting  at  end  1  of  a  member  12 

Mj2  fixed-end  moment  at  end  1  of  a  member  12 

n  stability  function  =  q  —  m(q  +  r)l2 

n'  stability  function  =  w{l  —  (oln)1} 

o  stability  function  =  r  —  m(q  +  r)/2 

P  axial  force  in  a  member 

PE  Euler  load 

Pxi  total  internal  force,  acting  in  the  x-direction,  produced  at  joint  1  by  the 
joint  displacements 

Pqi  total  internal  moment  produced  at  joint  1  by  the  joint  displacements 

P'  axial  force  produced  at  end  1  of  a  member  12  by  the  joint  displace- 
ments, referred  to  the  member  axis 

q  stability  function  =  sl/EI  =  al(sinal  —  a/cos  al)l(2  —  2 cos al  —  al  sin al) 

q'  stability  function  =  q(l  —  c2) 

Q12  shear  force  produced  at  end  1  of  a  member  12  by  the  joint 
displacements 

«12  shear  force  produced  at  end  1  of  a  member  12  by  the  joint  displace- 
ments, referred  to  the  member  axis 

r  stability  function  =  qc  =  al(al  —  sina/)/(2  —  2 cos  al  —  alsmal) 

Six  restrained  stiffness  at  end  1  of  a  member  12 

[S]  stiffness  matrix  for  the  whole  structure 

t  stability  function  =  61  {q  +  r) 

W  applied  load 

Wc  critical  load 

{W}  vector  of  external  loads  applied  at  the  joints 

x  horizontal  displacement 
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3' 

vertical  displacement 

Q 

=  (P/EI)05 

e 

rotation 

A 

=  COS  (j) 

/' 

=  sin  <fi 

P 

=  P/PE 

T 

=  A  +  fi  tan  4> 

<t> 

angle  of  rotation  due  to  sway 

{A} 

vector  of  joint  displacements 

11.1     Introduction 

If  the  applied  loads  on  a  structure  are  continuously  increased,  the  axial  forces 
and  bending  moments  in  the  members  increase  until  collapse  eventually  occurs 
either  by  plastic  yielding,  by  buckling  of  the  members,  or  by  a  combination  of 
both.  When  the  axial  forces  are  appreciable,  the  dominant  factor  is  buckling. 
In  this  chapter,  attention  will  be  confined  to  structures  in  which  the  stresses 
in  the  members  are  entirely  within  the  elastic  range  at  collapse  and  buckling 
occurs  in  the  plane  of  the  structure.  The  load  at  which  the  structure  collapses 
is  known  as  the  critical  load. 

The  effect  of  an  axial  compression  on  a  member  is  to  reduce  its  stiffness 
and  of  an  axial  tension  is  to  increase  its  stiffness.  As  the  applied  loads  on  a 
structure  increase,  the  member  forces  increase  and  the  overall  resistance  of  the 
structure  to  any  random  disturbance  decreases.  At  the  critical  load,  the  struc- 
ture offers  no  resistance  to  the  disturbance,  the  configuration  of  the  structure 
is  not  unique,  and  any  displaced  position  may  be  maintained  without  addi- 
tional load.  An  alternative  definition  of  the  elastic  failure  load  for  structures 
subjected  to  primary  bending  moments  is  the  load  at  the  transition  from  sta- 
ble to  unstable  equilibrium.  The  members  of  such  a  structure  are  subjected  to 
deformations  associated  with  the  buckling  mode  before  failure  occurs.  The 
load-displacement  curve  reaches  a  peak  at  the  failure  load,  with  increased  dis- 
placement being  produced  by  decreasing  load. 

Several  methods  are  available  for  determining  the  critical  load.  The  stiffness 
matrix  of  the  structure  may  be  formed  and,  by  trial  and  error,  the  critical  load 
is  obtained  as  the  load  that  produces  a  singular  matrix1'2.  Alternatively,  the 
largest  latent  root  of  a  matrix,  derived  from  the  stiffness  matrix,  may  be  used 
as  a  criterion3.  Moment-distribution  methods  may  be  applied  to  determine  the 
stiffness  offered  by  the  structure  to  a  random  disturbance4'5'6.  Alternatively,  the 
rate  of  convergence  of  the  moment-distribution  technique  may  be  used  as  a  cri- 
terion7. An  estimate  of  the  critical  load  may  be  determined  from  a  mathemati- 
cal approximation  to  the  applied  load-stiffness  relationship  of  the  structure8. 
The  first  method  is  readily  applied  to  simple  structures;  for  complex  structures, 
the  determinant  of  the  stiffness  matrix  may  be  evaluated  by  computer. 
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The  analysis  here  is  confined  to  structures  consisting  of  straight  prismatic 
members.  The  critical  loads  of  structures  consisting  of  non-prismatic  members 
may  be  obtained  similarly  with  the  aid  of  additional  tabulated  functions9. 

The  stability  of  structures  in  both  the  elastic  and  partially  plastic  ranges  has 
been  covered  by  Home  and  Merchant10. 


11.2     Effect  of  axial  loading  on  rigid  frames  without  sway 

(a)  Modified  moment-distribution  procedure 

The  restrained  stiffness  s  of  the  straight,  prismatic  member  12  subjected  to  an 
axial  force  P,  as  shown  in  Figure  11.1,  is  the  bending  moment  required  to  pro- 
duce unit  rotation  at  end  1,  end  2  being  fixed.  The  carry-over  factor  is  the 
ratio  of  the  moment  induced  at  2  to  the  moment  required  at  1.  The  bending 
moment  at  any  section  at  distance  x  from  1  is  given  by: 

-EI  d2y/dx2  =  s  -  sx(l  +  c)ll  +  Py 


=  l 
Figure  11.1 

The  general  solution  of  this  differential  equation  is: 

y  =  A  cos  ax  +  B  sin  ax  —  sIP  +  sx(l  +  c)IPl 

where  a  =  (P/EI)  .  The  constants  A  and  B  are  determined  from  the  end  con- 
ditions, y  =  0  at  x  =  0  and  at  x  =  I  and: 

y  =  s{cos  ax  —  (cot  al  +  c  cosec  al)  sin  ax  —  1  +  x(l  +  c)ll}IP 
The  value  of  c  is  determined  from  the  end  condition,  dyldx  =  0  at  x  =  I  and: 

c  =  (al  —  sin  a/)/(sin  al  —  al  cos  al) 
The  value  of  s  is  determined  from  the  end  condition,  dyldx  =  1  at  x  =  0  and: 

s  =  aEI(l  -  al  cot  a/)/2(tan  all!  -  all!) 

Values  of  s  and  c  have  been  tabulated11'12  and  graphed13'14'15'16.  In  Table  11.1 
the  functions  q  =  slIEI  and  r  =  qc  have  been  tabulated  in  terms  of  the  variable 
p  =  PIPe  =  a2l2h2  where  PE  is  the  Euler  buckling  load  for  a  column  hinged  at 
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Table  11.1 

Stability  functions  for  frames  without  sway 

p 

1 

r 

q' 

t 

P 

<7 

r 

<?' 

t 

4.0 

—  00 

00 

0.00 

00 

1.3 

1.89 

2.69 

-1.94 

1.310 

3.9 

-78.33 

78.57 

0.49 

24.770 

1.2 

2.09 

2.61 

-1.17 

1.277 

3.8 

-38.17 

38.65 

0.96 

12.610 

1.1 

2.28 

2.54 

-0.53 

1.245 

3.7 

-24.68 

25.39 

1.42 

8.555 

1.0 

2.47 

2.47 

0.00 

1.216 

3.6 

-17.87 

18.79 

1.89 

6.523 

0.9 

2.65 

2.41 

0.46 

1.188 

3.5 

-13.72 

14.85 

2.35 

5.309 

0.8 

2.82 

2.35 

0.86 

1.162 

3.4 

-10.91 

12.24 

2.83 

4.497 

0.7 

2.98 

2.29 

1.22 

1.138 

33 

-8.86 

10.40 

3.33 

3.916 

0.6 

3.14 

2.24 

1.54 

1.115 

3.2 

-7.30 

9.02 

3.86 

3.480 

0.5 

3.29 

2.19 

1.83 

1.093 

3.1 

-6.05 

7.96 

4.42 

3.141 

0.4 

3.44 

2.15 

2.10 

1.073 

3.0 

-5.03 

7.12 

5.05 

2.868 

0.3 

3.59 

2.11 

2.35 

1.053 

2.9 

-4.18 

6.44 

5.77 

2.646 

0.2 

3.73 

2.07 

2.58 

1.035 

2.8 

-3.44 

5.88 

6.61 

2.460 

0.1 

3.87 

2.03 

2.80 

1.127 

2.7 

-2.81 

5.42 

7.63 

2.302 

0.0 

4.00 

2.00 

3.00 

1.000 

2.6 

-2.25 

5.02 

8.95 

2.167 

-0.2 

4.26 

1.94 

3.37 

0.969 

2.5 

-1.75 

4.68 

10.75 

2.049 

-0.4 

4.50 

1.88 

3.71 

0.940 

2.4 

-1.30 

4.38 

13.47 

1.946 

-0.6 

4.74 

1.83 

4.03 

0.913 

2.3 

-0.89 

4.13 

18.19 

1.855 

-0.8 

4.96 

1.79 

4.31 

0.889 

2.2 

-0.52 

3.90 

28.78 

1.774 

-1.0 

5.18 

1.75 

4.58 

0.867 

2.1 

-0.18 

3.70 

77.83 

1.702 

-1.5 

5.68 

1.67 

5.19 

0.817 

2.0 

0.14 

3.53 

-86.86 

1.636 

-2.0 

6.15 

1.60 

5.73 

0.775 

1.9 

0.44 

3.37      ■ 

-25.35 

1.577 

-2.5 

6.58 

1.54 

6.22 

0.738 

1.8 

0.72 

3.22 

-13.78 

1.522 

-3.0 

6.99 

1.50 

6.67 

0.707 

1.7 

0.98 

3.10 

-8.83 

1.473 

-3.5 

7.37 

1.46 

7.08 

0.679 

1.6 

1.22 

2.98 

-6.03 

1.427 

-4.0 

7.74 

1.43 

7.47 

0.655 

1.5 

1.46 

2.87 

-4.22 

1.385 

-5.0 

8.42 

1.38 

8.18 

0.612 

1.4 

1.68 

2.78 

-2.92 

1.346 

-7.0 

9.62 

1.30 

9.45 

0.549 

both  ends  and  is  given  by  PE  =  tt2EII12.  Positive  values  of  p  indicate  that  P  is 
compressive  and  negative  values  indicate  that  P  is  tensile.  For  negative  values 
of  p,  a  is  imaginary,  and  the  trigonometrical  functions  in  the  expressions  for  c 
and  s  are  replaced  by  their  hyperbolic  equivalents. 

The  modified  stiffness  of  the  member  12  when  the  end  2  is  hinged  is  given  by: 

s'=s(l-c2) 

and  values  of  q'  =  s'UEI  are  tabulated  in  Table  11.1. 

Axial  loading  in  a  member  also  modifies  the  fixed-end  moments  in  the  mem- 
ber. The  bending  moment  at  any  section  a  distance  x  from  1,  for  the  uniformly 
loaded  member  shown  in  Figure  11.2,  is  given  by: 

-EI  d2y/dx2  =  -MF  +  Wx/2   -  Wx2/2l  +  Py 
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Figure  11.2 

The  general  solution  of  this  differential  equation  is: 

y  =  A  cos  ax  +  Bs'm  ax  +  MF  IP  +  W(x2  -  xl-2/a2)/2Pl 

where  a  =  (P/EI)  .  The  constants  A  and  B  are  determined  from  the  end  con- 
ditions, y  =  0  at  x  =  0  and  dy/dx  =  0  at  x  =  111  and: 

dyldx  =  (W/l-a2MF)(-sm  ax  +  cos  ax  tan  alll)IPa  +  Wx/Pl  -  WHIP 

The  value  of  MF  is  determined  from  the  end  condition,  dy/dx  =  0  at  x  =  0 
and: 

MF  =W(2-alcotal/2)/2a2l 
=  Willi 

where  t  =  6/(q  +  r)  is  a  magnification  factor  to  allow  for  the  effect  of  the  axial 
load  and  is  tabulated  in  Table  11.1.  Similarly,  the  fixed-end  moments  for  mem- 
bers subjected  to  concentrated  loads  may  be  obtained,  and  a  wide  range  of  val- 
ues have  been  presented13'  '15.  The  notation  adopted  in  the  stability  analysis 
of  frames  without  sway  is  shown  in  Figure  11.3. 

A  graphical  representation  of  the  functions  is  shown  in  Figure  11.4. 

Example  11.1 

Determine  the  moments  in  the  frame  shown  in  Figure  11.5  for  a  value  of 
W  =  0.625PE.  All  the  members  are  of  uniform  section. 

Solution 

Neglecting  the  axial  force  in  the  beam,  the  stiffness  (allowing  for  symmetry) 
and  fixed-end  moments  for  the  beam  are: 

s23  =  2EI/1     and     MF3  =  -0.25WI 

For  a  value  of  W  =  0.625PE  and  p  =  1.25,  the  stiffness  and  carry-over  fac- 
tors for  the  columns  are  obtained  from  Table  11.1  as: 

s21  =  qEI/l  =  2EI/1 

c2i  =  rlq  =  2.65/2  =  1.325 
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Figure  11.3 
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Figure  11.4 


The  distribution  factors  at  joint  2  are  0.5  and  the  final  moments  are: 


M21  =  0.25  Wl  x  0.5  =  0.125W/ 
M12  =  0.125W/  x  1.325  =  0.166W/ 
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Figure  11.5 


The  corresponding  values  obtained  when  the  axial  forces  in  the  columns  are 
neglected  are: 


M21  =  0.25W/  x  0.67  =  0.167WI 
M12  =  0.167WI  X  0.5  =  0.083W/ 


(b)  Determination  of  the  critical  load 


Consider  the  small  clockwise  moment  M  applied  to  the  rigid  joint  o  of  Figure 
11.6,  causing  the  joint  to  rotate  through  an  angle  9.  The  stiffness  of  joint  o  is: 


:Ss„ 


and 


9  =M/s„ 


\\\\\ 


Figure  11.6 

If  axial  compressive  forces  are  applied  to  the  n  members,  their  stiffnesses 
decrease,  s0  decreases,  and  9  increases.  As  the  axial  forces  are  continuously 
increased,  s0  continues  to  decrease  until  eventually,  at  the  critical  load,  elastic 
instability  occurs  at  the  joint  and  9  becomes  infinite.  In  general,  it  is  unneces- 
sary to  apply  the  exciting  moment  M  since  initial  imperfections  in  the  members 
and  unavoidable  eccentricity  of  the  axial  forces  produce  sufficient  disturbance. 
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Instability  of  the  propped  frame  shown  in  Figure  11.7  occurs  in  the  sym- 
metrical mode  shown  at  (i).  The  applied  loads  are  transferred  directly  to  the 
foundations,  and  there  is  no  axial  force  in  beam  23.  The  rotation  of  joint  3 
is  equal  and  opposite  to  the  rotation  of  joint  2,  and  the  critical  load  may  be 
determined  by  considering  the  stiffness  of  joint  2  only.  Thus: 


s23   +  s21 


■lElll  +  q'21El/l 


(i) 


At  the  critical  load: 


and 


s2=0 


<?21  =  ~2 


From  Table  11.1: 


and 


WJPE 
1.31 


W„  =1.31tt2E7//2 


Figure  11.7 


For  zero  applied  load,  the  stiffness  of  joint  2  is  5EI//.  The  variation  of  the  stiff- 
ness may  be  determined  for  different  values  of  p  and  is  plotted  in  Figure  11.8. 

When  several  joints  in  a  structure  are  involved,  it  is  necessary  to  set  up  the 
stiffness  matrix  of  the  structure.  In  section  10.2  it  was  established  that  this  is 
given  by: 

{W}=[S]{A} 


where  { W]  is  the  vector  of  external  loads  applied  at  the  joints,  {A}  is  the  vector 
of  joint  displacements,  and  [S]  is  the  stiffness  matrix  of  the  whole  structure. 
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Figure  11.8 


As  the  external  loads  are  continuously  increased,  the  axial  forces  in  the  mem- 
bers increase  and  the  elements  in  the  stiffness  matrix  change.  At  any  particular 
loading  stage,  the  joint  displacements  are  given  by: 


and 


{A}  =  [S]-HW} 


[S]-1  =  adj  [S]/\S\ 


where  adj  [S]  is  the  transpose  of  the  matrix  of  the  cofactors  of  [S]  and  ISI  is  the 
determinant  of  [S].  At  the  critical  load,  all  joint  displacements  become  infinite 
and  ISI  =  0,  i.e.,  the  stiffness  matrix  is  singular. 

To  determine  the  critical  load  for  a  particular  structure,  a  trial-and-error 
procedure  is  adopted.  A  trial  value  is  chosen  for  the  load  factor,  and  the  axial 
forces  in  the  members  are  estimated.  From  Table  11.1  the  values  of  the  stability 
functions  are  obtained  and  substituted  in  the  stiffness  matrix.  The  determinant 
of  the  stiffness  matrix  is  now  evaluated.  Several  values  of  the  load  factor  are 
tried  until  the  value  producing  a  singular  stiffness  matrix  is  obtained.  A  lower 
bound  and  an  upper  bound  on  the  critical  load  may  be  obtained  by  consider- 
ing the  member  with  the  largest  axial  force.  If  this  member  is  pin-ended,  insta- 
bility will  occur  at  a  value  of  p  =  1.  If  this  member  is  fixed-ended,  instability 
will  occur  at  a  value  of  p  =  4.  It  is  unnecessary  to  evaluate  the  determinant  for 
all  trial  values,  as  the  condition  of  the  structure  may  be  deduced  by  inspection 
of  the  stiffness  matrix.  Thus,  if  the  matrix  is  dominated  by  its  leading  diago- 
nal, the  structure  is  stable;  and  if  any  element  on  the  leading  diagonal  is  zero 
or  negative,  the  structure  is  unstable  and  the  critical  load  has  been  exceeded. 


Example  11.2 

Determine  the  value  of  W  at  which  elastic  instability  occurs  in  the  rigid  frame 
shown  in  Figure  11.9.  All  the  members  are  of  uniform  section. 
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Solution 

The  stiffness  of  joint  2  is: 

s2    =     s23   +  s21 

=  2EI/2l  +  q'21EI/l 
At  the  critical  load: 


s2  =0 


and 


Figure  11.9 


<?21   =  "I 

P21=1.18 
Hence,  instability  occurs  at  a  value  of  the  applied  load  of: 
W,  =1.18PF 


where  PF  is  the  Euler  load  for  a  column. 


Example  11.3 

Determine  the  value  of  W  at  which  elastic  instability  occurs  in  the  rigid  frame 
shown  in  Figure  11.10.  All  the  members  are  of  uniform  section. 


Solution 

Instability  occurs  in  the  mode  shown  at  (i),  and  the  rotation  of  joint  5  is  equal 
and  of  the  same  sense  as  the  rotation  of  joint  2.  Thus,  instability  at  joints  2 
and  3  only  need  be  considered. 
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Figure  11.10 


The  axial  strains  in  the  columns  produce  no  flexural  deformations,  and  the 
stiffness  sub-matrices  of  the  members  are  given  by: 


M23 

=  EI/l 

4 

2 

h 

[M32 

2 

4 

h\ 

M35 

=  EI/l 

4 

2 

^3 

[M5i 

2 

4 

02    1 

M21  =  ^EI6>2// 
M34  =  4E/03// 

Collecting  the  relevant  terms  gives: 


P$2 

=  EI/l 

(4  +  q) 

2 

02 

^03 

2 

(8  +  q) 

03 

For  a  value  of  p  =  2.6,  g  =  —2.25  and  the  determinant  of  the  stiffness 
matrix  is: 


1.75  2 

4  5.75 


2.10 


For  a  value  of  />  =  2.7,  g  =  —2.81  and  the  determinant  is: 


1.19  2 

4  5.19 


-1.82 
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Hence,  instability  occurs  at  a  value  of  p  =  2.65  and  the  critical  load  is: 
W.  =  2.65PP 


Example  11 A 

Determine  the  value  of  W  at  which  elastic  instability  occurs  in  the  rigid  frame 
shown  in  Figure  11.11.  All  the  members  are  of  uniform  section. 


ii' 


2/ 


4 
77777 
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2/ 


6 
77777 


211' 


2/ 


IV 
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Solution 

Instability  occurs  in  the  mode  shown  at  (i),  and  only  joints  2  and  3  need  be 
considered. 

Neglecting  the  effect  of  axial  strains  in  the  columns,  the  stiffness  sub- 
matrices  of  the  members  are  given  by: 


M23 

=  EIll 

1 

1 

h 

[M32 

1 

2 

O3 

m3j  =  Eie3n 

M21    =  <?21£W 

M34  = 

q34EI93 

// 

Collecting  the  relevant  terms  gives: 


loi 


l03 


EI/l 


(2  +  qn)  1 

1  (3 +  <734) 
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For  values  of  p2\  =  1.3  and  p^  =  2.6,  q%\  =  1.89  and  q^ 
determinant  of  the  stiffness  matrix  is: 


-2.25  and  the 


3.89 
1 


1 

0.75 


1.92 


For  values  of  p2i  =  1-4  and  p34  =  2.8,  q2\  =  1.68  and  q34 
determinant  of  the  stiffness  matrix  is: 


-3.44  and  the 


-2.62 


3.68  1 

1  -0.44 

Hence,  instability  occurs  at  a  value  of  p2i  =  1-34  and  the  critical  load  is: 
W,  =1.34Pc 


Example  11.5 

Determine  the  value  of  W  at  which  elastic  instability  occurs  in  the  rigid  truss 
shown  in  Figure  11.12.  All  the  members  are  the  same  length  and  are  of  uni- 
form section. 


Figure  11.12 

Instability  occurs  in  the  mode  shown  at  (i),  there  is  zero  rotation  at  joint  2, 
and  only  joints  1  and  3  need  be  considered.  The  axial  forces  in  the  members, 
assuming  all  joints  in  the  truss  are  pinned,  are  shown  at  (i),  and  the  relation- 
ships between  the  PIPe  values  are  p23  =  — Pi3  =  ~Pm  =  ^-P\i- 

The  stiffness  sub-matrices  of  the  members  are  given  by: 


Mi3 

M31 


EI/l 


fe 


'13 


'13 


013 


0i 


M 


34 


M, 


43 


EI/l 


<?34 


'34 


'34 


<?34 


03 

-0, 
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M12    =  q12EI61/l 

M32   =q13EI9i/l 

Collecting  the  relevant  terms  gives: 


Pei 

=  EIll 

(fe  +  <?13 

.  "03 

13 

'13 


(<?13  +  <?23  +  <?34  ~  r34) 


For  a  value  of  p12  =  1.7,  gi2  =  0.98,  g13  =  7.30,  g23  =  ~~  10.91,  1734  =  7.30, 
and  r34  =  r13  =  1.47  and  the  determinant  of  the  stiffness  matrix  is: 


8.28 
1.47 


1.47 
2.22 


16.22 


For  a  value  of  p\2  =  1.75,  q\2  =  0.85,  g13  =  7.37,  g23  =  ~  13.72,  g34  =  7.37, 
and  r34  =  r^  =  1.46  and  the  determinant  of  the  stiffness  matrix  is: 


8.22 
1.46 


1.46 
-0.44 


-5.75 


Hence,  instability  occurs  at  a  value  of  p12  =  1.74  and  the  critical  load  is: 

Wc  =  2(3)05  X  1.7 4PE 
=  6.03PP 


(c)  Effect  of  primary  bending  moments 

When  the  loading  on  a  structure  is  applied  only  at  the  joints,  the  members 
remain  straight  prior  to  buckling  and  no  bending  moments  are  produced  by 
the  loads.  When  the  loading  on  a  structure  is  applied  within  the  lengths  of 
the  members,  primary  bending  moments  are  produced  that  in  general  cause 
deformations  associated  with  the  buckling  mode.  In  the  case  of  a  single-bay 
frame  with  loading  applied  to  the  beam,  the  buckling  load  is  lower  than  the 
critical  load  of  an  identical  frame  with  the  loading  system  replaced  by  statically 
equivalent  loads  at  the  joints17'18'19.  The  buckling  load,  associated  with  the 
symmetrical  mode  of  instability,  is  considerably  decreased  by  primary  bending 
moments,  owing  to  the  fact  that  the  axial  force  in  the  beam  reduces  its  stiff- 
ness. The  buckling  load,  associated  with  the  side-sway  mode  of  instability,  is 
only  slightly  decreased  by  primary  bending  moments,  and  the  actual  loading 
system  may  be  replaced  by  statically  equivalent  loads  at  the  joints  with  very 
small  error. 
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Example  11.6 

Determine  the  value  of  W  at  which  elastic  instability  occurs  in  the  rigid  frame 
shown  in  Figure  11.13.  All  the  members  are  of  uniform  section. 


w 


gji 


TT 


2/ 


Figure  11.13 


4  LH      * 


Solution 

The  primary  moments  produce  an  axial  thrust  in  the  beam  that  is  equal  to  the 
horizontal  reaction  at  the  base  of  the  columns.  Allowing  for  this  axial  thrust, 
the  stiffness  of  joint  2  and  the  fixed-end  moment  at  joint  2  due  to  the  distrib- 
uted load  are: 


s2    ~  s2\     '    s23 

=  {q'21+(q23-r23)/2}EI/l 
-t23Wl/6 


Mf3 


Equating  internal  and  external  moments  at  joint  2: 

Wit  +  (fe  -  r2i)l2}EW2ll  -  t23Wl/6  =  0 
The  axial  thrust  in  the  beam  is: 

P23=H 

=  EW2q'2lll2 

Eliminating  92  from  these  two  equations  gives: 

PnWii  +  (fe  -  r23)/2]  -  q'21t23W/6  =  0 
Dividing  by  ir2EI/l2  gives: 

PiiWn  +  (<?23  -  r23)/2]  -  4q'21t23p2l/3  =  0 

Values  of  p23  are  assumed,  and  the  corresponding  values  of  p2i  are  obtained 
from  this  expression  by  trial  and  error. 
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For  a  value  of  P23  =  0.4,  (g23  —  ^23)  =  1-29,  ^3  =  1-073  and  P21  =  0.36, 
4zi  =  2.20. 

For  a  value  of  P23  =  0.8,  (^23  ~~  rii)  =  0.47,  £23  =  1-162  and  P21  =  0.59, 
q'u  =  1.58. 

For  a  value  of  p23  =  1-0,  (^23  ~~  rn)  =  0.00,  ^3  =  1-216  and  p2\  =  0.617, 
421  =  1.49. 

For  a  value  of  P23  =  1-2,  (<?23  —  r2?>)  =  -0.52,  £23  =  1-277  and  P21  =  0.59, 
42i  =  1.58. 

The  variation  of  P21  with  P23  is  shown  plotted  in  Figure  11.14.  At  the  origin, 
with  P21  and  P23  approaching  zero,  the  gradient  of  the  curve  is  given  by: 

fia/pa  =3(3  +  2/2)/12 
=  1 


Figure  11.14 

The  maximum  value  of  W  that  the  frame  can  sustain  is  the  critical  value  and 
is  given  by  the  maximum  value  of  pi\-  Hence,  instability  occurs  at  a  value  of 
Pi\  =  0.617,  and  the  critical  load  is 

Wc  =2X0.617PE 
=  1.234P£ 

where  PE  is  the  Euler  load  for  a  column. 

This  result  may  be  compared  with  the  value  of  p21  =  1.18  obtained  in 
Example  11.2  for  an  identical  frame  with  the  loading  applied  at  the  joints. 


11.3     Effect  of  axial  loading  on  rigid  frames 
subjected  to  sway 

(a)  Modified  moment-distribution  procedure 

The  methods  of  Sections  7.8  and  7.9  may  be  readily  modified  and  applied 
to  the  analysis  of  structures  subjected  to  axial  loads.  An  initial  estimate  is 
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required  of  the  axial  forces  in  the  members  and  the  corresponding  stiffness 
and  carry-over  factors  obtained.  In  addition,  in  setting  up  the  sway  equations 
allowance  must  be  made  for  the  magnification  effect  of  the  axial  loads.  A  sub- 
sequent analysis  may  be  performed  if  necessary,  using  revised  values  for  the 
axial  forces. 

The  sway  moments  produced  in  the  straight,  prismatic  member  12,  shown 
in  Figure  11.15(i),  are: 


M?2 


Mfj  =  QUI 
s(\  +  c)xll 


(i)  (ii) 

Figure  11.15 

The  application  of  an  axial  force  P  to  the  member,  as  shown  at  (ii),  results  in 
the  increased  lateral  displacement  mx,  and  the  sway  moments  are: 


Mf2 


Mfj  =  mQlll 
s(l  +  c)mxll 


where  m  is  the  magnification  factor.  Thus,  by  establishing  a  relationship 
between  P  and  m,  the  fixed-end  moments  in  an  axially  loaded  member  sub- 
jected to  sway  may  be  obtained  as  m  times  the  moments  in  the  member  with 
the  axial  load  neglected.  In  addition,  the  lateral  displacement  of  an  axially 
loaded  member  subjected  to  a  shear  force  Q  is  given  by: 

6  =  mx 
=  mQl2/2s(l  +  c) 
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Taking  moments  about  end  1  for  the  axially  loaded  member  shown  at  (ii): 

Mf2  +  Mfj  =  Ql  +  Pmx 
2s(l  +  c)mx/l  =  Ql  +  Pmx 

Neglecting  the  magnification  effect  and  the  moment  due  to  P  gives: 

2s(l  +  c)xll  =  Ql 
Thus: 

2s(l  +  c)  X  (m  —  1)  =  Pmxl  =  p-K2EImxll 
and: 

m  =  2(q  +  r)/(2q  +  2r  -  pn1) 
Similarly,  when  end  1  is  hinged,  the  magnification  factor  is  given  by: 

m'  =  q'l(q'  -  pn1) 

The  sway  equation  for  the  second  story  of  the  symmetrical  single-bay  frame 
shown  in  Figure  11.16  is: 

-2(M12  +  M21)  =   mh2(W3  +  W2) 
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Figure  11.16 
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The  initial  fixed-end  moments  required  to  satisfy  the  sway  equation  are: 

Mf2=Mft 

=  -mb2(W3  +W2)/4 

The  out-of-balance  moment  at  joint  1  is  distributed  while  allowing  joint  2  to 
translate  laterally  without  rotation  so  that  the  sway  equation  remains  satisfied. 

From  Figure  11.17  where  s'  and  d  refer  to  the  modified  stiffness  of  12  and 
the  modified  carry-over  factor  from  1  to  2: 

s'  =  s  —  mxs(l  +  c)ll 
s'c'  =  sc  —  mxs(l  +  c)ll 


+  mx  X 


s(\+c)/l 


Figure  11.17 


Neglecting  the  magnification  effect,  it  is  shown  in  Section  7.9  that: 

s'  =  s  -  s(l  +  c)ll 
s'c'  =  sc  —  s(l  +  c)/2 

Allowing  for  the  magnification  effect: 

s'  =  s  —  ws(l  +  c)/2 
=  nEI/l 
s'c'  =  sc  —  ms(l  +  c)/2 
=  oEIll 

The  modified  carry-over  factor  is: 

d  =oln 
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The  modified  stiffness  of  the  member  12  when  end  2  is  hinged  is  given  by: 

s"  =  nEI{l-(o/n)2}/l 
=  n'EI/l 

Values  of  m,  n,  n',  and  o  have  been  tabulated11  and  graphed13  and  are  pre- 
sented in  Table  11.2.  The  notation  adopted  in  the  stability  analysis  of  frames 
with  sway  is  shown  in  Figure  11.18. 

Table  11.2  Stability  functions  for  frames  with  sway 


p 

tn 

n 
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m 

n 

o 
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6.83      - 

-2.41 
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00 
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-23.45 

1.20 
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00 
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A  graphical  representation  of  the  functions  is  shown  in  Figure  11.19. 


100 


Example  11.7 

Determine  the  moments  in  the  frame  shown  in  Figure  11.20  for  a  value  of 
W  =  0.01375P£.  All  the  members  are  of  uniform  section. 
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U 


10W 


1  4 


10W 


77777 


Figure  11.20 


As  a  first  approximation,  the  axial  force  in  each  column  is  taken  as  10  W  and  in 
the  beam  as  zero.  The  stiffness,  carry-over  factors,  and  initial  sway  moments  are: 

s23  =  6EI/1 
s21  =  nEIJl 
=  0.5EI/l 

cl\  =  °ln 

=  -1.27/0.5 
=  -2.54 

=  -mWl/4 

=  -0.282W/ 

The  distribution  factors  at  joint  2  are  of23  =  12/13  and  d2\  =  1/13,  and  the 
final  moments  are: 


M23  =  0.282W/  x  12/13 

=  0.260W/ 
M12  =-0.282W/-2.54  x  0.022 Wl 

=  -0.338W/ 

The  corresponding  values  obtained  when  the  axial  forces  in  the  columns  are 
neglected  are: 

M23  =  0.25W/  X  6/7 


0.214W/ 
-0.25W/ 
-0.286W/ 


M12  =  -0.25W/  -  1  x  0.036 W7 


Example  11.8 

Determine  the  moments  in  the  frame  shown  in  Figure  11.21.  For  the  columns, 
EI  =  3  X  109  lb/in2  and  for  the  beams,  EI  =  6  X  109lb/in2. 
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Figure  11.21 


Solution 

The  Euler  load  for  each  column  is: 

PE  =tt2  X  3  X  109/(120)2 
=  2,055,000  lb 

As  a  first  approximation,  the  axial  force  in  each  column  is  taken  as  112  kips 
and  in  each  beam  as  zero.  The  p,  m,  n,  and  o  factors  are: 

p  =112,000/2,055,000 
=  0.055 


and: 


m  =  1.045,     n  =  0.81,     o 


1.1 


Because  of  the  skew  symmetry,  only  the  left  half  of  the  frame  needs  to  be 
considered,  with  a  modified  stiffness  of  6EI/1  applied  to  the  beams  and  no 
carry-over  between  the  two  halves. 

The  initial  sway  moments  are: 


Mf3=Mf2 


-4.48X10X12X1.045/4 
-140  kip-in 


MF12  = Ml, 


=  -13.44  X  10  x  12  X  1.045/4 
=  -420  kip-in 

The  distribution  procedure  and  the  final  moments  are  given  in  Table  11.3. 
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Table  11.3 

Distribution  of  moments  in 

Example  11.8 

Joint 

1 

2 

3 

Member 

12 

21 

IT 

23 

32 

33' 

Relative  EI/l 

3 

3 

2 

3 

3 

2 

Modified  stiffness 

2.43 

2.43 

12 

2.43 

2.43 

12 

Distribution  factor 

0 

0.144 

0.144 

0.168 

Carry-over  factor 

<— 

-1.35 

-1.35 

-1.35 

MF  sway 

-420 

-420 

-140 

-140 

Distribution 

81 

81 

24 

Carry-over 

-109 

-32 

-109 

Distribution 

5 

5 

18 

Carry-over 

-7 

-24 

-7 

Distribution 

3 

3 

1 

Carry-over 

-4 

-1 

-4 

Final  moments,  kip-in 

-540 

-331 

438 

-107 

-217 

217 

(b)  Modified  matrix  methods 

The  methods  of  Section  10.2  may  be  readily  modified  and  applied  to  the  anal- 
ysis of  structures  subjected  to  axial  loads.  The  stiffness  matrix  for  a  structure 
must  be  expressed  in  terms  of  the  m,  q,  and  r  functions.  An  initial  estimate  is 
required  of  the  axial  force  in  each  member  in  order  to  determine  initial  val- 
ues of  the  stability  functions,  and  the  analysis  is  then  carried  out.  A  subse- 
quent analysis  may  be  required  with  revised  values  of  the  stability  functions  if 
the  axial  forces  derived  in  the  first  analysis  differ  appreciably  from  the  initial 
estimates. 

The  stiffness  matrix  for  a  straight  prismatic  member  12,  allowing  for  axial 
strains  and  referred  to  the  member  axis,  is  given  by: 

x12 
y'12/l 

y'nll 


Determine  the  moments  in  the  frame  shown  in  Figure  11.20  for  a  value  of 
W  =  1.01375Pg.  All  the  members  are  of  uniform  section. 


P'u 

All 

IQ'n 

0 

2(q  +  r)lm 

symmetric 

M12 
P'n 

=  EI/l 

0 
-All 

(q  +  r) 
0 

q 

0 

All 

iQ'u 

0 

— 2(q  +  r)/m 

-(<?  +  r) 

0 

2(q  +  r)lm 

M2l 

0 

(q  +  r) 

r 

0 

-(q  +  r) 

q 

Examj. 

lie  11. 
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Solution 

The  axial  forces  in  the  members  may  be  estimated  from  the  results  of  Example 
11.7,  neglecting  the  sway  displacement,  as: 

P23=0.260W  +  0.338W 
=  0.598W 

10W  +  V 

10.324W 

20W-K 
=  9.676W 

The  corresponding  stability  functions  are: 

Pl3  =  0.0082,  q23  =  3.995,  r13  =  2.003 

p34  =  0.1420,  q34  =  3.810,  r34  =  2.049,  m34  =  1.136 

p21  =0.1330,  q21  =3.822,  r21  =2.048,  m21  =1.126 

Neglecting  axial  strains,  the  stiffness  submatrices  for  the  members  are  given  by: 


P34=10W  +  W-0.676W 


P21  =20W-10.324W 


M21 


EIll 


3.822 
-5.870 


-5.870 
10.426 


x2/l 


M 


2?, 


M 


52 


EIll 


3.995        2.003 
2.003        3.995 


ft 


M 


34 


£/// 


3.810 
-5.859 


-5.859 
10.314 


JQ34 
Collecting  the  relevant  terms  gives: 


0, 


x2ll 


^B2 

0 

7.817 

2.003 

-5.870 

0i 

"93 

= 

0 

=  EIll 

2.003 

7.805 

-5.859 

03 

«V2  +  ff*3 

Wl 

-5.870 

-5.859 

20.740 

x2ll 

The  joint  displacements  are: 

92  =  0. 043  54  W/2 /EI 

93  =  0.04349W/2  IEI 
x2  =  0.07283W/3/EI 
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The  moments  and  axial  forces  are: 


M34  =  3.810f?3 


-5.859x2// 


M 


43 


2.049  0,-  5. 859xJl 


M21  =  3.822  02 
M12  =  2.048  92 


-5.870x2/l 
■5.870x2/l 


l23 


■■-  5.859  63  +  10.314*2// 


P34=10W  +  (M23  +M32)// 


•0.2610W/ 
-0.3376W/ 
-0.261 1W/ 
-0.3383W/ 
=  0.4964W 
10.5221W 


l21 


20W-P 


34 


9.4779W 


An  additional  analysis  is  unnecessary,  as  the  revised  values  of  the  axial  forces 
differ  only  slightly  from  the  initial  estimate. 

(c)  Determination  of  the  critical  load 

Instability  of  frames  that  are  liable  to  sway  occurs  in  a  skew-symmetrical 
mode,  and  the  critical  load  is  invariably  lower  than  that  of  an  identical  frame 
in  which  sway  is  prevented.  In  the  case  of  a  symmetrical  single-bay  frame,  the 
stiffness  of  the  columns  is  readily  expressed  in  terms  of  the  n  and  o  functions, 
and  the  critical  load  is  the  one  that  produces  a  singular  stiffness  matrix. 

Instability  of  the  frame,  shown  in  Figure  11.22,  occurs  in  the  skew-symmet- 
rical mode  shown  at  (i).  The  rotation  of  joint  3  is  equal  and  of  the  same  sense 
as  the  rotation  of  joint  2,  and  the  critical  load  may  be  determined  by  consider- 
ing the  stiffness  of  joint  2  only.  Thus: 

s2  =  523        521 

=  6EI/l  +  ri21EI/l 


Figure  11.22 


At  the  critical  load: 


52=0 


and 


»21    ="6 
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From  Table  11.2: 
P  =  WJPv 


0.177 


and 


Wc  =  0.177tt2  EI/l2 

This  result  may  be  compared  with  the  value  of  p  =  1.31  obtained  in  Section 
11.2(b)  for  an  identical  frame  with  sway  prevented. 

In  the  case  of  multi-bay  frames,  a  procedure  similar  to  that  used  in  Section 
7.9  may  be  employed  to  reduce  the  structure  to  an  equivalent  single-bay  sym- 
metrical frame.  However,  for  the  determination  of  the  critical  load,  it  is  unnec- 
essary for  the  original  structure  to  satisfy  exactly  the  principle  of  multiples20. 
The  frame,  shown  in  Figure  11.23,  may  be  reduced  with  sufficient  accuracy  to 
the  single-bay  frame  shown  at  (i).  The  EI/l  value  for  the  beam  of  the  equivalent 
frame  is  given  by  ^kf,  where  kf  is  the  EI/l  for  beam  i  of  the  original  frame. 
The  EI/l  value  for  each  column  of  the  equivalent  frame  is  given  by  £&c/2, 
where  kj  is  the  EI/l  value  for  column  /  of  the  original  frame.  The  p  value  for 
each  column  of  the  equivalent  frame  is  given  by  HWnIT,PEn,  where  SW„  is  the 
sum  of  the  applied  loads  and  EPE„  is  the  sum  of  the  column  Euler  loads  of  the 
original  frame. 


u, 


777771 


kf 


IV, 


777777 


777777 


W3 


st° 


777777 


(i) 


ZW„/2 


ZWj/2 


777777 


Figure  11.23 

Example  11.10 

Determine  the  value  of  W  at  which  elastic  instability  occurs  in  the  rigid  frame 
shown  in  Figure  11.24.  All  the  members  are  of  uniform  section. 


Solution 

The  stiffness  of  joint  2  is: 


=  s23  +  s21 

■■  6EI/21  +  n'21EI/l 
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Figure  11.24 


At  the  critical  load: 


s2=0 


and: 


Pli  =0.142 
Hence,  instability  occurs  at  a  value  of  the  applied  load: 

Wc  =0.142tt2E7//2 

Example  11.11 

Determine  the  value  of  W  at  which  elastic  instability  occurs  in  the  rigid  frame 
shown  in  Figure  11.25.  All  the  members  are  of  uniform  section. 


Figure  11.25 
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Solution 

The  frame  may  be  replaced  by  an  equivalent  single-bay  frame  with  a  beam 
stiffness  of: 

6E(3I)/2l  =  9EI/1 

and  a  column  stiffness  of: 

nE(4I)/2l  =  InEI/l 

At  the  critical  load: 

n  =  -4.5 
p  =0.69 
=  6W/4PE 

Hence,  the  critical  load  is: 

Wc  =  0.46PE 

A  more  accurate  value  may  be  obtained  by  setting  up  the  stiffness  matrix  for 
the  original  frame.  Instability  occurs  in  a  skew-symmetrical  mode  with  93  =  9S 
and  92  =  07.  Neglecting  axial  strains,  the  stiffness  sub-matrices  for  the  mem- 
bers are  given  by: 


M23 

=  EI/l 

2 

1 

°2 

M32 

1 

2 

83\ 

M35  =  3EI63/l 


M 


21 


iQu 


EI/l 


In 
-(q21  +  r21) 


-(4n  +r2l) 
2(<?21  +  hl)/m2\ 


X2/l 


M34 

=  EI/l 

<?34 

-(<?34  +r34) 

IQ34 

~(<?34  +  r34) 

2((?34  +  r34)/m34 

%2// 


Collecting  the  relevant  terms  gives: 


lni 


'«.; 


/Pv9  +  /P„ 


EI/l 


(2  +  q21) 

1 

~(<?21  +hi) 

#2 

1 

(5  +  <?34) 

-(<?34  +^34) 

^3 

(<?21  +  >2l) 

~(<?34  +'34) 

(/21  +/34) 

X2ll 
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where: 

721  =    2(<?21  +hl)/m21 

and: 

7*34  =  2(^34  +r34)/m34 

For  values  of  P21  =  0.44  and  p^  =  0.88  the  determinant  of  the  stiffness 
matrix  is: 


5.39 

1.00 

-5.55 

1.00 

7.68 

-5.07 

-5.55 

-5.07 

8.22 

10.8 


For  values  of  p2\  =  0.46  and  p^  =  0.92  the  determinant  of  the  stiffness 
matrix  is: 


17.0 


5.34 

1.00 

-5.53 

1.00 

7.61 

-5.03 

-5.53 

-5.03 

7.49 

Hence,  the  critical  load  is: 


W,  =  0.448PF 


Example  11.12 


Determine  the  value  of  W  at  which  elastic  instability  occurs  in  the  rigid  frame 
shown  in  Figure  11.26.  All  the  members  are  of  uniform  section. 


IV 


w 


777771 


IV 


IV 


IV 


w 


1.5 


1.5 


3W/2 


O 


3W/2 


O 


1.5 


21 


777777  777777  777777 

I  2/  I  I 


(L5J 

6 

777777 


3W/2 

4 
3W/2 

5 


2/ 


(i) 


Figure  11.26 


Elastic  instability 


561 


Solution 

The  frame  may  be  replaced  by  the  equivalent  single-bay  frame  shown  at  (i), 
with  the  relative  second  moment  of  area  values  ringed.  The  stiffness  sub-matri- 
ces for  the  members  are  given  by: 


M 


1.1 


M 


n 


3EI/21 


'23 


-73 


Jli 


'23 


M21  =  3n21EW2/2l 
M34  =  6EI93/l 
M2S  =  6EW2ll 


Collecting  the  relevant  terms  gives: 


'02 


L03 


3EI/21 


(4  +  «23  +  n 


'21 


J23 


Jn 


(4  +  n 


ni 


e. 


For  values  of  p23  =  0.30  and  p2i  =  0.60  the  determinant  of  the  stiffness 
matrix  is: 


0.90 
1.74 


•1.74 
3.74 


=  0.34 


For  values  of  p23  =  0.31  and  p2\  =  0.62  the  determinant  of  the  stiffness 
matrix  is: 


4.18 


0.54         -1.78 
-1.78  3.68 

Hence  instability  occurs  at  a  value  of  p23  =  0.302  and  the  critical  load  is: 


W,  =  0.302PP 


(d)  Effect  of  primary  bending  moments 

The  buckling  load  of  a  structure  liable  to  side  sway  is  only  slightly  reduced  by 
primary  moments  caused  by  vertical  loads.  Immediately  prior  to  buckling,  the 
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expressions  derived  in  Section  11.2(c)  for  the  no-sway  case  are  applicable.  As 
buckling  occurs,  an  additional  expression  involving  the  n  and  o  functions  must 
be  satisfied. 

A  structure  subjected  to  lateral  loads,  as  in  Figure  11.20,  has  no  defined 
buckling  load21.  The  frame  displacements  approach  infinity  as  the  vertical 
loads  approach  the  elastic  critical  load  of  an  identical  frame  subjected  only  to 
vertical  loads. 

Example  11.13 

Determine  the  value  of  W  at  which  elastic  instability  occurs  in  the  rigid  frame 
shown  in  Figure  11.27.  All  the  members  are  of  uniform  section. 


Figure  11.27 


Solution 


There  is  no  sway  of  the  frame  until  buckling  occurs,  and  the  relationship 
between  p21  and  p23  established  in  Example  11.6  and  plotted  in  Figure  11.14  is 
applicable. 

As  buckling  occurs,  the  stiffness  of  joint  2  is: 


s2  =0 

=  s23   +  s21 

=  (<?23  +  r23)EI/2l  +  n'nEI/l 
=  fe  +  r23  +  2«2j 

At  the  skew-symmetrical  buckling  load,  the  relationship  between  p21  and  P23 
is  almost  linear  with:  p21  ~  Pi3- 
For  a  value  of:  p2\  =  P23  =  0.12 


<?23  +  >23  +  2«21    =  1-42 

For  a  value  of:  p21  =  p23  =  0.14 

fe  +  ^23  +  2w21    =  -0-02 
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Hence,  instability  occurs  at  a  value  of  P21  =  0.14  and  the  critical  load  is: 


W, 


2  X  0.14P£ 
0.28PP 


where  PE  is  the  Euler  load  for  a  column. 

This  result  may  be  compared  with  the  value  of  P21  =  0.142  obtained  in 
Example  11.10  for  an  identical  frame  with  the  loading  applied  at  the  joints. 

Example  11.14 

Determine  the  value  of  W  at  which  elastic  instability  occurs  in  the  rigid  frame 
shown  in  Figure  11.28.  All  the  members  are  of  uniform  section. 


W/10 


Figure  11.28 


Solution 

The  stiffness  sub-matrices  for  the  members  are  given  by: 

to 

'23 


<?21 

~<?21 

?34 
"<?34 


M23 

=  £7/2 

M32 

M21 

=  EI/l 

[IQ.21 

M34 

=  EI/l 

[IQm 

hi 

02 

<?23 

*3  | 

-<?21 

<?2 

q'21/m'21 

x2/l 

_<?34 

83 

#34 

/f 

«34 

x2/l 

Collecting  the  relevant  terms  gives: 


"$2 

0 

P<>3 

= 

0 

=  EI// 

Ki  +  ^ 

w//io 

(<?ii  +  W2) 

^23/2 

_1?21 

I3/2 

(<?34    +  to/2) 

_<?34 

-<?21 

-<?34 

(/21   +  /34 

x2ll 
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where 

h\  =  <?2i/m2i  and  ;^4  =  q'Mlm'M 

Values  of  P23  and  P34  are  estimated  and  the  corresponding  stability  functions 
inserted  in  the  stiffness  matrix.  Inverting  this  matrix  gives  the  displacements, 
and  thus  Q34,  M23,  and  M32  may  be  obtained.  The  axial  forces  in  the  members 
are  given  by: 


ln 


Q 


34 


and: 


l34 


W  +  (M23+M32)/2/ 


The  analysis  is  correct  when  these  values  agree  with  the  initial  estimates. 

For  a  value  of  W  =  0.04P£  where  PE  is  the  Euler  load  for  a  column, 
p23  =  0.0078,  p34  =  0.0427,  and  02  =  0.0090 rad. 

For  a  value  of  W  =  0.08P£,  p23  =  0.0139,  p34  =  0.887,  and 
92  =  0.0290  rad. 

For  a  value  of  W  =  0.12PE,  p23  =  -0.0089,  p34  =  0.1541,  and 
92  =  1.145  rad. 

For  a  value  of  W  =  0.13P&  p23  =  -0.0788,  p34  =  0.1908,  and 
02  =  2.047rad. 

In  Figure  11.29,  values  of  W/PE  are  plotted  against  02  and  it  may  be  seen 
that  02  approaches  infinity  as  W/PE  approaches  0.142.  In  the  same  figure  values 
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of  W/PE  are  plotted  against  92  for  Examples  11.2  and  11.10,  and  values  of  p21 
are  plotted  against  92  for  Examples  11.6  and  11.13. 

(e)  Effect  of  finite  displacements 

The  previous  analyses  have  been  based  on  small  deflection  theory,  and  the  stiff- 
ness matrix  of  the  structure  when  instability  occurs  has  been  assumed  identical 
to  the  stiffness  matrix  of  the  unloaded  structure.  In  practice,  the  finite  deflec- 
tions produced  before  instability  may  significantly  change  the  geometry  of  the 
structure.  The  columns  of  the  frame  shown  in  Figure  11.30  (i)  are  initially  ver- 
tical. On  the  application  of  a  lateral  load,  as  shown  at  (ii),  the  geometry  of 
the  frame  changes,  and  the  columns  are  inclined  at  a  sway  angle  <fi  =  x2ll.  The 
elements  in  the  stiffness  matrix  of  the  frame  depend  on  the  inclination  of  the 
columns,  and  thus  the  stiffness  matrix  is  continuously  changing  as  the  lateral 
load  increases.  In  structures  that  undergo  a  severe  change  in  geometry,  elastic 
instability  may  not  occur22. 


t      _LL 

777771 


(1) 


777777      777777 


777777 


(ii) 


Figure  11.30 

Example  11.15 

Determine  the  relationship  between  W  and  92  for  the  frame  shown  in  Figure 
11.28.  All  the  members  are  of  uniform  section. 


Solution 

At  any  given  loading  stage,  the  columns  are  inclined  at  an  angle  <j>  to  the  verti- 
cal where  <\>  =  x2ll.  The  relationship  between  horizontal  and  vertical  displace- 
ment of  a  column  top  is  y2  =  x2  tan  cf),  and  the  orthogonal  transformation 
matrix  [T21]  of  column  21  is  given  by: 


e21 

1 

0 

e2 

y'n 

0 

(A  +  fitancj)) 

x2 

where  A  =  coscj),  \i  =  sin0,  and  Ji\  is  the  displacement  of  2  perpendicular  to 
member  21. 


566 


Structural  Analysis:  In  Theory  and  Practice 


The  stiffness  sub-matrix  for  column  21,  referred  to  the  x-  and  y-axes,  is 
given  by  [T21]T[S21][T21]  and: 


M21 
IQ21 


EIll 


<?21 

-q'21r 


"2 
x2/l 


where  r  =  (A  +  p  tan  (/>). 

The  complete  stiffness  matrix  of  the  frame  is  given  by: 


"02 

0 

P<B 

= 

0 

=  EIll 

Kl  +  ip*3 

W//10 

(<?21  +  <?23/2) 


r^A 


^23/2 

(<?34  +  W2) 


-434' 


-421  T 

(/21+/34^2) 


X2// 


Values  of  P21,  P23,  P34,  and  </>  are  estimated  and  the  corresponding  stability 
functions  inserted  in  the  stiffness  matrix.  Inverting  this  matrix  gives  the  dis- 
placements, and  thus  Q34,  M23,  and  M32  may  be  determined.  The  axial  forces 
in  the  members  are  given  by: 


^23  _  Q34 


P34  =  {W  +  (M23  +  M32)/2}cos( 
*2i  =[W-  (M23  +  M32)/2}cos^ 


Q34sin^ 

(W/10  -  Q34)sin( 


The  analysis  is  correct  when  these  values  and  the  value  of  <f>  agree  with  the 
initial  estimates. 

For  a  value  of  W=  0.04P£,  p23  =  0.0078,  ^34  =  0.0427,  pu  =  0.0372, 
<t>  =  0.0182,  and  62  =  0.00898  rad. 

For  a  value  of  W  =  0.08P£,  p23  =  0.0139,  p34  =  0.0883,  p21  =  0.0710, 
<t>  =  0.0586,  and  02  =  0.02869  rad. 

For  a  value  of  W  =  0.12PE,  p23  =  -0.0019,  p34  =  0.1467,  p21  =  0.0862, 
4>  =  0.1995,  and  62  =  0.0995  rad. 

For  a  value  of  W  =  0.13P£,  p23  =  -0.0266,  p34  =  0.1668,  p21  =  0.0801, 
4>  =  0.2736,  and  62  =  0.1392  rad. 

Values  of  W/PE  are  plotted  against  92  in  Figure  11.29,  and  it  may  be  seen 
that  92  continuously  increases  as  W  increases  and  that  elastic  instability  does 
not  occur. 


11.4    Stability  coefficient  matrix  method 

A  relatively  direct  determination  of  the  critical  load  is  possible  if  member 
forces  are  related  to  joint  displacements  by  the  normal  stiffness  matrix  plus  a 
stability  coefficient  matrix  to  allow  for  the  axial  load.  The  stability  coefficient 
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matrix  is  derived  from  the  assumption  that  the  elastic  curve  of  a  member  may 
be  defined  by  a  cubic  polynomial.  For  a  member  12,  subjected  to  the  joint  dis- 
placements and  member  forces  shown  in  Figure  11.31,  the  lateral  displacement 
is  given  by: 

y  =  ax  +  a2x  +  a3x2  +  a4x3 


h    J         I  >2 


Thus: 


Figure  11.31 


and: 


6  =  dy/dx 
M/EI  =  d2y/dx2 


2a3  +  6a4x 


where  M  is  the  bending  moment  in  the  member  due  to  the  member  end  forces. 
The  joint  displacements  are  obtained  by  substituting  the  coordinates  of 
joints  1  and  2  into  the  displacement  functions.  Thus: 


Jl 

01 

= 

Jl 

02 

1 
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or: 


{A}  =  [B]{A] 
The  coefficients  of  the  cubic  polynomial  are  given  by: 
{A}  =  [EJrHA} 


1 

0 

0 

0 

IIP 

0 

3//2 

-IIP 

3//2 

IIP 

1114 

-IIP 

0 

Vi 

0 

01 

IIP 

Jl 

IIP 

h . 

where  {A}  is  the  vector  of  undetermined  constants  in  the  displacement  func- 
tions. The  total  moment  in  the  member  is  the  sum  of  M  due  to  the  member 
end  forces  and  M  due  to  the  axial  load  P.  The  moment  due  to  the  member 
end  forces  is  given  by: 

M  =  EId2y/dx2 


El[0        0        2        6x] 


=  EI[C]{A] 

=  EI[C][B]-HA] 

The  member  deformations  are  given  by: 

&6  =  M/EI 

=  [C][B]-!{A} 

The  moment  due  to  the  axial  load  is  given  by: 

M  =  Py 


P  [l 


P[D]  {A} 
P[D][B]-i{A} 
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The  member  end  forces  {P}  are  statically  compatible  with  the  total  moment 
in  the  member  (M  +  M ).  Hence,  during  any  imposed  virtual  displacements, 
the  internal  work  done  and  the  external  work  done  sum  to  zero.  The  external 
work  done  is  the  sum  of  each  member  end  force  multiplied  by  the  correspond- 
ing virtual  displacement.  The  internal  work  done  is  the  product  of  the  virtual 
deformation  in  the  member  and  the  total  moment,  including  the  moment  due 
to  the  axial  load23.  Applying  unit  virtual  joint  displacements  successively  while 
the  remaining  displacements  are  prevented  produces  the  virtual  deformations 
[C][B]_1[7].  Then,  equating  external  and  internal  work: 

[I]{P}  =  /0'([C][B]-1[I])T(M  +  M)ck 

Expanding  each  term  separately: 

/JucprwM  dx  =Eifj)  ([cprwucprMA})  dx 

=  £/([B]-i)T/o,[C]T[C]dx[B]-MA} 
where: 


[C]T[C]  = 


r'tcrtqdx 

Jo 
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0 
12x 
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4/ 
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6/2 
12/3 


(lB]-')Tfc[C]T[C]dx[B]-i 


12//3 

6//2 

-12//3 

6//2 


6//2 
All 
-6/12 
111 


-12//3 

-6//2 

12//3 

-Gil1 


and  this  is  the  normal  stiffness  matrix  for  a  member, 

/J  ([C1[B]-WM  dx=  /J  ([C][Bri[/])T(P[D][B]-i{A})  dx 
=  PUB]-1)*/'  [CV[D]  dx  [B]-MAJ 


6//2 

2// 

-6//2 

4// 
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where: 


[Qr[D] 


J0[CV[D]dx 
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2/3/3 

/4/2 

3/2 

2/3 
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6/5/5 

-6/51 

-1/10 

6/5/ 

-1/10 

r[D]  dxlB]-1  = 

-1/10 
6/5/ 

-2//15 
1/10 

1/10 
-6/5/ 

//30 
1/10 

-1/10 

I 

/30 

1/10 

-2//15 

and  this  is  the  stability  coefficient  matrix.  The  individual  elements  in  the 
matrix  do  not  involve  the  axial  load  as  a  parameter.  The  matrix  may  be  com- 
puted explicitly  for  each  member  and  remains  independent  of  the  axial  load. 
Thus  the  relationship  between  member  forces  and  joint  displacement  is: 
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x2/l 

-4\ 

h   . 

and  this  is  valid  for  a  tensile  load  with  a  change  of  sign. 

The  displacement  function  used  in  the  above  derivation  is  exact  so  far  as 
member  forces  are  concerned  and  provides  an  approximate  expression  for  the 
displacements  produced  by  an  axial  load.  Provided  that  failure  of  the  structure 
occurs  in  the  sway  mode,  the  axial  loads  are  small  and  the  deformations  of  the 
members  agree  closely  with  the  assumed  displacement  function.  Thus,  a  good 
estimate  of  the  critical  load  is  obtained,  and  this  is  an  upper  bound  because  of 
the  constraints  imposed  by  the  assumed  displacement  function.  The  accuracy 
may  be  further  improved  by  dividing  each  member  into  a  number  of  smaller 
segments24,  thus  increasing  the  number  of  degrees  of  freedom.  Alternatively, 
additional  terms  may  be  introduced  into  the  sub-matrix  for  each  member,  cor- 
responding to  the  first  and  second  buckling  modes  of  a  built-in  strut25. 
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For  the  column  shown  in  Figure  11.32  the  relationship  between  member 
forces  and  joint  displacements  is  similarly  obtained  as: 
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EI/l 
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Figure  11.32 


Example  11.16 

Determine  the  value  of  W  at  which  elastic  instability  occurs  in  the  rigid  frame 
shown  in  Figure  11.22.  All  the  members  are  of  uniform  section. 

Solution 

The  stiffness  sub-matrices  for  the  members  are  given  by: 


M23  =  6EI62/l 


and 
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Collecting  the  relevant  terms  gives: 
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The  determinant  of  the  stiffness  matrix  is  zero  for  a  value  of: 
p  =  0.185 
and: 


W.  =0.185tt2E/// 


Example  11.17 

Determine  the  value  of  W  at  which  elastic  instability  occurs  in  the  rigid  frame 
shown  in  Figure  11.25.  All  the  members  are  of  uniform  section. 

Solution 

The  stiffness  sub-matrices  for  the  members  are  given  by: 

M35=3EI83/l 
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Collecting  the  relevant  terms  gives: 
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The  determinant  of  the  stiffness  matrix  is  zero  for  a  value  of: 

p  =  0.453 
and: 

W-  =  0.453tt2£J//2 
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Supplementary  problems 

SI  1.1  Determine  the  value  of  W  at  which  elastic  instability  occurs  in  the  rigid 
frame  shown  in  Figure  SI  1.1.  The  frame  is  braced  against  lateral  translation, 
and  all  the  members  are  of  uniform  section. 
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Figure  SI  1.1 


S11.2  All  the  members  of  the  symmetrical  rigid  frame  shown  in  Figure  S11.2 
are  of  uniform  section.  Determine  the  value  of  W  at  which  elastic  instability  of 
the  frame  occurs  in  its  own  plane. 
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Figure  SI  1.2 
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S11.3  All  the  members  of  the  braced  frame  shown  in  Figure  S11.3  are  of  uni- 
form section.  Set  up  the  stiffness  matrix  for  the  frame  and  hence  determine  the 
value  of  W  at  which  elastic  instability  occurs.  The  loading  on  the  members 
may  be  replaced  by  equivalent  static  loading  at  the  joints. 
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Figure  SI  1.3 


SI  1.4  All  the  members  of  the  rigid  frame  shown  in  Figure  SI  1.4  are  of  uni- 
form section,  and  the  frame  is  hinged  at  supports  1  and  5.  The  dimensions  and 
loading  are  indicated  on  the  figure,  and  the  Euler  load  for  member  12  is  8  W. 
Determine  the  load  factor  against  collapse  by  elastic  instability  of  the  frame  in 
its  own  plane. 
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Figure  SI  1.4 
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SI  1.5  Set  up  the  stiffness  matrix  and  determine  the  value  of  W  in  terms  of  the 
Euler  load  at  which  elastic  instability  occurs  in  the  symmetrical  rigid  frame 
shown  in  Figure  SI  1.5.  All  the  members  are  of  uniform  section. 
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Figure  SI  1.5 
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Notation 

c  carry-over  factor  for  a  member 

{C}  plastic  force  vector 

E  modulus  of  elasticity 

I  second  moment  of  area  of  a  member 

/  stability  function  =  2(q  +  r)  -  pn1 

/'  stability  function  =  q'-pn2 

I  length  of  a  member 

m  stability  function  =  2(q  +  r)lj 

M12  moment  acting  at  end  1  of  a  member  12 

n  stability  function  =  q  -  m(q  +  r)/2 

N  load  factor 

Nc  load  factor  against  elastic  instability 

Nj  load  factor  against  elastic  instability  of  the  deteriorated  structure 

Nf  load  factor  against  elastic-plastic  failure 

NR  Rankine-Merchant  load  factor 

Nu  load  factor  against  rigid-plastic  collapse 

o  stability  function  =  r  -  m(q  +  r)/2 

P  axial  force  in  a  member 

PE  Euler  load 

q  stability  function  =  sl/EI  =  a/(sin  al  -  al  cos  a/)/(2  -  2  cos  al  -  al  sin  al) 

q'  stability  function  =  equals  q(l  -  c1) 

r  stability  function  =  qc  =  al(al  -  sin  a/)/(2  -  2  cos  al  -  al  sin  al) 

[S]  stiffness  matrix  for  the  whole  structure 

W  applied  load 

Wc  critical  load 

Wj  critical  load  of  the  deteriorated  structure 

Wf  load  producing  elastic-plastic  failure 

Wr  Rankine-Merchant  load 

Wu  load  producing  rigid-plastic  collapse 

{ W]  vector  of  external  loads  applied  at  the  joints 

x  horizontal  displacement 

y  vertical  displacement 

a  equals  {P/EI)°-S 

9  rotation 

p  equals  PIPe 

[A]  vector  of  joint  displacement 
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12.1     Introduction 

The  collapse  of  a  normal  structure  is  influenced  by  both  elastic  instability 
effects  and  by  plastic  yielding  in  the  members.  In  chapter  9  plastic  theory  is 
used  to  determine  the  collapse  load  of  an  ideal  rigid-plastic  structure  in  which 
bending  effects  predominate  and  axial  effects  may  be  neglected.  Chapter  11 
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considers  the  ideal  elastic  structure  in  which  axial  forces  are  appreciable  and 
the  stresses  in  the  members  are  entirely  within  the  elastic  range  at  collapse. 
Thus,  failure  occurs  due  to  buckling  effects  at  the  elastic  critical  load  of  the 
structure.  The  present  chapter  deals  with  the  determination  of  the  failure  load 
of  a  structure,  taking  account  of  both  plastic  yielding  and  instability  effects. 

(a)  Linear  elastic  response 

The  uniform  frame  shown  in  Figure  12.1  is  designed  with  a  load  factor  Nu 
against  rigid-plastic  collapse  (ignoring  instability  effects)  and  with  a  load  fac- 
tor Nc  against  elastic  instability  (assuming  that  the  members  exhibit  indefinite 
elastic  behavior).  Disregarding  both  instability  effects  and  plastic  yielding,  the 
linear  elastic  response  of  the  frame  to  a  proportional  increase  in  the  applied 
loads  is  linear,  as  shown  in  Figure  12.2.  A  linear  relationship  exists  between 
the  horizontal  deflection,  x2,  of  joint  2  and  the  applied  load  W. 


(b)  Rigid-plastic  response 

The  rigid-plastic  collapse  mode  of  the  frame  is  shown  in  Figure  12.1  (i),  and 
the  ultimate  load  for  proportional  loading  is: 
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For  a  value  of  the  plastic  moment  of  resistance  of  0.667WI,  the  load  factor 
against  rigid-plastic  collapse  is: 

Nu  =  WJW 

=  2 

Ignoring  the  change  in  the  geometry  of  the  frame  as  loading  increases,  the 
rigid-plastic  response  curve  is  shown  in  Figure  12.2  as  a  horizontal  line,  with 
no  displacements  being  produced  until  the  load  Wu  is  applied. 


(c)  Linear  elastic-plastic  response 

The  linear  elastic-plastic  response  curve  is  determined  by  tracing  the  forma- 
tion of  plastic  hinges  as  loading  increases.  Allowing  for  the  linear  elastic  effects 
at  loads  less  than  Wu,  the  linear  response  curve  is  followed  as  the  loads  are 
increased  until  the  first  plastic  hinge  forms  in  the  frame  at  joint  4  at  a  load 
factor  of  1.60.  The  equivalent  loading  applied  to  the  frame  subsequent  to  the 
formation  of  this  plastic  hinge  is  shown  in  Figure  12.1  (ii).  The  formation  of 
the  hinge  may  be  simulated  by  the  insertion  of  a  frictionless  hinge  at  4  and 
the  application  of  a  moment  of  magnitude  Mp.  The  stiffness  of  the  frame  is 
reduced,  and  displacements,  for  a  given  increase  in  applied  load,  are  greater 
than  in  the  original  frame.  The  linear  elastic-plastic  response  is  thus  a  series  of 
straight  lines  with  the  rate  of  growth  of  displacements  increasing  as  the  stiff- 
ness deteriorates  with  the  formation  of  each  plastic  hinge.  The  sequence  of  for- 
mation of  the  hinges  is  shown  in  Figure  12.2,  and  the  equivalent  frame,  on 
the  formation  of  each  additional  hinge,  is  shown  in  Figure  12.1  at  (iii)  and 
(iv).  The  second  hinge  forms  at  joint  3  at  a  load  factor  of  1.74,  and  the  third 
hinge  forms  at  5  at  a  load  factor  of  1.94.  The  collapse  mechanism  is  produced 
when  the  last  hinge  forms  at  joint  1  on  the  application  of  the  load  Wu  at  a  load 
factor  of  2.00. 


(d)  Elastic  instability 

Assuming  indefinite  elastic  behavior,  the  elastic  critical  load  may  be  obtained 
from  the  equivalent  frame  and  loading  shown  in  Figure  12.1  (v)  by  equat- 
ing the  stiffness  of  joint  2  to  zero.  Thus,  allowing  for  the  skew  symmetry  and 
ignoring  the  axial  force  in  the  beam: 

n12EI/l12  +  6EIH13  =  0 
«i2  +  3  =  0 

and  from  Table  11.2: 

l.SWc/PE  =  0.61 
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where  PE  is  the  Euler  load  of  column  12.  For  a  value  of  PE  of  9.82  W  the  load 
factor  against  elastic  instability  is: 

Nc  =  WJW 

=  4 

No  displacement  occurs  in  the  frame  until  the  critical  load  is  applied  when 
infinite  displacements  are  produced,  resulting  in  the  horizontal  line  shown  in 
Figure  12.2. 

(e)  Elastic  response 

The  elastic  response  of  the  actual  frame  to  the  actual  loading,  allowing  for 
instability  effects  and  assuming  indefinite  elastic  behavior,  is  non-linear,  and 
displacements  approach  infinity  as  the  elastic  critical  load  is  approached.  A 
close  approximation  to  the  elastic  response  is  obtained  by  multiplying  the  lin- 
ear elastic  displacement  at  a  given  load  factor  N  by  the  amplification  factor 
1/(1  —  N/NJ.  This  follows  since  the  deflected  shape  of  the  structure  is  largely 
controlled  by  the  sway  deflections,  and  the  displacement  components  of  the 
lowest  critical  mode  predominate  as  the  first  critical  load  is  approached1'2. 

(f)  Elastic-plastic  response 

In  the  actual  frame,  allowing  for  both  instability  effects  and  plastic  yielding  of 
the  members,  the  elastic  response  is  followed  until  the  first  plastic  hinge  forms 
at  joint  4  at  a  load  factor  of  1.21.  Displacements  now  increase  more  rapidly  as 
the  response  follows  a  new  elastic  curve  corresponding  to  the  reduced,  or  dete- 
riorated, structure.  This  deteriorated  structure  is  obtained  by  taking  only  that 
part  of  the  actual  structure  that  is  still  behaving  elastically.  The  deteriorated 
structure,  on  the  formation  of  the  first  hinge,  is  shown  in  Figure  12.1  (vi),  and 
its  deteriorated  critical  load,  W41,  is  the  value  of  the  applied  load  that  causes 
the  stiffness  matrix  of  the  deteriorated  structure  to  become  singular.  This  value 
is  given  by: 

1.5  Wdl/PE  =  0.38 

Thus,  the  first  deteriorated  structure  has  a  load  factor  against  instability  of: 

Nrfi  =    Wdl/W 
=  2.5 

After  the  formation  of  the  first  hinge,  the  displacements  follow  the  curve 
shown  by  the  broken  line  in  Figure  12.2,  and  this  is  asymptotic  to  the  load 
factor  Ndl.  The  first  plastic  hinge  forms  at  a  lower  load  than  in  the  linear 
elastic-plastic  case  due  to  the  reduction  in  the  stiffness  of  the  frame  by  the 
instability  effects. 
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The  second  plastic  hinge  forms  at  joint  3  at  a  load  factor  of  1.30,  and  the 
deteriorated  critical  load,  for  the  second  deteriorated  structure  shown  in  Figure 
12.1  (vii),  is  Nd2  =  1.7.  This  is  lower  than  the  rigid-plastic  load  factor,  and  it  is 
clear  that  this  load  factor  cannot  be  attained.  The  load-displacement  curve  again 
exhibits  a  discontinuity  of  slope  on  the  formation  of  the  plastic  hinge  at  joint  3, 
and  displacements  follow  a  curve  that  is  asymptotic  to  the  load  factor  Nd2- 

The  third  plastic  hinge  forms  at  joint  1  at  a  load  factor  of  1.33,  and  the  criti- 
cal load  for  the  deteriorated  structure  shown  in  Figure  12.1  (viii)  is  Nd3  =  0.35. 
The  structure  is  now  unstable;  loading  must  be  decreased  to  maintain  equilib- 
rium; and  the  load  factor  Nf  at  which  the  third  hinge  forms  represents  the  load 
factor  against  elastic -plastic  failure.  The  increasing  displacements  produced  by 
a  reduction  in  the  loading  follow  a  curve  that  approaches  the  load  factor  Nd3 
from  above. 

The  last  plastic  hinge  forms  at  joint  2  at  a  load  factor  of  0.98,  and  this  pro- 
duces the  collapse  mechanism  shown  in  Figure  12.1  (ix).  The  elastic-plastic 
collapse  mechanism  is  thus  quite  different  from  the  rigid-plastic  collapse  mech- 
anism. In  addition,  the  sequence  of  hinge  formation  differs  from  that  obtained 
in  a  linear  elastic-plastic  analysis,  and  this  is  a  general  characteristic3. 

Several  methods  have  been  proposed  for  determining  the  elastic-plastic 
failure  load,  and  three  of  these  methods  will  be  considered  here. 


12.2    The  Rankine-Merchant  load 

The  Rankine-Merchant  method4  is  a  means  of  estimating  the  failure  load  of 
a  structure  from  values  of  the  rigid-plastic  collapse  load  and  the  elastic  insta- 
bility collapse  load.  A  good  approximation  to  the  elastic-plastic  load  factor  is 
provided  by  the  Rankine  load  factor,  NR,  which  is  given  by: 

1/NR=1/NC+1/NU 

When  yield  effects  predominate,  this  empirical  expression  equates  NR  to  Nu. 
Similarly,  when  instability  effects  predominate,  NR  is  equated  to  Nc.  Hence, 
for  these  limiting  states,  NR  provides  an  exact  estimate  of  Nf.  For  intermediate 
conditions  the  Rankine  expression  also  gives  good  results5'6. 

The  linear  elastic  load-displacement  relationship  of  a  typical  frame  is  shown 
in  Figure  12.3  (i).  The  load  factor  against  elastic  instability  is  Nc,  the  linear  dis- 
placement at  this  load  factor  is  5C,  and  the  linear  displacement  at  an  arbitrary 
load  factor,  N,  is  5/.  Then: 

N6C  =  Nc6, 

The  point  P  is  obtained  from  the  point  of  intersection  of  the  horizontal 
and  vertical  lines  RP  and  QP.  The  linear  displacement  of  the  frame  at  the  load 
factor  N'  is  6' .  Then: 

N%  =  Nfi' 
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From  the  similar  triangles  RPQ  and  SON: 

5'  =   6C(N'  -  N)/N 
=  Nc(6'  -  5,)/N 
=  V(l  "  N/NJ 

where  1/(1  -  N/Nc)  is  the  amplification  factor  discussed  in  section  12.1.  Thus, 
6'  is  the  elastic  displacement  of  the  frame  at  the  load  factor  N,  and  the  point  P 
lies  on  the  elastic  response  curve. 

The  load  factor  against  rigid-plastic  collapse  of  a  typical  frame  is  Nu,  and 
the  linear  displacement  at  this  load  factor  is  6U.  Then  from  Figure  12.3  (ii): 


6J6,  =  NJN, 
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From  the  similar  triangles  SON  and  STQ: 
NJNR  =(SC+SJ8C 

=  i  +  K'K 

and: 

1/NR  =  1/N6  +  VNU 

The  linear  elastic-plastic  response  of  an  ideal  frame  is  shown  in  Figure 
12.3  (iii).  Frame  displacements  follow  the  linear  response  curve  until  all  plas- 
tic hinges  form  simultaneously  at  the  rigid-plastic  collapse  load.  The  elastic- 
plastic  response  of  this  ideal  frame  follows  the  elastic  curve  OP,  derived  in 
(ii)  to  the  point  P  when  all  plastic  hinges  form  simultaneously  and  collapse 
occurs.  Hence,  for  this  ideal  frame,  the  elastic-plastic  load  factor  Nf  equals  the 
Rankine  load  factor  NR.  In  an  actual  structure,  allowing  for  both  instability 
effects  and  plastic  yielding  of  the  members,  the  elastic  response  is  followed 
until  the  first  plastic  hinge  forms  in  the  structure.  Displacements  now  increase 
more  rapidly  as  the  response  follows  a  new  elastic  curve  corresponding  to  the 
reduced,  or  deteriorated,  structure.  The  stiffness  of  the  deteriorated  structure 
corresponds  to  the  part  of  the  actual  structure  that  is  still  behaving  elastically, 
the  formation  of  the  plastic  hinge  being  simulated  by  the  insertion  of  a  fric- 
tionless  hinge  and  the  application  of  an  external  moment  of  magnitude  Mp. 
Thus,  in  an  actual  structure,  the  elastic-plastic  response  lies  below  the  ideal 
response  as  hinges  form  one  at  a  time  and  displacements  increase  more  rapidly 
as  the  stiffness  deteriorates.  The  value  of  Nf  thus  appears  to  be  lower  than  NR. 
In  practice,  it  is  found  that  NR  gives  a  reasonable  lower  bound  to  Nf,  provided 
that  side  loads  are  not  excessive7. 

The  Rankine  load  factor  for  the  frame  shown  in  Figure  12.1  is,  given  by: 

NR  =  4/(1  +  2) 
=  1.333 

The  actual  elastic-plastic  load  factor  is: 

Nf  =  1.336 


Example  12.1 

Determine  the  load  factors  against  elastic  instability  and  rigid-plastic  collapse 
of  the  frame  shown  in  Figure  12.4.  Determine  the  Rankine  load  factor  for  a 
ratio  Mp/I  =  2  kip  in~3.  The  values  of  the  plastic  moments  of  resistance  and 
the  second  moments  of  area  of  the  members  are  shown  in  the  figure,  and  the 
modulus  of  elasticity  is  29,000  kip/in2. 


Elastic-plastic  analysis 


585 


77777 


77777 


(1) 


Figure  12.4 


The  Euler  load  of  column  21  is: 

PE  =  tt2E(2I)/(180)2 
=  17.677  kips 

The  Euler  load  of  column  23  is: 

PE  =  7r2£T/(144)2 
=  13.81/ kips 

At  the  elastic  critical  load,  as  shown  at  (i),  the  P/Pe  ratios  in  the  columns  are: 

p21  =  8ANJ17.67I 

=   0A75NJI 
P23  =  2ANJ13.81I 

=  0.1 74NJI 
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and: 

Pu  =  2.735/323 
The  stiffness  sub-matrices  for  the  members  are  given  by: 
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Collecting  the  relevant  terms  gives: 
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The  determinant  of  the  stiffness  matrix  is  zero  for  a  value  of  pu  of  0.775. 
Thus: 


N, 


0.7757/0.475 
1.637 


Rigid-plastic  collapse  of  the  frame  occurs  in  the  mechanism  shown  at  (ii)  and: 

12NM(28.8  +  72. 
Mp  =  64.65NU  kip-in 


24Mp  =  12NM(28.8  +  72.0  +  6.0  +  22.5) 


thus: 


N„ 


0.0155  M„ 


=  0.0317 
The  Rankine  load  factor  is  given  by: 


1/NR 


1/N,  +  1/N„ 


and: 


NR  =  0.0307 


12.3    The  deteriorated  critical  load 

The  formation  of  plastic  hinges  in  a  frame  is  equivalent  to  the  insertion  of  fric- 
tionless  hinges  in  the  frame.  The  stability  of  the  frame  now  depends  on  the 
stiffness  of  the  remaining  elastic  structure,  and  in  general  the  elastic  critical  load 
of  the  deteriorated  frame  is  lower  than  the  critical  load  of  the  original  frame. 
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The  frame  shown  in  Figure  12.5  collapses  as  the  combined  mechanism 
shown  at  (i)  at  a  load  factor  Nu.  The  load  factor  against  elastic  instability  Nc  is 
assumed  to  be  higher  than  Nu.  As  the  loading  is  progressively  increased,  plastic 
hinges  are  produced,  and  their  formation  at  the  center  of  each  beam  results  in 
the  deteriorated  structure  shown  at  (ii).  This  deteriorated  structure  has  a  criti- 
cal load  identical  with  that  of  the  original  frame,  since  the  hinges  are  at  points 
of  contraflexure  in  the  beams.  The  formation  of  plastic  hinges  at  the  right-hand 
end  of  each  beam  results  in  the  deteriorated  structure  shown  at  (iii).  This  dete- 
riorated structure  has  a  critical  load  lower  than  that  of  the  original  frame,  since 
the  beam  stiffnesses  are  reduced  to  approximately  75  percent  of  their  original 
values.  The  formation  of  plastic  hinges  at  both  the  center  and  right-hand  end 
of  each  beam  results  in  the  deteriorated  structure  shown  at  (iv).  The  beams 
have  now  been  reduced  to  zero  stiffness,  and  the  remaining  elastic  structure 
consists  of  two  freestanding  cantilevers,  three  stories  in  height,  which  have  a 
much  lower  critical  load  than  that  of  the  original  frame.  If,  at  any  stage  in  the 
formation  of  plastic  hinges,  the  critical  load  of  the  deteriorated  frame  is  lower 
than  the  applied  load  producing  the  hinges,  the  failure  load  has  been  attained. 

The  procedure  for  determining  the  failure  load  consists  of  tracing  the  devel- 
opment of  plastic  hinges  as  the  applied  loading  is  increased  and  determining 


Figure  12.5 
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the  critical  load  for  each  deteriorated  frame8.  For  simple  structures,  this  may 
be  effected  by  moment  distribution  methods,  making  an  initial  estimate  of  the 
axial  forces  in  the  members  and  allowing  for  the  modified  stiffness  and  carry- 
over values.  For  more  complex  structures,  the  use  of  a  digital  computer  is  nec- 
essary, and  this  procedure  is  presented  in  section  12.4. 

Example  12.2 

The  bottom  two  stories  of  a  multistory  frame  are  shown  in  Figure  12.6,  where 
the  second-story  columns,  at  3  and  4,  are  free  to  sway  but  are  fixed  against 
rotation.  Beam  25  has  a  second  moment  of  area  of  /  in4  and  a  plastic  moment  of 
resistance  of  180  kip-in.  All  columns  have  a  second  moment  of  area  of  0.61  and 
a  plastic  moment  of  resistance  of  100  kip-in.  Determine  the  load  factor  against 
elastic-plastic  failure  if  the  axial  load  in  the  columns  is  0.28  of  the  Euler  load. 
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Figure  12.6 


The  stiffness  of  the  members  of  the  frame  shown  at  (i)  are: 


s21    ~     s23 

=  <?E(0.6/)/10 
=  3.62  X  0.6EI/10 
=  0.217EI 
s2J  =  2E7/30 
=  0.067EI 
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The  distribution  factors  at  joint  2  are: 

"21    =  "23 

=  0.217/0.501 
=  0.434 
d25  =  0.067/0.501 
=  0.132 

The  initial  fixed-end  moments  in  the  frame  are: 

Mis   =  "M5f2 

=  7.5  X  360/12 
=  225  kip-in 

The  final  moments  in  the  frame  are: 

M21  =  M23 

=  -225  x  0.434 

=  -98  kip-in 
M2S  =196  kip-in 

Thus,  as  loading  is  increased,  plastic  hinges  are  produced  simultaneously  at 
both  ends  of  the  beam  at  a  load  factor  of: 

N  =  180/196 
=  0.92 

The  deteriorated  structure,  at  this  load  factor,  is  shown  at  (ii),  and  the  deteri- 
orated critical  load  is  obtained  by  equating  the  stiffness  of  joint  2  to  zero.  Thus: 

2  X  0.6w21/10  +  0  =  0 


hi  =0 


and: 


Wdl/PE  =  0.25 
Ndl  =  0.25/0.28 
=  0.89 

This  is  less  than  the  load  factor  required  to  produce  the  plastic  hinges,  and 
thus  elastic-plastic  failure  occurs  at  a  load  factor  of: 

Nf  =  0.92 


12.4    Computer  analysis 

Methods,  have  been  proposed  for  both  the  linear  elastic-plastic  analysis  of  frames 
and  grids9'10  and  for  the  elastic-plastic  analysis  of  frames11'12.  An  alternative 
method  is  available  for  the  elastic-plastic  analysis  of  frames13'14'15'16,  but  this  has 
the  disadvantage  of  producing  a  larger  stiffness  matrix  that  is  non-banded. 
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Neglecting  instability  effects,  the  procedure  consists  of  setting  up  the  stiff- 
ness matrix  in  the  usual  way  and  obtaining  the  linear  elastic  displacements  by 
inverting  and  multiplying  by  the  load  vector.  The  member  forces  are  obtained 
by  back  substitution  in  the  stiffness  sub-matrices  for  each  member.  The  load 
vector  is  progressively  increased  until  the  first  plastic  hinge  forms  in  the  struc- 
ture, when  both  the  stiffness  matrix  and  the  load  vector  require  modification. 

(a)  Linear  elastic-plastic  analysis 

For  the  uniform  frame  shown  in  Figure  12.7,  the  linear  elastic-plastic  response 
curve  has  been  obtained  and  is  shown  in  Figure  12.18.  The  first  plastic  hinge 
forms  at  joint  7  in  member  47.  Prior  to  the  formation  of  this  hinge,  the  stiff- 
ness submatrix  for  member  47,  for  the  displacements  and  forces  shown  in  Figure 
12.8,  is  given  by: 
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Figure  12.7 
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Figure  12.9 


After  the  formation  of  the  hinge  at  joint  7,  the  member  may  be  replaced  by 
a  member  hinged  at  7  with  an  applied  moment  Mp,  The  member  forces  are 
obtained  from  Figure  12.9  and  are  given  by: 


M. 


47 


IP 


_i'47 

M74 


EIll 


3 

3 

0 

e4 

1/2' 

3 

3 

0 

y*n 

+  Mp 

3/2 

0 

0 

0 

.°7 

1 

or: 


IP 


47  I 


[S'47]{A47}  +  {C47} 


where  {P47}  and  {A47}  are  the  member  forces  and  end  displacements  of  member 
47,  [S47]  is  the  modified  stiffness  matrix,  and  {C47}  is  the  plastic  force  vector 
for  member  47.  The  stiffness  sub-matrices  of  all  the  members  are  combined  in 
the  usual  way  to  give  the  complete  stiffness  matrix  of  the  deteriorated  struc- 
ture [S],  and  the  modified  load  vector  is  obtained  by  subtracting  the  plastic 
force  vector  from  the  corresponding  terms  of  the  vector  of  external  loads  [W]. 
In  general: 

{W}  -  {Q  =  [S]{A] 

and  the  analysis  continues  with  a  reduced  loading  system  applied  to  the  dete- 
riorated structure.  Frame  displacements  are  obtained  by  inverting  the  stiffness 
matrix  and  multiplying  by  the  modified  load  vector  [W  —  Q.  Member  forces 
are  obtained  by  back  substitution  in  the  stiffness  submatrices  for  each  member, 
modified  where  necessary. 

As  the  modified  load  vector  is  progressively  increased,  the  second  plastic 
hinge  forms  at  joint  8  in  member  58.  For  subsequent  loading  the  stiffness  sub- 
matrix  for  member  5  is  modified,  the  load  vector  is  again  modified,  and  the 
member  forces  are  given  by: 


& 


5X1 


[S']{A58}  +  {C5S} 
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The  third  plastic  hinge  forms  at  joint  4  in  member  47,  which  is  now  hinged  at 
both  ends.  The  member  forces  are  obtained  from  Figure  12.10  and  are  given  by: 
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Figure  12.10 

The  complete  stiffness  matrix  of  the  structure  and  the  load  vector  are  again 
modified,  and  loading  proceeds  until  the  last  hinge  forms  at  joint  5  in  member 
58.  The  collapse  mechanism  is  shown  in  Figure  12.11,  and  the  complete  linear 
elastic-plastic  response  curve  is  shown  in  Figure  12.18. 


Figure  12.11 


(b)  Elastic-plastic  analysis 

For  elastic-plastic  analysis  the  procedure  is  similar  and  consists  initially  of 
assembling  the  stiffness  matrix  of  the  structure  using  the  stiffness  submatrices 
for  each  member,  allowing  for  instability  effects.  For  a  member  12,  considering 
the  forces  and  displacements  shown  in  Figure  12.12,  this  is  given  by: 
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Figure  12.12 


where  the  stability  functions  are  defined  in  the  notation.  An  initial  estimate  is 
made  of  the  axial  forces  in  the  members,  and  the  complete  stiffness  matrix  is 
obtained.  Solving  for  joint  displacements  and  member  forces  provides  revised 
values  of  the  axial  forces.  The  procedure  continues  until  the  revised  values  of 
the  axial  forces  are  in  close  agreement  with  the  previous  values. 

As  the  applied  loading  is  progressively  increased,  the  first  plastic  hinge 
forms  in  a  member;  this  corresponds  to  the  insertion  of  a  frictionless  hinge 
in  the  member  and  the  application  of  an  external  moment  Mp.  The  modified 
stiffness  matrix  for  a  member  12  with  a  plastic  hinge  at  2  is  obtained  from 
Figure  12.13  as: 
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or: 


{P12}  =  [S'n]{A12}  +  {C12} 


These  values  are  used  to  assemble  the  stiffness  matrix  of  the  deteriorated  struc- 
ture [S1]  and  the  reduced  load  vector  {W}  -  {C12}.  Thus,  for  the  deteriorated 
structure: 

{W}  -  {C12}  =  [S']{A] 

where  {W]  is  the  vector  of  applied  loading,  which  is  progressively  increased 
until  the  next  plastic  hinge  forms,  and  so  on. 

The  modified  stiffness  matrix  for  a  member  with  a  plastic  hinge  at  both  ends 
is  obtained  from  Figure  12.14  as: 
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Figure  12.14 

When  allowance  is  made  for  instability  effects  in  the  frame  shown  in  Figure 
12.7,  the  modified  stiffness  sub-matrix  for  member  47  is  given  by: 
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An  initial  estimate  is  made  of  the  axial  forces  in  all  members,  and  the  com- 
plete stiffness  matrix  is  obtained.  Solving  for  displacements  and  member  forces 
provides  revised  values  of  the  axial  forces.  The  procedure  continues  until  the 
correct  values  are  obtained. 

As  the  loading  is  progressively  increased,  the  elastic  response  curve  is  fol- 
lowed until  the  first  plastic  hinge  forms  at  joint  7  in  member  47.  The  member 
forces  are  given  by: 
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For  subsequent  loading,  the  stiffness  matrix  and  the  load  vector  are  modi- 
fied, and  the  response  now  follows  a  new  elastic  curve,  which  is  asymptotic 
to  the  critical  load  factor  of  the  first  deteriorated  structure  with  Nc  =  3.00. 
Loading  proceeds  until  the  second  plastic  hinge  forms  at  joint  8  in  member  58. 

The  third  plastic  hinge  forms  at  joint  2  in  member  12  at  the  elastic- 
plastic  load  factor  of  Nf  =  1.56.  Prior  to  the  formation  of  this  hinge,  the  stiff- 
ness sub-matrix  for  member  12,  for  the  displacements  and  forces  shown  in 
Figure  12.15,  is  given  by: 
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Figure  12.15 


Subsequent  to  the  formation  of  the  plastic  hinge  at  2,  the  member  forces  are 
obtained  from  Figure  12.16  as: 
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(Mp-px2yi 


Figure  12.16 


The  modified  stiffness  sub-matrix  and  the  plastic  force  vector  are  given  by: 
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The  structure  becomes  unstable  on  the  formation  of  the  plastic  hinge  at  2,  and 
loading  must  be  decreased  to  maintain  equilibrium.  The  last  plastic  hinge  forms 
at  joint  7  in  member  76,  producing  the  collapse  mechanism  shown  in  Figure 
12.17.  The  complete  elastic-plastic  response  curve  is  shown  in  Figure  12.18. 


Figure  12.17 
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Answers  to  supplementary 
problems  part  2 

Chapter  1 

The  degree  of  indeterminacy  of  the  frames  are: 

51.1  D  =  1 

51.2  D  =  1 

51.3  D  =  12 

51.4  D  =  22 

51.5  (i)  D  =  7 
(ii)     D  =  7 

51.6  (i)  D  =  3 

(ii)  D  =  0 

(hi)  D  =  0 

(iv)  D  =  0 

51.7  (i)  D  =  5 
(ii)  D  =  9 
(hi)  D  =  3 
(iv)  D  =  1 
(v)  D  =  l 

Chapter  2 

52.1  5  =  ^4(4//3a  -  l/3)/8£7 

52.2  8  =  2.16  in  upward 

52.3  52  =  0.114  in 
<53  =  0.068  in 
W=  16.75  kips 

52.4  HIV  =  0.65 

52.5  64  =  0.59  in 
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52.6  M12  =  -138kip-in 
M21  =  -102  kip-in 
M23  =  -112  kip-in 
M32=  -128  kip-in 

Q12  =  -Q21  =  Q23  =  -Q32  =  2kips 
«53  =  907,200/EJ  +  480/AG 

52.7  Mj  =  lOatEI/al2 
Vj  =20atEI/aP 
Mj  =  80atEI/a2l4 


Chapter  3 

53.1  P24  =  32.66kips  compression 

53. 2  P24  =  1.07kips  tension 

P26  =  10.33  kips  compression 

53.3  P13  =  W/(5.407  +  0.472a2A/Z)  compression 

53. 4  P34  =  11  kips  compression 

53. 5  P12  =  132  kips  tension 

53.6  H  =  62.5  kips 

53. 7  H  =  8.28kips 

53. 8  H  =  0.166W 

53.9  T  =  20.5  kips 


Chapter  4 


S4.1 

Mj  = 

=  Wafe2//2 

S4.2 

C?1  = 

£3  = 

5W/2/128EI 
3WP/256EI 

S4.3 

£2  = 

wa\l  -  a/4)/6EI 

S4.4 

M12 
M21 

=  0.345M 
=  -0.147M 

S4.5 

M12 
M21 

=  -47.5kip-ft 
=  -31.3kip-ft 
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S4.6 

M12  = 
M2i  = 

-25. 74  kip-ft 
-32.45  kip-ft 

S4.7 

M12  = 
M21  = 

-101  kip-ft 
-113  kip-ft 

S4.8 

M12  = 
M21  = 

-Pab(a  +  b)/l2 
-Pab{a  +  b)ll2 

S4.9 

M12  = 

Pb{l2  -  b2)/2l2 

S4.10 

M12  = 
M21  = 

-21.45  kip-ft 
-7. 10  kip-ft 

Chapter  5 

S5.1 


xll         0.2  0.4  0.6  0.8  1.0 

V2         0.36         0.64         0.84         0.96  1.00 


S5.2       For  member  12 


xll  0.2  0.4  0.6  0.8 

M2ll         0.048         0.084         0.096         0.072 


For  member  23 


S5.3 


xll  0.2  0.4  0.6  0.8 

M2ll         0.064         0.072         0.048         0.016 


x  0'  20'  40'  60'  80' 

H,         0.153         0.264         0.375         0.462         0.486 


S5.4 


Panel  point      12  3  4  5  6  7 

R-i  1.000     0.610     0.264     0.000     -0.069      -0.055     0.000 


Chapter  6 


S6.1       M12  =  0.345M 
M2i  =  -0.147M 
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56.2  M12  =  -47.6kip-ft 
M21  =  -31.3kip-ft 

56.3  M12  =  2.54kip-ft 

56.4  M12  =  -25.7kip-ft 
M21  =  -32.5kip-ft 

56.5  M12  =  -101  kip-ft 

M21  =  -133kip-ft 

56.6  M12  =  -Fab1/? 
M21  =  -Pba2/? 

56.7  M12  =  Pfe(/2  -  £2)/2/2 

56.8  s12  =  -0.275EJ 
c12  =  0.444 

M12  =  -21.55  kip-ft 
M21  =  -7.05  kip-ft 

56.9  H=  1.08  kips 

56.10  M  =  34.4  kip-in 

56.11  M12  =  -441b-ft 
M21  =  -36lb-ft 


Chapter  7 


S7.1 


V2  =  7.60  kips 
V3  =  8.32  kips 
V4  =2.08  kips 


57.2  Mj  =  19  kip-in 
Vj  =2.68  kips 

Hj  =  0.48 kips  ...  acting  to  the  right 

M4  =  38  kip-in 

V4  =  3.32  kips 

H4  =  1.9 kips  ...  acting  to  the  left 

57.3  M2  =  1682kip-in 
M3  =  421  kip-in 
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57.4  M2    =  3.5  kip-in 
Mj    =  10.5  kip-in 
M3    =  0.7kip-in 

57.5  M2    =  75kip-ft 
M3    =  50kip-ft 

57.6  M2   =9.1kip-ft 
M3    =  13.5kip-ft 
M4    =  15.1kip-ft 

57.7  M2    =  197kip-in 
M3    =  237  kip-in 

57.8  M12  =  -138  kip-in 
M21  =  -102  kip-in 
M23  =  -112  kip-in 
M32  =  -128  kip-in 
M36  =  128  kip-in 
M25  =  214  kip-in 

P12   =  5.70kips  ...  tension 

P23    =  2. 13 kips  ...  tension 

P36    =  2.00 kips  ...  compression 

P25   =  Okips 

Qu  =  2.00kips 

Q23  =  2.00  kips 

Q36  =  2.13kips 

Q25  =  3.57kips 

57.9  M12  =  -687kip-ft 
M21  =  -811kip-ft 
M23  =  347kip-ft 
M32  =  154kip-ft 
M34  =  257kip-ft 
M43  =  242kip-ft 
M45  =  239kip-ft 
M54  =  259kip-ft 

57.10  M12  =  -322kip-ft 
M21  =  -277kip-ft 
M23  =  -184kip-ft 
M32  =  -415kip-ft 
M34  =  652kip-ft 
M43  =  548kip-ft 
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S7.ll     M21  =  -225kip-ft 
M23  =  -28kip-ft 
M32  =  -80kip-ft 
M34  =  -14kip-ft 
M43  =  -22kip-ft 


Chapter  8 


58.1  M30  =  1351.7  +  712.8  =  2064.5kip-in 
V30  =  94.7  +  40.5  =  135.2kips 

58.2  Mj  =  153  kip-in 


S8.3        k 


S8.4 


S8.5 


w 


190 


P47  =  8.6  kips 


ht 


p/120  =  0.133{EhIbIAtEt 


1/3 


(11)     M6  =  250y12/(5)*  +  50yiAl(5fA  +  150y5 
(iii)    The  influence  line  ordinates  for  M6  are: 


x,it  0 

I  L  ordinates  for  M6      -40.5 


50         100      150         200         250 
-21.0  0        21.0        41.8        65.2 


Chapter  9 


S9.1 

S9.2 
S9.3 


lla 

w  = 


=  3.17 

=  58.5Mp//2 

14.8  in3 


W/H  >  8/3  ...  for  the  beam  mode 
W/H  <  2/3  . . .  for  the  sway  mode 
2/3  <  W/H  <  8/3  ...  for  the  combined  mode 


59.4  Mp  =  9.42kip-ft ...  for  the  columns 
Mp  =  18.84kip-ft ...  for  the  beams 

59.5  Mp  =  25kip-ft ...  for  the  posts 
Mp  =  50kip-ft ...  for  the  chords 

59.6  Mp  =  Wl 

x2  =  5Mpl2{5)0s/24EI 
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S9.7        (i)    W  =  2.QMpla 
(ii)   W  =  3Mp/a 
(in)  W  =  2.80Mp/a 


S9.8       M„ 


Wall 


Chapter  10 


S10.1      The  stiffness  matrix  is: 


^02 

=  EIll 

20 

6 

^2 

"03 

6 

28 

*3| 

The  final  moments  are: 

M12  =  42.75  kip-in 
M21  =  85.5  kip-in 
M34  =  236.6  kip-in 
M43  =181.7  kip-in 


S10.2      The  stiffness  matrix  is: 


P$2 

=  £7// 

8 

1 

^2' 

/SI 

2 

4 

kl 

The  final  moments  are: 

M21  =  12/7  kip-ft 
M32  =  12/14  kip-ft 


S10.3      The  stiffness  matrix  is: 


ltn 


l0i 


L04 


IP, 


EIll 


h 

symmetric 

h 

4 

e4 

-6 

24 

x2/l 

MA 


0A36l2/EI 
0.4771/ EI 
-0.2851H 
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S10.4      The  stiffness  matrix  is: 


Pxi 


l/i 


EM 


2.723 
0.548 


0.548 
2.296 


The  member  forces  are: 


'12 
Pl3 


l14 
Pl5 


-0.490W 
0.460W 
1.428W 
-0.433W 


S10.5     The  stiffness  matrix  is: 


~  yo 


l0a 


EAIl 


3/16 

symmetric 

1/4 

3 

9/8 

1/2 

The  member  forces  are: 

?!  =  0.00  kips 
P2  =8.52  kips 
P3  =  11.48  kips 

S10.6     The  flexibility  matrix  is: 


-Si 


3002 
0 


0 
3002 


41/4 


The  cable  force  is: 

R  =  20.5  kips 

S10.7     The  horizontal  thrust  H  may  be  taken  as  the  redundant. 
Then: 

H  =  11  kips 


Chapter  11 

511.1  Wc  =  2.55PE 

511.2  Wc  =  3.1P£ 
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SI  1.3     The  stiffness  matrix  is  given  by 


Lt>2 


l03 


EIll 


(4  +  q'2l)  2 

2  (6  +  q'M) 


wc  =  1.55PE/l 


SI  1.4     The  stiffness  matrix  is  given  by 


l»2 


<03 


'04 


-EIll 


{2q'21  +  q23  +  q14  +  q'15) 


'23 


'23 


(<?34   +  <?23) 


'24 


'34 


'24 


r34  (<?24  +<?34  +<?45) 


Pc21  =  1.055 
Load  Factor  =  2.81 


SI  1.5     The  stiffness  matrix  is  given  by 


un 


UB 


EIll 


(9  + An)  2  X  o 

2  X  o  (9  X  In) 


W.  =  0.455PF 


